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PREFACE 

The  Increase  In  speed  and  flight  altitude  and  the  thrust  outward 
Into  cosmic  space  have  put  forward  a  series  of  problems  for  the  solu¬ 
tion  of  which  the  designers  need  a  greater  and  more  sophisticated 
knowledge  of  aerodynamics.  This  situation  has  been  taken  into  consi¬ 
deration  in  that  the  educational  plans  of  the  higher  technical  schools 
are  i>aylng  great  attention  to  the  training  of  future  aircraft  engine 
construction  engineers  In  aerodynamics. 

The  various  flying  craft  designs,  the  organic  combination  of 
power  plant  and  supporting  construction,  the  transition  to  new  sources 
of  energy,  higher  accuracy  of  calculations,  the  profiling  of  tunnels 
for  sub-  and  supersonic  stages  of  turboengines  and  the  designing  of 
an  optimum  Jet  nozzle  requires  broad  theoretical  training  and  a 
knowledge  of  the  common  methods  of  mechanics  of  continuous  media  which 
should  also  be  the  basis  of  a  course  on  gasdynamlcs. 

The  present  book  was  Intended  to  serve  as  a  textbook  for  a  course 
on  "Gasdynamlcs  of  Engines"  but  in  the  interim  prior  to  publication 
the  courses  on  hydraulics  and  gasdynamlcs  were  run  together  In  educa¬ 
tional  plans  to  form  a  single  course  on  "Applied  hydro-  and  gasdynam¬ 
lcs."  Since  the  author  was  not  able  to  take  this  change  Into  account 
the  old  title  of  the  course  has  been  retained  In  the  book,  but  large 
parts  of  It  also  tadce  the  syllabus  of  the  new  course  Into  considera¬ 
tion. 

Besides  the  problems  raised  in  the  syllabus  of  the  course  on 
"Gasdynamlcs  of  Engines"  the  book  also  deals  with  other  problems  which 
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go  beyond  the  limits  of  this  syllabus  but  which  have  a  fundamental 
bearing  on  the  training  of  an  aircraft  engine  construction  engineer; 
they  are  collected  in  Chapter  10  1. e. ,  "Some  special  problems. "  We 
regret  that  due  to  the  limited  volume  of  this  book  the  flow  of  gas 
accompanied  by  a  chenJ.cal  reaction  has  not  been  considered  in  It; 
furthermore,  the  very  effective  method  of  L.I.  Sedov  concerning  the 
solution  of  the  problem  of  flow  about  a  spatial  profile  and  profile 
skeleton  by  a  subsonic  flow  of  gas  should  have  been  dealt  with  In 
greater  detail,  and,  finally,  spatial  flow  In  turboengines  Is  In¬ 
completely  considered. 

The  MKSA  system  of  units  Is  adopted  In  the  book  and  specific 
quantities  are  referred  to  kilogram -mass.  Many  equations  are  thus 
liberated  from  these  dimensional  constants  such  as  the  gravitational 
constant,  the  equivalents  of  heat  and  work,  etc. ,  so  that  the  physical 
meaning  becomes  apparent.  Owing  to  these  considerations  the  basic 
equations  are  derived  In  vector  form. 

The  author  expresses  his  deep  gratitude  to  the  teachers  res¬ 
ponsible  to  him  In  the  Department  of  Gasdynamlcs  and  Jet  Engines  at 
the  Khar'kov  Aviation  Institute  for  maintaining  the  over-all  policy 
and  the  scheme  of  Its  structure  In  lecturing  the  course  of  gasdynamlcs. 
The  author  feels  obliged  to  express  his  further  gratitude  to  his  pupil 
and  friend.  Docent  I.  Ye.  Tarapov  who  did  not  fall  to  participate  In 
discussing  the  plan  and  the  contents  both  of  the  course  as  a  whole  and 
of  the  Individual  chapters  and  who  took  the  pains  with  editing  the 
book;  his  paper  on  the  mechanics  of  rarefied  gases  has  been  used  by 
the  author  In  setting  out  the  appropriate  part  of  the  book.  The  author 
also  thanks  the  students  of  the  Khar'kov  Aviation  Institute  E,  P.  Zimin, 
B.N.  Mel'nikov,  I.P.  Mlroshnlk,  and  Engineer  0. T.  Pozhldayeva  who  were 
a  great  help  In  selecting  the  material;  In  particular,  the  thesis  of 
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E.  P,  Zimin  was  used  In  revising  the  part  dealing  with  magnetogasdynam- 
Ics. 

Moreover,  the  author  expresses  his  gratitude  to  Professor  I.L. 
Povekha,  to  Docent  B.  S.  Vinogradov,  to  0.  S.  Stepanov,  Doctor  of  Phy- 
slco-Mathematlcal  Sciences  and  teacher  at  the  Department  of  the  Theory 
of  Aircraft  Engines  at  the  Kazan'  Aviation  Institute,  to  Docent  K. N. 
Davydov,  Engineer,  who  became  acquainted  with  the  manuscript,  and 
also  to  N.  I.  Akhlyezer,  Corresponding  Member  of  AS  UkrSSR,  to  I.M. 
Klrkho,  Corresponding  Member  of  AS  LatvSSR,  to  Professor  A.D.  Myshkls', 
to  A. I.  Bunimovich,  Candidate  of  Physlco^nathematlcal  Sciences,  to 
Engineer  A.V.  Vatazhln,  to  Docent  V. N.  Yershov,  and  to  Docent  Yu.  V. 
Stepanov  who  read  the  proofs  of  some  chapters  of  the  manuscript.  The 
comments  made  by  the  above  comrades  on  the  manuscript  were  grateful¬ 
ly  accepted  by  the  author  and  taken  Into  account  when  editing  the 
book. 

The  author 
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INTRODUCTION 


0.1.  TOPIC  OF  OASDYNAMICS 

The  topic  of  aeromechanlco  consists  In  Investigating  the  motion 
of  a  gas  and  Its  Interaction  with  bodies  coming  into  contact  with  It. 
The  mechanics  of  incompressible  fluids  Is  called  hydromechanics.  v;hen 
attention  Is  focused  cn  the  motion  of  a  gas  at  high  speeds,  we  are 
dealing  with  gasdynamlcs;  In  this  case  It  Is  the  compressibility  of 
the  gas  that  plays  tha  main  part. 

The  scope  of  gasdynamlcs  has  been  considerably  widened  in  re¬ 
cent  times  and  Its  results  have  been  applied  to  solving  many  problems 
which  were  previously  assigned  to  physics  and  chemistry.  Thus,  for 
example,  the  motion  of  a  gas  Is  studied  which  is  accompanied  by  the 
chemical  reaction  of  the  fuel  burning,  when  the  temperature  may  rise 
to  such  a  degree  that  the  molecules  may  dissociate  and  subsequently 
recombine  on  cooling,  or  the  motion  of  a  gas  at  high  temperatures 
near  the  surface  of  a  body  moving  at  very  high  speed.  The  Investiga¬ 
tion  of  flight  to  great  altitudes  (in  region  where  the  air  Is  greatly 
rarefied)  requires  that  methods  of  the  kinetic  gas  theory  be  applied 
and  developed  In  gasdynamlcs.  Gasdynamlcs  is  also  applied  to  Inves¬ 
tigating  the  motion  of  Ionized  gases  In  astrophyslcal  problems;  at 
present  very  great  attention  is  paid  to  studies  In  this  field, namely 
to  the  motion  of  a  conducting  medium  in  the  presence  of  electromag¬ 
netic  fields. 

Classification  of  forces.  Forces  acting  on  a  mechanical  system 
are  divided  Into  external  and  internal  forces.  If  active  and  reaction 
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forces  are  applied  to  a  body  Included  In  the  system  considered,  these 
forces  will  be  Internal  for  the  given  system.  If,  hoviever,  the  reac¬ 
tion  force  Is  applied  to  a  body  not  belonging  to  the  system,  the  ac¬ 
tive  force  will  be  external  for  the  given  system. 

In  aeromechanics  as  well  as  In  the  theory  of  elasticity,  the 
"method  of  sections"  Is  used  for  determining  the  Internal  forces, 
with  the  help  of  which  the  internal  forces  are  transformed  Into  ex¬ 
ternal  ones.  At  the  same  time  the  action  of  the  remainder  of  the  li¬ 
quid  Is  replaced  by  the  resulting  Internal  forces  at  the  fluid  sec¬ 
tion. 

The  forces  may  be  subdivided  Into  two  classes  according  to  the 
way  In  which  they  act;  volume  forces  and  surface  forces.  Volume 
forces  are  those  which  act  on  every  volume  element,  regai*dle8s  of 
whether  there  are  other  elements  or  not.  They  Include  the  forces  If 
Inertia,  gravity,  electrical  attraction,  etc.  The  surface  forces  ex¬ 
press  the  direct  action  of  the  envlroament  on  the  surface  particles 
of  an  Isolated  volume  V  oi  the  system. 

The  principle  of  reactive  motion.  Prom  the  second  law  of  mechsm- 
Ics  It  follows  that  any  force  acting  on  a  body  Is  equal  to  the  change 
'  f  the  momentum  of  the  body  with  time. 

For  producing  the  thrust  In  the  case  of  propeller-driven  alr- 
i^lanes  the  change  of  momentum  is  achieved  through  a  small  change  In 
“he  speed  of  large  masses;  with  Jet-powered  airplanes  through  a  large 
change  In  the  speed  of  relatively  small  masses. 

The  development  of  aviation  Is  characterized  by  Increasing  speed, 
range  and  flight  altitude;  this  evolution  has  been  brought  about  by 
improving  the  aerodynamic  forms  of  flying  craft  and  by  raising  the 
power  of  the  engines  mounted  on  them. 

The  power  demand  of  airplanes  Increases  proportionally  to  the 
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cube  of  the  flying  speed.  Since  the  estimated  power  of  the  propeller 
planes  Is  Independent  of  the  speed  an  effective  Increase  of  spe  d 
may  be  reached  only  by  Increasing  the  power  of  the  motor  and,  con¬ 
sequently,  Its  size  and  weight.  At  a  certain  speed  of  flight  the  di¬ 
mensions  of  the  reciprocating  engine  become  the  greatest  possible  and 
a  farther  Increase  of  power  demand  leads  to  an  Increase  of  estimated 
power,  which,  at  higher  flying  speeds.  Is  moreover  considerably  re¬ 
duced  owing  to  the  sharp  drop  of  the  propeller's  efficiency.  It  was 
K.E.  Tslolkovskly  who  foresaw  this  and  as  early  as  1930  he  said  that 
the  era  of  propeller  planes  would  be  followed  by  an  era  of  Jet  planes. 

The  simplest  reaction  engine  Is  the  rocket  engine  whose  thrust 
P  is  Independent  of  the  flying  speed  w;  the  thrust  of  a  power  plant 
with  such  an  engine  Is  N  =  ?w  and  Increases  linearly  with  Increaslr 
flying  speed. 

The  most  Important  property  of  the  rocket  engine  consists  In 
the  fact  that  It  may  operate  In  space  where  there  Is  no  air.  The 
rocket  motor  has  been  used  for  launching  artificial  satelltes,  the 
first  of  which  was  launched  on  October  4,  1957  In  the  Soviet  Union. 
This  type  of  engine  has  been  used  to  produce  on  the  basis  of  a  multi¬ 
stage  rocket  the  world's  first  Soviet  artificial  planet  of  the  solar 
system  and  to  carry  3OO  kg  of  terrestrial  matter  to  the  moon. 

For  flights  In  the  atmosphere  another  type  of  reaction  engines 
Is  used  l.e.  ,  the  alr-reactlon  type  (turbo-blower,  ramjet,  etc.) 
using  atmospheric  air  as  the  oxidizer. 

Aim  and  task  of  the  course.  The  great  variety  of  engines  already 
existing  has  given  rise  to  new  problems  connected  with  Investigations 
Into  and  calculations  on  their  operation.  Many  aircraft  engines  have 
become  an  organic  and  Inseparable  part  of  the  flying  craft,  determin¬ 
ing  Its  construction  as  a  whole.  Therefore  the  course  on  gasdynamlcs 
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of  engines  must  not  and  should  not  contain  ready  made  recipes  which 
are  always  associated  exclusively  with  a  certain  type  of  machine. 

The  present  book  Is  Intended  to  Impart  an  understanding  of  the 
basic  processes  and  phenomena  of  gas  flow  and  to  construct  accurately 
rchemas  for  calculations  on  them.  This  becomes  particularly  Important 
when  the  aspects  of  aircraft  engine  development  are  considered  which 
might  be  based  on  new  principles  and  effects,  for  example,  magneto- 
casdynamlo,  Ionic,  etc.  The  only  basis  on  which  the  study  of  these 
rrinclples  and  effects  can  be  built  up  Is  the  basis  of  the  general 
laws  of  the  mechanics  of  continuous  media.  The  tit]'}  ''Oasdynamics 
>.f  Engines,"  however,  circumscribes  the  choice  of  the  area  of  problems 
e.bje.t  to  investigation. 

0.  2.  PHYSICAL  PROPERTIES  OF  UQ^DS  AND  OASES 

Structure  of  liquids  and  gases.  As  Is  well  known,  substantial 
bodies  are  subdivided  Into  solids,  liquids,  and  gases.  In  Idealized 
nodels  of  crystalline  solids  In  a  state  of  stable  equilibrium  the 
atoms  form  nodes  In  the  space  called  the  crystal  lattice  emd  execute 
small  vibrations  about  these  nodes.  In  amorphous  solids  the  atoms 
oscillate  about  randomly  positioned  centers. 

In  liquids  the  distances  separating  the  molecules  from  each  other 
.  re  of  the  order  of  the  dimensions  of  these  molecules.  The  Interaction 
of  the  molecules  Is  therefore  Intense  and  the  vibrations  are  also  not 
so  small. 

In  gases  the  distance  between  the  molecules  Is  considerably  great¬ 
er  than  their  linear  dimensions  and  the  Interactions  of  the  molecules 
can  be  assumed  to  occur  only  through  collisions. 

Liquid  and  gas  as  continuous  media.  In  aero -hydromechanics,  when 
disregarding  the  molecular  structure,  gas  and  liquid  are  considered 
as  continuous  media  In  which  there  is  no  molecular  motion  and  no 
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Intermolecular  space.  All  the  physical  characteristics  of  a  continuous 
medium  are  unlfonnly  distributed  over  their  volume  thus  forming  the 
respective  fields. 

Attributing  to  the  medium  the  property  of  continuity  means  s'- 
tlsfylng  the  following  condition:  In  all  problems  :.j.near  dimen¬ 
sions  of  the  selected  elementary  volumes  ' be  so  small  with  res¬ 
pect  to  the  characteristic  lln^  .  dimensions*  of  the  body  (medium) 
that  they  may  be  con"*  red  as  points;  at  the  same  time  the  volumes 
must  be  so  ‘’".ge  -uat  they  contain  a  sufficiently  large  number  of 
molecules  ''or  the  mean  values  of  the  physical  quantities  at  the  res¬ 
pective  points  to  be  determined  statistically. 

This  condition  Is  satisfied  by  liquids  and  not  too  rarefied 
gases. 

Let  us  discuss  how  the  value  of  a  physical  quantity  Is  determined 
at  some  point  of  space  In  the  continuous  medium. 

The  concept  of  force  tension  Is  employed  to  characterize  the 
force  at  a  point.  The  tension  or  density  of  a  volume  force  Is  defined 
as  the  limit  of  the  ratio 

/-llBi.^[m/sec^)  (0.1) 

I* 

where  ^  is  a  volume  force  acting  on  the  unit  mass  6m,  assuming  that 
the  volume  6V -►  0,  l.e. ,  that  It  dlmlnlsnes  to  a  point.  Similarly, 
the  tension  of  a  surface  force  Is 

?-Jta^[kg/m^]  (0.2) 

where  6?  Is  the  force  acting  per  unit  area  6A,  where  the  area  dimin¬ 
ishes  to  a  point  with  6A  -►  0. 

In  both  cases  It  is  necessary  to  determine  the  meaning  of  the 
limiting  transition  taking  the  molecular  structure  of  the  substance 
into  account.  From  the  formal  point  of  view  the  operation  of  the 
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limiting  transition  has  ^^nse  for  a  medium  of  dlsci'ete  structure. 


Let  us  exni^l..  this  through  the  example  of  determining  the  gas  denslty- 
at  the  point. 

The  mean  density  of  the  gas  Is  determined  as  the  ratio  of  Its 
mass  5m  and  the  volume  5V  It  occupies: 


(0.3)  . 


V.e  place  the  point  considered  Inside  the  volume  6V  which  will 
=ri  be  diminished  to  this  point  In  order  to  determine  the  true  value 


of  the  density  in  It: 


The  dimensions  of  the  molecules  are  considerably  smaller  than 
rhe  interraolecular  distances  but  their  density  Is  very  high;  this 
results  from  the  fact  that  the  density  of  nuc'ear  matter  amounts  to 
about  1.16*10^^  kg/cm^.  Therefore,  when  the  volume  Is  reduced  only 
the  expense  of  the  Intemolecular  space,  the  mean  density  Is  In¬ 
creas'd.  D-urlng  the  process  of  volume  reduction  the  density  oscilla¬ 
tions  are  Increased.  Moreover,  the  molecules  move  and  the  mass  even 
a  fixed  volume  varies  with  time.  In  the  limiting  case  the  value 
of  the  density  may  be  either  very  large  or  zero  depending  on  whether 
the  point  selected  coincides  with  any  molecule  (nucleus)  or  falls 
In  an  empty  Intermolecular  space. 

Thus,  the  function  *  Pgj.(6V,t)  In  the  coordinates  and 
yj  represents  an  area  (Fig.  0.1,  1. e. ,  shaded  area). 

In  the  case  of  a  concrete  problem.  If  the  accuracy  for  determin¬ 
ing  the  density  Is  given,  density  oscillations  may  be  neglected  up 
to  a  certain  value  of  the  volume  6Vq.  This  will  be  also  the  continuity- 
bound  for  the  case  considered.  The  density  value  at  the  point  is  then 
deterailned  from  the  relation 
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(0.4) 


The  deformation  rate  as  a  criterion  for  classlfyla^  bodle-^. 

A  series  of  properties  constituting  according  to  the  common  v!ow  the 
particularities  of  only  liquid  and  gaseous  bodies  apply  also  to  solids 
and  vice  versa,  l.e. ,  solids  can  evaporate  and  diffuse,  while  fluids 
exhibit  tensile  strength,  etc. 


Pig.  0. 1.  To  the  deflnl - 
tlon  of  the  concept  of  a 
continuous  medium,  l) 
Region  of  continuous 
medium. 


Sometimes,  the  ability  of  solids 
to  maintain  their  shape  is  regarded  as 
a  characteristic  property.  It  is,  how¬ 
ever,  well  known  that  a  lump  of  tar  which 
can  be  broken  into  pieces  by  an  impact 
may  also  behave  like  a  viscous  liquid 
by  flowing,  although  very  slowly.  A  “hln 
Jet  of  oil  [2]  cut  through  by  a  circular 
rod  displays  plastic  rupture  when  the 
speed  of  the  rod  destroying  the  Jet  is 


low;  when  the  rod  moves  at  high  speed  the  destruction  of  the  Jet  shows 
the  character  of  brittle  rupture  similar  to  the  destruction  of  glass 


(Pig.  0.2). 

The  difference  in  behavior  of  tar  and  the  oil  Jet  in  the  above 
case  consists,  as  may  be  seen,  in  the  deformation  rate*.  In  the  case 
of  brittle  rupture  the  deformation  rate  is  high,  and  In  the  case  of 
plastic  rupture  deformation  occurs  slowly. 

Experiments  shows  that  a  certain  stress  must  be  applied  to  change 
thr-  shape  of  an  arbitrary  body.  This  resistance  to  a  change  In  shape 
Is  determined  by  laws  that  are  different  for  solids  and  non-solids. 
Within  the  limits  of  small  deformations  of  solids  It  may  be  assumed 
with  sufficient  accuracy  that  the  stress  in  the  solid  is  proportional 
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to  the  strain  f Hooke 'a  law). 


0^  .P  ile  iOT 
B-  ^BODaCIBU 


I 


a  be  d  •  . 

PI5.  0.2.  Character  of  destruction  of  an  oil  ^et,l.e. ,  whether  plastic 
•  brittle  depends  on  the  deformation  rate,  a;  In  the  case  of  a  low 
late  the  destruction  is  plastic  in  character;  b,  c,  d,  e)  destruction 
becomes  brittle  when  the  rod  moves  at  high  speed  (under  experimental 
conditions,  i.e. ,  higher  than  23  m/sec). 


Considering,  for  example,  small  shearing  deformations  (Plg.  0.3), 
v.’e  -lay  write 

^-OT(kg/m®]  (0.5) 
where  t  being  the  shear  stress;  0  the  elastic  modulus  of  second  kind, 
and  y  the  angular  variation. 


If  we  denote  by  6^  the  displacement  along  the  x-axls  of  the 
points  of  the  plane  at  a  distance  6y,  then 


V 


For  nonsolid  bodies .  Newton's  experimental  law  establishes  that 
the  tangential  stresses  characterizing  the  Internal  friction  between 

the  single  layers  of  the  fluid,  are  proportion¬ 
al  to  the  velocity  gradient  with  respect  to 
the  normal  to  these  layers,  and  are  Independent 
of  the  magnitude  of  the  velocity; 


Fig.  0. 3<  Shear  de¬ 
formation. 


i)r 

t=ll  — 


(0.6) 


This  property  of  the  substance  of  of¬ 
fering  resistance  to  slip  of  the  fluid's  particles,  i.e.,  to  changes 
only  in  shape  but  not  in  volume,  is  called  viscosity.  The  proportion* 
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allty  factor  ^  kg-sec/m^  In  Eq.  (0.6)  Is  called  coefficient  of  vis- 


coslty. 


Since  the  velocity  Is  w  = 


M  if  ^  M 


(0. 7) 


It  follows  from  this  that  for  nonsolid  bodies  the  tangential 
stresses  are  proportional  to  the  deformation  rate,  1.  e, ,  the  smaller 
the  deformation  rate,  the  smaller  the  force  causing  the  deformation 


In  question.  In  the  limiting  case  of  an 
Infinitesimal  deformation  rate  any  deforma¬ 
tion  can  be  caused  by  an  arbitrarily  small 
force. 

Liquids  and  gases  are  therefore  able 

to  change  their  shape  to  any  degree  under 

the  action  of  arbitrarily  small  foces. 

Pig.  0.4  For  the  de-  Viscosity.  Previously,  viscosity  was 

flnltlon  of  tangent¬ 
ial  stresses  of  frlc-  defined  as  the  physical  property  of  non- 
tlon. 

solid  bodies  of  offering  resistance  to  a 
change  In  the  shape  of  the  body.  The  kinetic  theory  of  matter  makes 
It  possible  to  describe  the  mechanism  of  viscosity  and  to  estimate 


Its  magnitude.  Furthermore  it  can  be  shown  that  the  mechanism  of  In¬ 


ternal  friction  In  a  liquid  Is  different  from  that  In  a  gas. 

Let  us  consider  the  Internal  friction  In  a  gas.  We  suppose  for 
simplicity  that  the  gas  Is  moving  parallel  to  the  xz-plane  (Fig.  0.4) 
In  the  direction  of  the  x-axls.  Its  velocity  varying  only  In  the  y- 
dlrectlon.  Let  the  velocity  of  the  gas  In  xz-plane  be  w,  then,  at  a 

distance  above  the  xz-plane  equal  to  the  mean  free  path  1  of  the 

molecules,  the  velocity  (because  I  is  small)  will  be  equal  to  w^^  *= 

»  w  +  1  dw/dl,  and  at  the  same  distance  below  the  xz-plane.  It  will 
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be  Wg  ■  w-_l  dw/cH.  After  a  certain  interval  of  time  some  of  the 
molecules  of  the  upper  region  will  have  pased  to  the  lower  one,  and, 
since  these  molecules  have  greater  momenta,  they  accelerate  the  mo¬ 
tion  of  the  lower  layer  of  gas.  Owing  to  the  assumed  equilibrium 
distribution  of  the  gas  molecules  over  the  entire  volume,  after  the 
same  lapse  of  time  the  quantity  of  molecules  will  have  pA^*^® 
to  the  upper  layer;  but  since  these  molecules  have  smaller 
they  will  also  reduce  the  motion  of  ths  upper  layer.  Thu^,  the  origin 
of  tne  internal  friction  lies  in  the  momentum  exchange  beiween  the 
oleculec  of  neighboring  layers  of  f'ie  rovljig  gas. 

The  mass  of  gas  passing  per  unit  time  through  some  area  6A  Ip 
j  dl  '  ■  tion  perpendicular  to  the  latter  Is  equal  to 

Wlgf  mM  «  i^l  A 

where  a  iu  a  proportionality  factor  which,  as  Is  well  known  from 
physics,  is  determined  by  the  velocity  distribution  function  of  the 
•ol^'cules;  n^  is  the  numutr  of  molecules  per  unit  volume;  £  is  the 
mean  velocity  of  the  thermal  motion  of  the  molecules  and  m  is  the 
Hiass  of  the  molecules. 

The  momentum  transferred  by  the  molecules  through  the  area  6A 
in  the  xz -plane  from  above  to  below  Is  equal  to  apew^dA,  and  the 
momentum  transferred  from  below  to  above  Is  equal  to  apewgOA.  The  dif¬ 
ference  of  these  momenta  determines  the  Internal  friction  force  t6A 
ictlng  on  this  area.  Therefore 

iM  -(afcvi — •rnr,)M  ■  J»f» 

Comparing  this  expression  with  Pornrula  (0.6)  yields  p  =jaeA 
where  2a  is  a  numerical  coefficient.  For  the  gas  In  a  state  of  uniform 
equilibrium  we  have 

3i«0.499and  |i-0,«9rcL  (0. 
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similarly,  by  determining  the  energy  exchanges  between  the 
molecules  of  gas  layers  of  different  temperatures,  the  coefflc; _nt 
of  thermal  conductivity  (X)  kgm/m*  sec«  deg  may  be  determined  from  the 
relation 

The  kinetic  gas  theory  yields  the  temperature  dependence  of  the 
viscosity  of  a  gas 

(o-s) 

where  Is  the  value  of  the  viscosity  coefficient  at  Tq  =  273°K  and 
C  Is  a  constant  (for  air  C  =  120°K). 

As  can  be  seen  the  viscosity  of  the  gas  Increases  with  the 
temperature  (Pig.  0.  5)* 

For  practical  calculations  the  simpler  relation 

(0. 10) 

Is  sometimes  used  (for  air  n  =0.79  gives  good  agreement  with  ex¬ 
periments). 

In  aeromechanics  the  kinematic  coefficient  of  viscosity  Is 
frequently  used; 

^  [m^sec]  (0.11) 

In  contradistinction  to  gases,  the  viscosity  of  a  liquid  drops 
with  Increasing  temperature,  and,  moreover,  does  so  very  noticeably 
(cf.  Pig.  0.5).  This  proves  that  the  mechanism  of  internal  friction 
In  liquids  differs  from  that  In  gases;  It  may  be  assumed  that  the 
viscosity  of  liquids  Is  caused  by  an  association  between  groups  of 
molecules,  l.e. ,  therefore  the  viscosity  of  liquids  drops  with  In¬ 
creasing  temperature. 

Oood  agreement  with  experiment  Is  achieved  by  the  formula  of 
A. I.  Bachlnskly  (1912)  for  the  coefficient  of  viscosity  of  liquids 
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where  C  and  o)  are  constants  and  v  =  l/p  Is  the  specific  volume. 
For  liquids  we  may  assume 


H  •  + "if + 


(0.  12) 


Pressure  In  liquids  (r.ai.o-3).  Daring  the  motion  of  liquids  (gases) 
the  tension  of  the  surface  forces  on  any  area  consists  of  components 
n'rmal  (p)  and  tangential  (t)  to  the  isolated  area  which  determine 
thj  viscosity  of  the  fluid. 


Pig.  0.5.  Temperature  dependence  of  viscosity  coefficient  p.  and  coef¬ 
ficient  of  thermal  conductivity  X  for  air  and  water. 

For  air  the  \i  and  X  curves  are  similar  since  the  heat  and  momentum 
transfer  mechanisms  are  the  same.  1)  Water;  2)  air;  3)  kcal/m*  sec*  deg, 
air;  4)  kcal/m* sec* deg,  water;  5)water,  10^^  kg*sec/ra5;  6)  ICn^  kg* sec/ 
/'m2. 


When  the  fluid  is  at  rest,  1.  e. ,  w  =0,  the  tangential  stresses 
are  equal  to  zero  and  the  tension  of  the  surface  forces  will 
be  directed  along  the  normal. 

Only  when  the  experiments  are  performed  with  particular  care  to 
exclude  any  possibility  of  even  the  slightest  slipping  of  particles 
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can  the  fluid  sustain  tensile  stresses.  It  Is  therefore  reasonable 
to  assume  that  liquids  and  gases  are  not  able  to  sustain  tensl ie 
stresses,  and  that  the  normal  stresses  are  always  stresses  of  com¬ 
pression;  these  are  called  pressure. 

Let  us  isolate  In  a  fluid  at  rest  an  Infinitesimal  tetrahedron 
with  Its  vertex  at  some  arbitrary  point  (Plg.  0.6). 

Let  *Ay  and  be  the  face  areas  of  the  tetrahedron, 

perpendicular  to  the  respective  axes  x,  y,  z;  Py,  Pg  ^he  pressure 
on  these  faces,  p^  and  6A^  the  corresponding  pressure  and  area  of 
an  Inclined  face,  taken  completely  arbitrarily. 

When  7— Is  the  stress  of  the  volame  force  at  the 
point  P,  the  equilibrium  condition  results  In 


A, + + ?/«  W— 0. 

where  Tf  Is  the  unit  vector  of  the  outer  normal  of  the  Inclined  face. 

Since  the  volume  of  the  tetrahedron,  6V,  Is  a  third-order  small 
quantity  the  last  term  In  this  equation  can  be  neglected.  Projecting 
this  equation  onto  the  x-axls  we  obtain 


pJA^—7Ap,tA,m, 

The  scalar  product  T*"??  =  cos  (n,  x), 
we  have  jr),  to  p^m 

similarly,  we  obtain 


a 

and  since 

•P,'-  1 


Pt^Pr 


(0.13) 


Thus.  In  a  sufficiently  small  rer;lon  of  a  fluid  at  rest  the 
pressure  is  the  same  for  any  area  taken  Inside  the  region. 

In  the  general  case  of  a  moving  viscous  fluid  the  tension  of 
the  surface  forces  at  each  point  depends  on  how  the  area  In  which 
the  point  considered  lies  Is  taken. 

Invlscld  liquids  and  gases.  In  a  number  of  cases  the  tangential 


-  17  - 


stresses  are  considerably  smaller  than  the 
normal  ones  and  their  effect  may  be  neglect¬ 
ed.  Such  a  liquid  (gas)  which  shows  no 
viscosity  will  be  called  an  Invlscld  liquid 
(invlscld  gas). 

Perfect  and  real  gases.  A  gas  Is  said 
to  be  perfect  If  It  completely  satisfies 
the  Boyle-!'arlotte  and  Gay-Lussac  laws,  or 
their  common  expression,  the  equation  of 
state 

P<^tRT,  (0.14) 

re  R  -  S48  g/n3  (kgm*  m/kg*  deg*  sec^]  Is  the  gas  constant  rofex’i-ed 
to  the  unit  of  mass  (p.G  Is  the  molecular  weight). 

For  air  R  =  29. 23  g  =  237  [kg  •m^/kg*sec^.deg]. 

In  fact,  the  gases  .'.hich  we  call  real  ^ases  deviate  from  the 
■  iracterlstlc  equation;  corrections  are  therefore  frequently  Intro¬ 
duced  Into  this  equation  for  practical  calculations.  For  real  gases 
the  seed -empirical  Van  der  Waals  relation 

(0.15) 

has  become  widely  used  as  an  equation  of  state;  a  and  b  are  certain 
constants. 

Tne  higher  the  temperature  and  the  lower  the  pressure  the  more 
closely  a  real  gas  approaches  a  perfect  one. 

Compressibility.  The  compressibility. is  conveniently  characterized 
by  means  of  the  compression  modulus  which  represents  the  ratio  of 
pressure  change  6p  and  relative  change  of  volume,  6V/V.  caused  by  this 
pressure  change  In  the  process  considered : 

K - (kg/m=) 


Fig.  0. 6.  In  a  liquid 
at  rest  the  pressure 
. 3  independent  of  the 
riiutatlon  of  the 
a.ea  Px  “  Py  =  Pz  “  P* 


(0. 16) 


I 


Liquids  offer  enormous  resistance  to  forces  which  tend  tc  change 
their  volume  (for  water  K  =  22,000  kg/cm^,  for  oil  K  =  26,000  g/cn^j , 
their  compression  modulus  is  almost  Independent  of  pressure  ar.i  so 
liquids  are  considered  as  virtually  incompressible. 

With  gases  a  change  In  volume  can  be  achieved  through  very  small 
pressure  changes.  In  the  case  of  isothermal  compression  we  obtain 

pdV - VJp. 

from  the  equation  of  state,  whence 


1.  e.  ,  the  compression  modulus  of  gases  in  an  isothermal  process  Is 
equal  to  the  pressure j  at  atmospheric  pressure  K  =  1  kg/cm^,  i.e.  , 
it  is  22,000  times  smaller  than  for  water.  In  the  case  of  adiabatic 
compression  (pk*  =  const;  k^c^  -.c,) 

In  a  number  of  cases  of  gas  motion  the  pressure  changes  are  so 
small  that  the  compressibility  of  the  gas  can  be  Ignored;  in  this 
case  the  motions  of  gases  and  liquids  are  subject  to  one  and  the  same 

law. 

Propagation  of  small  disturbances.  Prom  the  fact  that  the  com¬ 
pression  (expansion)  of  a  gas  is  accompanied  by  an  Increase  (decrease) 
of  pressure  it  follows  that  It  exhibits  the  properties  of  an  elastic 
body.  A  local  compression  of  small  Intensity  I, ^4^1)  will  be  pro¬ 
pagated  at  a  certain  speed  a  in  the  medium  in  the  form  of  a  disturb¬ 
ance  (change  of  state)  which  is  called  a  wave.  Sonic  waves  are  of 
this  kind;  the  propagation  rate  of  any  small  disturbance  is  there¬ 
fore  equal  to  the  sonic  velocity. 

The  Interface  that  separates  the  disturbed  region  from  the  un¬ 
disturbed  Is  called  the  wave  front.  In  a  homogeneous  medium  a  wave 
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of  small  intensity  is  propagated  at  uniform  speed  in  all  directions 
and  the  wave  front  is  a  sphere;  this  is  said  to  be  a  spherical  wave. 


Pig.  0. 7.  Propaga-  ^1 

tlon  of  a  spheric-  ^  ^  ■■  ' 

al  sonic  wave,  a)  - - - - 

Diagram;  b)  photograph  of  reflection 
from  a  plane  wall;  c)  penetration  of 
a  spherical  sonic  wave  into  a  sphere 
with  openings. 

Let  us  consider  two  positions  of  a  spherical  wave  (Pig.  0,7), 
^Vhen  the  radius  of  .  wave  front  Increases  by  dr  during  the 
time  dt  the  sonic  velocity  is 


An  Increase  dp  in  the  density  of  the  wave  occurs  due  to  gas 
flowing  into  the  disturbed  region  at  a  certain  speed  w.  Denoting  the 
mean  value  of  the  density  in  the  wave  by  p',  we  may  ^rlte 

the  increase  in  the  mass  of  the  gas  in  the  spatial  region  traversed 
by  the  wave  as  which  may  also  be  written  in  the  form 

d’r^-r-dr.  Equating  these  expressions, and  noting 
that  p  as  p'  we  arrive  at 

(*) 

On  the  other  hand,  the  force  mpulse  dp>Ar.r'.dt.  causing  a  gas 
mass  p  to  flow  in  mast  be  equal  to  its  momentum  change 
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f’-Avr^-dr-w,  l.e.  , 

Noting  that  p"  =  p  and  substituting  pw  from  (*)  Into  (**)  we 


find 


(0. 17) 

The  most  Important  property  of  all  continuous  media  Is  the  fact 
that  a  pressure  Increase  at  constant  entropy  always  causes  an  In¬ 
crease  In  density,  l.e. we  always  have 

^>a 

Prom  Eq.  (0.17)  it  follows  that  the  rate  of  propagation  of  small 
disturbances  depends  on  the  law  relating  the  pressure  change  with 
the  density  change,  l.c. ,  on  the  process  of  compression  of  the  gas. 

As  Laplace  has  shown,  the  propagation  of  sonic  oscillations  occurs 
so  rapidly  that  no  heat  can  be  exchanged  with  the  surrounding  medium, 
l.e.,  the  process  Is  an  adiabatic  one,  p  =  const  p  ,  and  therefore 

(0.18) 

Thus  It  proves  that  the  sonic  velocity  for  the  given  medium  de¬ 
pends  only  on  the  temperature. 

The  sonic  velocity  can  also  be  expressed  In  terms  of  the  com¬ 
pression  modulus 


““I  7-  (“• 

In  Incompressible  media  the  disturbances  are  promptly  propagated 
(a-*  »  so  that  K  =  »,  p  =  const)  In  contradistinction  to  compressible 
media  where  the  disturbance  front  propagates  with  a  finite  speed.  In 
compressible  media,  therefore,  an  Interface  can  exist  that  separates 
the  disturbed  from  the  remaining  undisturbed  medium.  V/hen  passing 
through  this  Interface,  namely  the  wave  front,  all  (or  some)  of  the 
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physical  quantities  will  be  changed  by  a  certain  aniount;  it  will  bt 

V 

a  discontinuity  surface. 

The  propagation  of  waves  is  associated  with  the  propagation 
'if  the  state  of  the  medium  over  its  particles.  The  actual  dlsplace- 
nents  of  the  particles  are  very  small.  The  propagation  of  longl- 
udlnal  disturbances  may  1 presen  ted  by  the  mechanical  model 
of  a  system  of  balls  connected  by  springs  like  a  train  whose  cars  are 
■lined  by  buff ei  s  (^ig.  0.8).  Vrnen  C"/  one  of  the  balls  is  pushed  in 
jctlon  of  another  the  disturbance  is  propagated  along  the  wholi. 
n  .  n  of  balls.  At  the  same  time  the  displacement  rate  of  these  balls 


o4i^O^O.<><l«0*K><l«<>.O.OiO 


Pig.  C  3.  Mechanical  model  of 
propagation  of  longitudinal 
disturbances. 

i  ■  b  '  small  compj.*‘ed  wit.  i.he  propagation  rate  of  the  disturbances, 
whi^n  is  ..  i-tcrmlned  by  the  elasticity  of  the  springs.  The  more  rigid 
■  rpr'ng  (analogous  to  the  compression  modulus  k),  the  more  rapidly  j] 
.;i  -  disturbance  will  run. 

The  propagation  of  disturbances  in  fluids  moving  at  a  certain 
constant  velocity  w  can  bo  reduced  to  the  case  considered  by  -ntroduc- 
_  g  a  'oordlnate  system  which  is  also  moving  with  the  same  velocity  w. 

je  it  results  that  the  rate  with  respect  to  a  fixed  coordinate 
taansfer  at  which  the  disturbauice  is  propagated  is  a  -f  w  downstream 
-ind  a  -  w  upstream.  When  w  >  a  the  disturbance  is  not  propagated  up¬ 
stream  at  all.  This  fact  involves  very  considerable  changes  in  the 
jehavior  of  fluids  moving  at  speeds  greater  than  that  of  sound. 

Subsonic  and  supersonic  gas  flows.  A  qualitative  difference  be- 
.;i  en  subsonic  and  supersonic  flows  ir  easily  seen  when  a  :  t  sour' ■ 
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of  disturbinces ,  e.g. ,  a  small  body  A  moving  at  the  speed  w  In  a 
quiescent  gas,  is  considered.  The  disturbances  propagate  In  the  form 
of  spherical  waves  at  the  sonic  velocity  When  the  speed  at  which 
the  body  moves  Is  lower  than  that  of  sound,  the  motion  of  the  body 
Is  accompanied  by  signals  sent  forward  at  a  speed  equal  to  the  dif¬ 
ference  between  sonic  speed  and  the  speed  at  which  the  body  Is  moving 
(Fig.  0. 9)«  In  this  case  the  disturbed  region  precedes  the  body  and 
the  flow  changes  Its  shape  even  before  the  gas  particles  come  Into 
contact  with  the  body  (cf.  Pig.  0.9,a), 


Pig.  0.9.  When  body  A  Is  moving  at  a  speed  w  less  than  sonic  speed  a, 
the  signals  precede  It.  a)  Spherical  waves ,~3  sec  after  the  beginning 
of  the  motion;  b)  the  shape  of  the  flow  changes  before  contact  with 
the  body;  c)  Incompressible  fluid  streaming  around  a  wing  nroflle. 


■If,  however,  the  speed  Is  greater  than  sonic  sp^.i  the  dlslurb- 
ance  source  will  precede  the  signals  following  It,  and  the  spherical 
wave  will  be  Inside  the  cone  enveloping  the  sphere  (Pig.  0.10).  This 
cone  Is  called  the  disturbance  cone (Mach  cone). 

The  region  outside  the  cone  which  Is  not  disturbed  by  the  body 
may  be  called  "the  zone  of  silence."  The  body  "runs  blindly  ag  ^last" 
the  gas  of  this  zone  (cf.  Pig.  0.10,  b). 
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The  dlBturbances  in  a  supersonic  flow  are  propagated  along  the 
lines  that  farm  the  disturbance  cone.  They  are  called  disturbance 

seen  from  Fig.  0. 10  the  angle  between  the  disturbance 
lines  and.  the  dli?ectlon  of  motion  Is  determined  by  the  equation 

»*"P— (0.20) 

In  contradistinction  to  the  subsonic  flow  where  the  disturbances 
are  propagated  In  all  directions  In  unbounded  space.  In  the  case  of 
supersonic  flow  the  disturbance  occupy  the  region  Inside  the  disturb¬ 
ance  cone,  l.e..,  the  transition  to  sonic  speed  Is  accompanied  by  a 
concentration  of  the  disturbances. 

aiMBC  NOT  BIFSOOOCXaiJ 


Fig.  0. 10.  When  the  body  A  moves  at  a  speed  w  greater  than  sonic 
speed  a,  the  signals  (disturbances  generated"by  the  body)  do  not  go 
beyond  the  disturbance  cone  (a).  The  supersonic  flow  does  not  change 
before  It  makes  contact  with  the  body  (b).  The  bullet  travels  through 
a  cylindrical  tube  (c),  l.e.,  the  compression  shocks  and  the  spherlc- 
al  waves  are  to  be  observed.  The  buUet  travels  through  a  series  of 
short  tubea  (d). 

j^e  model  of  the  atmosphere.  In  order  to  design  a  modern  flying 
craft  It  is  necessary  to  know  the  physical  conditions  at  a  sufficient¬ 
ly  great  distance  from  the  earth.  The  conditions  vary  not  only  with 
the  latitude  and  the  season  but  also  during  the  course  of  the  day.  To  | 

Introduce  unlfomity'  certain  average  quantities  are  used  to  character- 
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Ize  these  conditions  which  are  called  atmosphere  models.  The  model 
taken  as  a  standard  Is  called  the  s^aridard_a^mos£hei^. 

Observations  made  with  the  help  of  the  first  Soviet  earth  satel¬ 
lite  gave  rise  to- substantial  modifications  In  the  present  Ideas  about 
the  structure  of  the  upper  layers  of  the  atmosphere.  Up  to  now,  how¬ 
ever,  the  data  lor  heights  above  100  km  have  not  yet  been  finally  es¬ 
tablished  and  the  characteristics  given  In  Appendix  3  are  only  more  or 
less  probable  ones. 


Manu¬ 

script 

P®8e  [Footnotes] 

No. 

9  For  Instance,  when  flow  occurs  around  an  arbitrary  body, 

the  length  of  this  body  may  be  taken  as  the  characteristic  lin¬ 
ear  dimension  (scale  of  length)  with  which  the  linear 
dlr.nslon  of  the  elementary  particle  Is  compared,  e.g. ,  the 
length  of  an  edge  If  the  particle  Is  chosen  In  the  form  of 
a  cube. 

11  Remember  that  deformation  Is  the  change  In  shape  or  size  of 

a  body  which  Is  due  to  a  change  In  the  relative  positions  of 
of  the  body's  particles  caused  by  their  displacements. 
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Chapter  1 

KINFIATICS  OP  LIQUID  AND  GAS 
1. 1.  VEI/OCITJf  AND  ACCELERATION  OP  PARTICLES 

The  velocity  field.  For  determlnirvj  the  notion  of  a  solid  it  1<? 
sufficient  to  know  the  motion  of  three  of  Its  points.  The  motion  of 
a  fluid  may  be  taken  as  determined  only  in  the  case  when  the  .  --ty 
of  each  of  Its  points  Is  known,  l.e, ,  when  the  whole  velotl’  field* 

-s  known.  This  is  connected  with  the  fact  that  the  dl  tat;c:  between 
poxnts  of  a  liquid  are  not  constant.  C.  nce  the  velooit..  r.t  a 
point  may  vary  Ith  time,  the  velocity  field  in  the  general  case  will 
be  a  fj-ct  '.on  of  time. 

Methods  of  investigatlm;  the  motion 

of  a  fluid.  The  motion  of  a  fluid  can 

be  studied  by  determining  the  motion  of 

each  of  its  single  particles;  this  is 

the  Lagrange  method.  Another  method 

Pig.  1. 1. 1.  Studying  the  also  exists,  however,  this  Ij  the  Eul-^r 
motion  by  the  Lagrange 

method,  the  whole  path  method,  which  consists  in  determining 

(trajectory)  of  each  ^ 

p^tlcle  la  determined.  the  parameters  of  motion  at  all  points 

1)  Particle  trajectory. 

of  the  flowing  region. 

The  I^granpe  method.  To  study  the  "fate"  of  each  particle  In  a 
fluid,  they  must  be  distinguished.  This  can  be  accomplished  by  denot¬ 
ing  the  particle  by  its  coordinates  (a,b,c)  at  the  Initial  instor-t  of 
time  (t  ■  ^q).  In  an  orthogonal  coordinate  system  each  parclcle  will  ^ 
correspond  to  the  vector  (pig.  i.i.i).  The  nc  •dlnates  c. 
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b,  c  are  called  the  Lap:ramp;e  variables.  The  motion  is  taken  as  de- 
^  termlned  If  for  each  particle  the  changes  with  time  of  its  radius 
vector  r-Xr+^+te  are  known,  l.e.  ,  if  the  vector 


or  the  set  of  equations 

.vwjrCe.  b,c,t),y^y{a,  b.e.i):  z^:(a.b,e.  t). 


(1. 1.1) 


Is  known. 

Equation  (1. 1. l)  represents  the  set  of  trajectories  of  all  the 
particles  of  the  fluid;  the  time  t  is  an  independent  variable  and  a, 
b,  c  are  the  parameters  of  the  set. 

The  vector  velocity  (vT)  of  any  particle  at  any  Instant  of  time 
Is  equal  to 


or 


(1. 1.2) 


The  Euler  method.  The  Lagrange  method  proves  complicated  for 
solving  certain  problems  and  it  Ic  frequently  simpler  to  trace  the 
variations  occurring  with  the  passage  of  time  t  ai  the  points  r{x.  y.  z) 
In  space,  l.e.,  to  determine  the  function 

w=w(rj) 

or  < 

/);  v,’-K’,{x.y.z.  t).  a-,-. «•,(.<. y.  z,  t), 

where  x,  y,  z,  t  are  what  are  called  the  Euler  variables  (Fig.  1.1.2). 

To  pass  over  from  the  Euler  representation  u  Tagrangc  i- 

presentation  it  is  necessary  to  solve  the  equation 


or  the  set 


?(r, 


0: 


4t 


4t 


z, 

t.o 


0: 
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The  solution  x,  z  will  contain  three  arbitrary  Integration 
constants  which  may  be  chosen  as  the  coordinates  a,  b,  c  of  the  par¬ 
ticles  at  the  Initial  Instant  of  time. 

Streamlines  and  tra.iectorles.  Whan  the  motion  of  the  fluid  Is 
given  In  Lagrange  variables,  the-  geometrical  representation  of  the 
flow  Is  given  by  the  trajecto.’les.  In  Euler  variables  the  streamlines 
(Pig.  1.1.3)  are  used  for  the  geometrical  Interpretation  of  the  flow. 

The  streemline  Is  a  line  such  that  at  a  given  ins ‘  ant  the  vcloc- 
.ty  vector  at  every  point  of  the  line  coincides  with  the  tangent  to 
line.  The  only  case  in  which  the  streamlines  at  different 
Cl  ulme  coincide  with  each  other  and,  moreover,  with  t'  -r  Je  .)rlec', 
1  '.en  all  the  parameters  of  the  motion,  Includlrig  the  velocity,  do 
pend  explicitly  on  the  time.  This  sort  of  motion  is  terme 

stabilized  or  steady.  In  the  case  of  un¬ 
steady  motion  the  streamlines  constructed 
for  different  instants  of  time  will  not 
coincide,  either  with  each  other  or  with 
the  trajectories.  Since  the  tangent  to 
a  streaunllne  coincides  with  the  velocity 
vector,  the  streamline  equation  may  be 
written  In  one  of  the  follov/lr '  forms: 


[.  t 


1, ...  Studying  a 
n..  tion  by  the  Euler  meth¬ 
od  determines  the  state 
;  motion  at  each  point 
'  rpace  at  each  Instant 
.  time. 


jr 


</rXv«0, 


i  J  k 
dx  dy  dz 


tP,  fP,  w. 


Wt  »,  9, 


1. 1.4) 


Note  that  the  time  _t  appearing  in  the  expression  for  J-rC*  i),  must 
considered  as  a  parauneter  whose  value  Is  given.  Therefor  •,  ii. 
spite  of  the  formal  analogy  between  Eqs.  (l.  1. 3)  and  (1.1.4),  in 
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pig.  1. 1. 3»  Stream¬ 
lines  and  stream 
tubes. 


the  coordinate  form,  they  show  In  principle 
a  difference  v;hlch  Is  that  In  the  traject  ory 
equation 

**  _  ** 

•m  " 

the  time  appears  as  an  Independent  variable 
and  “r{M.  y.  t.  n.  is  determined  as  a  function  of 
It,  whereas  In  the  streamline  equation 


4y  4» 

»* 

the  time  _t  Is  considered  as  a  parameter. 

The  stream  tube  Is  used  as  v/ell  as  the  streamline  to  represent 
the  motion  of  a  fluid  graphically;  this  Is  a  surface  formed  by  the 
streamlines  passing  through  all  points  of  a  closed  contour  (Pig.  1. 1. 
3).  In  the  case  of  an  Inviscid  fluid  in  steady  motion  the  stream 

tube  behaves  like  a  tube  with  solid  ..alls. 
The  fluid  moving  Ijislde  the  tube  is  cal¬ 
led  flow  element. 

The  choice  of  the  coordinate  system 
to  which  the  fluid's  motion  is  referred 
Is  of  considerable  import'’ncc'  for  con¬ 
structing  the  geometrical  patt:.  of  the 
motion. 

Let  us  consider,  for  exaimplo ,  the 
motion  near  a  body  r.sving  at  constant 
speed  which  Is  so  long  that  the  disturb¬ 
ance  at  its  roar  end  can  be  neglu'cteJ 
when  considering,  e.g.  ,  the  nose  of  an  airship  (Fig.  1.1.^). 

When  the  coordinate  system  Is  fixed  to  the  body  the  moti  n  of 
the  liquid  will  be  steady  with  respect  to  the  ob.-.erver.  It  will  loo’x 


Pig.  1.1.4.  Trajectories 
and  streamlines  about  a 
body,  a)  Fluid  streaming 
against  a  quiescent  body; 
b)  body  moving  in  quies¬ 
cent  fluid.  1}  Stream¬ 
line;  2)  trajectory. 


-  29  - 


ORA.  :  ROT  ii.  PR01lUCXSLB 


like  a  nonmoving  body  with  a  stream  Impinging  against  It  at  the 
same  speed.  The  streamlines  which  also  coincide  vdth  the  trajectories 
will  form  a  pattern  like  that  shown  In  Pig.  1.1.4,  a. 

When,  however,  the  coordinate  system  is  connected  with  the  flow¬ 
ing  liquid,  the  motion  in  this  system  will  be  unsteady  for  the  observ- 
•’'.  The  body  will  dlsplac  the  particles  of  the  fluid  and  will  do  so 
in  such  a  way  that  the  particles  In  front  of  it  are  pushed  forward 
all  the  tlma  arid  the  particles  near  the  •'Idos  of  the  body  flow  aside 
I  Pig.  1. 1.4,b).  Streamlines  and  particle  trajectories  will  differ 

from  each  other. 

It  may  bo  seen  frc"  h-!-  .-•x;  ”  .t  that, 
provided  the  coordinate  Sj.  t  cu'tably 

chosen,  any  steady  ir.. t'on  caii  '..e  ^  -ered 
as  an  unsteady  one.  The  converse  conclusion 
will  not  always  be  correct,  however;  for 
example,  in  the  case  of  a  body  that  oscil¬ 
lates  in  the  fluid  It  is  Impossible  to 
choose  a  coordinate  system  in  v.hlch  this 
motion  could  be  observed  as  a  steady  one. 

Figure  1. 1.  5  shows  a  photograph  of  the 
flow  around  a  moving  plate  taker  (a)  a 
csunera  at  rest  and  (b)  a  camera  moved  to¬ 
gether  with  the  plate. 

The  acceleration  field. The  accleratlon 
of  different  particles  at  a  fixed  point  in 
space  has  to  be  distinguished  from  the  ac¬ 
celeration  of  a  certain  fixed  moving  particle  of  the  liquid  at  dif¬ 
ferent  points  in  .space.  V/hen  the  m.  tlon  is  investigated  by  Legendre's 
lothod  the  change  with  time  of  the  vector  velocity  of  a  fl:  .d  partible 


1(^.  1.1.5.  Plow  of 
1',.  ai-cund  a  mov- 
uij  piece,  a)  When 
-iking  the  photograph 
V  ie  camera  was  kept 
rest  (as  to  the 
ath  followed  by  the 
•late  one  may  follow 
the  traces  cf  Its 
lateral  edges);  b) 
camera  moved  together 
with  the  plate. 
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at  any  point  In  opaco  la  characterized  ly  ",  partial  tlno  dcrlvat 
(here  I  =  in  jh  -  k,- is  aoaumed  conatant): 


Iiwjl.  0  ^  «>a.t  .  .  J 

dl  <U  01  01 


(1*1.5) 


When  the  motion  is  Invcatlcatod  by  Euler's  method,  at  a  fix-.d 
point  in  apace  various  particles  may  pass  throurh  and  the  total  In¬ 
crease  in  particle  velocity  (PIg*  1.1.6)  is  made  up  of  the  local  in¬ 
crease,  defined  as  the  local  derivative,  and  of  the  velocity  re- 
mont  due  to  the  spatial  displacement  of  particles  (transport  -  C(>n- 
VGctlon) ,  defined  as  what  is  called  the  convective  derlvallvo. 


Fig.  1.1.6.  Variation  .tf  sp  t*d 
when  passing  over  fron,  one  p^int. 
to  another,  over  the  dlstauc  u"r, 
during  the  time  6t, 


In  fact,  for  the  general  case  of  the  varlatiot  l  f  a  Li. 

quantity  P  (7,  t)  of  the  fluid  we  have 


rfP  F(r~  A(r.  »- 

— ■=  liin - - - - =  Hm - — 

0  ti  — s 


»/)  — 

•( 


+  llm 

U-^D 


f(7-^-*7,t) 

u 


Fir.  n  AF  ,  ZFe 
w 


n 


F  (7+27.  t)  -  F  Cr.  0  -  ^  lx  -f.  J!.  »J.  ^ 

*'*  ♦ 

mlr-  V  F  and  Hm 
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where 


and  therefora,  .dividing  by  dt,  we  obtain  for  the  convective  derivative 

(■?)«“*'  ( 1. 1. 6) 

^  ’( 

In  the  jiartlcular  case  of  the  speed  P  *  w  the  total  acceleration 
(total  derivative)  is  detennined  as  the  ^ urn  of  local  and  convective 
acceleratloaai 


c.  ,  in  the  form  of  projections  onto  the  coordJeate  axes: 


(1.1.7) 


a 

Sf 

dwa 

+  !£•, 

dm, 

dx 

+«, 

dm, 

dr 

4Wy 

dm. 

dir. 

^  flp 

d»f_ 

4t  “ 

dt 

•r 

At 

dr 

dm. 

dw. 

4-K'^ 

dm. 

+  19. 

dm. 

4t  “ 

dt 

1  it 

dM 

1 

dr 

three  formulas  may  for  brevity  be  w.ltt.n  at,  une  IT  i.r.c 
coordinates  x,  y,  z  ar..  i*ep'aced  by  x-^,  x^,  respectively.  Then 


<*«r/  iwi 

dt  ^  dt 


dt  U-l.  2.  h 


(1. 1.9) 


,  D5;co: ipjasinoN  of  the  general  motion  into  the  simplest  ones 


Linear  jyarJ.atlon«of  speed  In  the  vicinity  of  a  point.  Let  us 
consider  the  speed  near  the  point  for  a  fixed  Instant 

ti~c.  Tne  speed  T?  of  the  fluid  near  the  point  PqCtq)  Is  assumed 
ic  be  a  I'ogular  function  of  the  point,  l.e. ,  assumed  to  be  a  power 
expansion.  Then,  for  the  neighboring  points  Pq(?q  +  67)  we  have 
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Taking  the  region  around  Pq  small  enough  for  the  small  expansion 
terms  of  second  and  higher  orders  to  be  negligible,  we  obtain  for  the 
chosen  region  the  velocity  as  a  linear  function  of  the  distance.  Then 
we  may  write  [omitting  the  subscript  zero  at  the  derivatives.  Indicat¬ 
ing  that  the  derivative  Is  calculated  for  the  point  Pq 


or 


where 


and 


(1.2.1) 


IP  as 


z  1  *  _i_r  * 

’*'17+^*+*-* 


.(r  «  Ax + fry + **r. 


It  can  be  seen  that  the  change  of  speed  near  the  point  Is  In 
general  determined  by  nine  numerical  values  of  partial  derivatives 
with  respect  to  the  axes  of  the  speed  components  calculated  for  the 
point  Pq(Xq,  Vq,  Zq): 

Jr,  Jr,  Jr,  Jr,  Jr,  Jr,  Jr, 

Jjr  '  Jji  ’  it  '  Jjr  ’  Jji  ’  J#  ’  Jx  ’  J/  ’  it  ' 

Deformation  of  a  plane  element.  Let  us  assume  shat  all  particles 

of  the  fluid  move  parallel  to  the  xy-plane  so  that  w  =  0  and  the 

z 

speeds  In  any  direction  perpendicular  to  the  plane  uf  motion  are 
equal,  l.e.  ,  *Er=o.  ;  a  motion  of  this  sort  1j  -’ailed  a  plane 

it  it 

motion.  Separating  a  layer  of  unit  thickness,  we  may  consider  Instead 
of  the  prism  with  Its  generatrices  parallel  to  the  z-axls  only  Its 
ouf’nes.  Let  abed  (Fig.  1.2.1)  be  a  plane  fluid  element  lylr.j  in 
the  xy-plane.  The  difference  In  the  speeds  of  Its  points  Is  ^  ter- 
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mined  by  the  four  derivatlves^,^.^?  which  are  for  convenience 

»jt  if  *M  ^ 

written  In  a  matrix  (Table)*: 


iSJL 

iM  i* 

Jtu 

if  if 


(1.2.2) 


If  all  matrix  elements  except  are  equal  to  zero  this  In¬ 

dicates  that  only  the  speed  component  In  the  x-dlrectlon  Is  increased 
when  moving  along  this  axis  (Pig,  1.2. 2)  and  therefore  the  element 
s  elongated  at  the  rate  The  relative  deformation  of  a  unit 

OJt 

length  per  unit  time  will  then  be 


and  all  other  terms  of  the  matrix  are  equal  to  zero 
only  the  velocity  w  varies  (lln^aiiy)  along  the  x-axls.  At  the  sane 
time  a  shear  deformation  occurs  along  the  y-axls  and  also  a  rotation 
'  ’  '  a  •  tatlon  of  th.  diagonal  element  during  she.  ^Ing  (Fig.  1.2. 


r 


$ 


Pig.  1. 2. 1.  Speeds  at  the  corner 
points  of  a  plane  fluid  element. 

If  only / 0,  the  diagonal  element  will  not  be  turned  dur- 

M  Of 

Ing  shear  deformation,  i.e. ,  we  have  a  pure  shear  deformation  in  this 
case.  If  only^-— -^^0.  we  have  pure  rotation. 

Regardless  of  the  val’ies  of  its  terms,  the  matrix  element  as  a 
whole  may  be  displaced  at  a  constant  rate  having  the  components  Wq^ 

a  <1 
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As  can  be  seen  from  Pig.  1.2.4,  the  measure  of  the  shear  deforma¬ 
tion  per  unit  time,  l.e. ,  the  measure  of  the  rate  of  variation  of  the 
right  angle.  Is  the  quantity 


_  1  (imt  ,  di»,\ 

2\dji^  dy)’ 

and 


the  rotation  of  the  plane  element  of 
shear  Is  characterized  by  the  value  of 
Its  angular  velocity  (cf.  Pig.  1.2.4); 

The  matrix  of  the  plane  element 
can  be  represented  as  the  sum  of  the 


Fig.  1.2.2.  Elongation  of 
an  element  per  unit  time 
In  the  direction  of  the 
x-axls  and  displacement 
without  deformation  at 

the  rate  »(«•>.  *•.).  The 
quantity^  character¬ 
izes  the  relative  rate  of 
stretching  deformation  In 
the  direction  of  the  x- 
axls. 


three  matrices 


iWt  iftf 

iSi  0 

in  ijt 

iM 

2  V  dJt  ^  } 

dr,  dr. 

0  ^ 

1  /dr,  p 

*y 

»7 

2  V  dy  '  d4t  / 

the  meaning  of  the  composition  f  the 
matrix  Is  evident. 

The  first  matrix  gives  Information 
oh  the  elongation,  the  second  on  pure 
shear  deformation  and  the  third  on  pure 


Pig.  1.2.3.  Shear  de-  rotation, 

formation  and  rotation 

of  the  element  per  unit  The  second  matrix,  character  ’.L-'d 

time. 

by  terms  symmetric  relative  to  ti  - 


main  diagonal  and  Identical,  Is  said  to  be  symmetric,  and  che 
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third  matrix,  whose  terms  symmetrical  with  respect  to  the  main  diagonal 
are  equal  in  absolute  magnitude  but  of  opposite  sign,  is  said  to  be 
antisymmetric  (skew -symmetric). 


.  l.L.  ..  With  pur?  ;,.i<.ar,  differ  from  zero,  and  the  right 

■  '  reduced  by(^+^)(«).  With  pure  rotation  the  whole  element 
-s  turned  through  the  angle (b).  General  case  of  shear  and 
rotation  (c). 

9t  ^  dt 


Ger jral  case  of  deformation  of  a  parallelepiped.  Cunaldering  an 
elementary  parallelepiped  in  the  general  spatial  case,  we  obtain 


d*  '  it  : 

'»  2  V  ^  »'• 

2\  dx  ^  M  /  "•  »  T\<!r  ^  ar)  *»• 

'  2  V  d»  / 

2  V  Wjt  /'  **  2\  dJr  dy  ) 


and  the  vector  of  angular  velocity  (cf.  Appendix  2) 
is  therefore 

•  ■•4-rol*. 

2 


(1.2.4) 

(1.2.5) 

(1.2.6) 


In  the  general  case  of  a  spatial  motion,  the  nonuniformity  cf 
the  velocity  field  Is  determined  by  the  numerical  values  of  nine 
partial  derivatives  of  the  three  velocity  components  (w  ,  w  ,  w  ) 
with  respect  to  the  three  axes  (x,  y,  z): 


dwM 
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e 

(1.2.7) 


As  in  (1.2.3)  the  first  matrix  characterizes  the  stretching  de¬ 
formation  of  an  element,  the  second  the  shear  deformation  and  the 


third  the  rotation  of  the  element.  Therefore  the  speed  of  a  sufficient 
ly  small  particle  Is  composed  of  a  translatory  speed,  the  deformation 
rate  (stretching  and  shear)  and  the  rotation.  This  theorem  Is  named 
after  Helmholtz. 

In  the  coordinate  system  x^^,  Xg,  (1.2.7)  can  be  Immediately 
obtained  as 


1.3.  POTENTIAL  AND  TURBULENT  MOTIONS 

Connectedness  of  a  region.  When  Investigating  the  motion  of  a 
fluid  It  Is  frequently  necessary  to  subdivide  it  into  separate  re¬ 
gions.  A  region  In  which  some  arbitrary  closed  line  may  be  cctit  inuour  ly 
constricted  to  a  point  v.Tthout  Interfering  with  the  boundaries  01'  the 
region  Is  called  simply  connected.  Regions  which  are  not  slnr  /  -on- 


nected  are  called  multiply  connected. 


A  multiply  connected  region  can  be  rendered  simply  connected  by 
Incorporating  additional  boundaries  which  ’’forbid"  those  contours 
which  cannot  be  contracted  to  a  point.  The  connectedness  of  the  re- 


ip  i)  b  4c 


1.  3*  !•  The  contour  C  inside  the  ring  CLiinot  be  contracted  to  a 
pc'nt,  the  line  ab  "forbids"  such  a  contour  (a),  1. e. ,  this  Is  a 
doubly  connected  region.  A  plane  with  three  holes  (b)  1:  a  quadnr  :■ 
connected  region.  The  interior  of  a  tore  (c)  Is  a  doubly  • 

region. 

ri'  is  detci-mined  by  the  number  of  additional  boundarif;.  pi  ;  one. 
l'\  c.:ample,  ^he  interior  of  sphere,  a  cube,  a  circle  on  a  olane, 
or  the  plane  as  a  /.hu-v  are  all  singly  connected  regions;  the  sair:' 
true  .  f  t  ,£  d  e  '  •-•..o  spheres.  The  interio»,^per  plane 

,  }  ouc-ver,  ic  di^ully  ...ccted;  to  make  it  singly  connected  an- 
vuiiuary  needs  be  added;  this  Is  the  line  ab  Joining  the  two 
Irclec  (Plg.  1.3* l).  A  plane  with  three  holes  is  fourfold  connected; 
tt.'.  Interior  of  a  tore  can  be  made  singly  connected  by  introducing 
a  dlv'.  ing  wall;  It  Is  doubly  connected, 

Tnc  velocity  potential.  Subdividing  the  general  motlcn  f  the 
oai-ticles  of  a  fluid  Into  translational,  vibrational,  and  rotational 
'lotions  makes  it  possible  to  set  up  two  most  general  classes  of  mo¬ 
tion;  the  first  Is  rotation-free  and  the  vortlclty  (curl)  is  zero, 
the  second  Includes  rotation  and  the  curl  of  the  speed  differs  from 
zero. 

If  In  a  certain  singly  connected  region  of  a  fluid 
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curl  10=^1 


'/  dWt 

\  »y  dt 


?/#•» 


+  ?( 


»M 


then  in  this  region 


.  ittt  ^  itP,  .  <«»y 

^  it  '  dt  ijt  ’  it  ^  ij 


Hence  follows  the  Irrmedlately  verifiable  statement  that  In  a 
singly  connected  region  there  will  exist  a  scalar  coordinate  function 
♦(x*y»z)  such  that 


or 


tD=gra 


(1.3.1) 


Denoting  the  projectli-n  of  the  speed  vector  onto  the  direction 
characterized  by  the  unit  vtotorT  by  w^^  we  obtain 


Pig.  1.3.2.  For 
the  definition 
of  circulation. 


a 

This  function  ♦  Is  called  the  velocity  po¬ 
tential.  and  a  motion  for  which  curl  "w  =  0  Is  a 
potential  or  vortex-free  motion. 

Consider  a  linear  velocity  Integral  along 
an  open  contour  L  from  point  A  tu  pc^..t  '>  (Plg. 
1.3.2) 


i*"'  (1.3.2) 

which.  In  general,  depends  on  the  path  of  Integration.  In  the  case 
when  this  Integral  Is  Independent  of  the  path  of  Integration  and  Is 
completely  determined  only  by  the  limits  of  Integration  A  and  B,  we 
can  show  that 


•  •  -  *  -  * 

f  TT'rfr—  f  vf-dr= 

AU.)  Aw> 
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Zn  fAot,  :£l3£lng  point  M  and  ealeulatlng  the  integral  J  W'd^for 
%arlou8  palnta  we  auty  attribute  its  value,  denoted  by  •f?)  ,  to 

each  of  the  points  P(?).  We  then  obtain  for  points  A  and  B  the  equa¬ 
tion  dexlved  ibssBs. 

Consequentlyr,  the  Integrand  Is  a  total  differential  of  a  certain 
function  *{n. 

S  •  r  Vgdx+vffdy  •HCfdcaB 

and  in  this  ease  IT  ■  1.  e. ,  the  function  ♦(?)  Is  the  velocity  po¬ 

tential. 

Tne  physical  meaning  of  the  velocity  potential  will  be  explain¬ 
ed  n  Part  2.  2. 

Vortex  motion.  When  there  exists  In  the  space  occupied  by  the 
fluid  a  region  in  which  curl  “w  ^  0,  l.e. ,  Inside  which  the  particles 

of  the  fluid  are  in  rotation,  then  the  mo¬ 
tion  Inside  this  region  Is  called  vortex 
motion.  Supposing  that  in  these  regions 
the  angular  velocity  vector 

Pig.  1.3.3.  VortSK 

line  end  vortex  tube.  S  ’ 

is  uniformly  distributed,  one  may  speak  of  a  vector  field  of  vortices 
whose  geometrical  pattern  Is  described  by  the  vortex  lines;  these  are 
lines  whose  tangents  at  any  point  and  at  a  given  instant  of  time 
coincide  with  the  direction  of  the  vortex  vector  (Fig.  1.3.3).  Qy  de¬ 
finition  the  differential  vortex  line  equation  reads 


or 


oonneeted  contour  and  lead  vertex  lines  through  all  of  its  points, 
the  surface  obtained  constitutes  a  vortex  tube.  The  fluid  Inside  the 
vortex  tube  Is  called  vortex  filament  (vortex  column). 

Circulation  of  speed  and  the  connection  between  circulation  and 
vortlclty.  Stokes'  theorem.  The  contour  Integral  of  the  velocity 
taken  along  a  closed  curve  C  Is  called  the  circulation  of  speed,  F: 

r-p-rfr.  (1.3.5) 

Let  us  consider  a  vortex  tube  whose  cross  section  Is  for  slmpllcl 
ty  taken  In  the  form  of  a  parallelogram  with  the  sides  61^  and 
(Fig.  1.3.4).  Vfhen  the  speed  at  point  A  Is  equal  to  HT,  for  points  a, 
b  smd  c  we  shall  have  respectively: 


ng.  i-s.*!.  Circulation  with  respect  to  the  elementary  contour  Aabc 
Is  equal  to  twice  the  scalar  product  of  the  vector  w  of  angular  velocl 
ty  and  the  vector  Ti 6 A  of  the  area  of  the  element  (flux  of  vortex 
vector). 

Taking  this  Into  account,  we  calculate  the  circulation  with 
respect  to  the  contour  Aabc,  assuming  that  on  each  of  the  sides  Aa, 
ab,  be,  cA,  the  velocity  is  constant  and  equal  to  the  average  cf  Its 
values  at  the  ends  of  the  sections: 
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Therefore 


Here 


(/-1. 9. 


•  2(»,S/1,  4”  = 2»  -iX  ■*  II  •  rol  siA. 


t  /  *  I 

1*.  If,  I*,  . 

»*t  ‘J'l  *«• 

TJvxS  , 

Mr 

The  product  SJiA  is  called  the  tension  of  the  vortex  tube  or 
the  velocity.  If  the  vortex  tube  section  Is  taken  perpendicularly  to 
the  vector  u>  of  anguleu?  velocity  then 

CM  l;and 

The  clreulatlon  r  with  respect  to  some  closed  contour  C  Is  equal 
to  the  sum  of  circulations  with  respect  to  contoiu*s  enclosing  the  re¬ 
gions  Into  which  the  whole  region  may  be  subdivided,  which  are  bounded 
by  this  contour  C  (Pig.  1. 3.5)s 


•  k2  • 


••rff +J^  V’drmT. 

fhu8,  when  the  whole  region  bounded  by  contour  C  Is  subdivided 

$ 

Into  nn  srbltraty  number  of  small  regions  bounded  by  the  contours 
60j^  (Plg*  1.3*6)«  then 

rc-^tr.ic*). 

Considering  an  arbitrary  region  A  in  the  fluids  bounded  by  the 
contour  C«  and  subdividing  It  Into  unit  regions  (of.  Fig.  1. 3.6),  we 

c 

obtain  in  the  llsilt  with  an  Infinite  number  of  divisions  (k  ••  •)  the 
Stokes  theorem: 

t  **-Tit*  Til,  1 

(1,3.6) 

where  if  Is  the  outer  normal,  1. e. ,  the  circulation  with  respect  to 
a  closed  contour  Is  equal  to  the  flux  of  the  vortex  vector  through 
the  surface  bounded  by  this  contour  (let  us  agree  to  denote  It  as 
positive  when  the  direction  of  the  normal  forms  a  right-handed  system 
with  the  direction  of  circumvention).  It  Is  assumed  here  that  this 
surface  lies  as  a  whole  In  the  region  occupied  by  the  fluid. 

Many-valued  potential.  In  the  singly 
connected  region  of  a  vortex-free  field,  when 
curl  Hf  ■  0  everywhere,  tue  equation 

Fig.  1.3.5.  Clrcula-  will  be  valid,  and,  therefore,  ‘w.dr  »  dj,  1.  e 
tlon  with  respect  to 

the  contour  beda  is  w  =v  where  the  potential  <j)(r)  Is  a  single 
equal  to  the  sum  of 

circulations  with  valued  function  of  the  point, 

respect  to  the  con¬ 
tours  abca  and  aeda.  When  the  contour  Is  multiply  con.’  cted. 


Flc*  !•  3*  "Hia  oix** 
culatlon  Mitb  xsMpeot 
*:o  the  contottsr  (Ms 
£  qual  to  the  8«sa  ouT 
clrculatlOfn»  tilth, 
respect  to  oo»» 
tours  6Ck, 


the  value  of  Uta  potential  after  traveling 
along  the  contour'  0  and  returning  to  the 
starting  point  will,  In  general,  be  another 
me. 

In  fact-«.  lAt  us  consider,  for  example, 
the  region  of  one:  vortex  tube  (Fig.  1. 3. 7)  * 
whloh  we  shall  regard  as  the  Inner  boundary 
of  a  doubly  connected  region.  The  linear  ve¬ 
locity  Integral  between  the  points  A  and  B 
will  not  depend  on  the  paths  L^,  Lg,  ...,  - 


they  do  not  font  a  closed  contour  that  envelops  the  vortex  tube,  l.e. , 


^  w-dr^m  0(B)— 0(4). 


where  4>  la  the  many-valued  potential. 


Fig.  1.3.7.  Nany-valuedness  of  the  potential  In  the  presence  of  vor¬ 
tices.  a)  Clroumscrlptlon  along  a  contour  that  envelops  no  vortices, 
l.e.,  circulation  Is  equal  to  zet'o,  the  potential  at  point  A  after  a 
circumvention  will  be  9(A).  b)  clrcuneoxiptlon  of  the  vortex  column 
along  a  closed  contour  that  envelops  the  vortex  once.,  l.e.,  the 
potential  Increases  by  the  magnitude  of  the  vortex  circulation,  l.e.. 
It  will  be  ^A)  r ;  c)  circumscription  along  a  contour  enveloping 
the  vortex  2  tines,  l.e.,  the  potential  will  be  9(A)  mf. 

Its  value  depends  on  the  path  of  Integration  along  the  contour 
enveloping  the  vortex.  If,  however,  the  contour  envelops  the  vortex 
tube  once,  the  potential,  determined  by  will  ^ 

be  9(A)  r  when  returning  to  point  A,  and  if  the  tube  is  clrcums- 

i 

orlhad.m  tinea.  It  wLUzbecoae  equal  9(A)  -t-  m  f.In  this  cas^  one  speaks! 
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about  a  many»valueJ  potential. 

Invariance  of  the  vortlclty  of  a  vortex  tube.  Setting  up  the 
expression  of  the  vortex  divergence^  dlv  curl  Tf,  wo  satisfy  ourselves 

e 

by  direct  verification  that  dlv  co  ■  0, 

or 

St 

Applying  the  Ostrogradskly-Oauss*  Integral  formula  we  obtain 

(l»3*7) 

l.e. ,  the  vector  flux  through  a  closed  surface  Is  equal  to  zero. 

Since  the  vortex  vector  flux  through  the  lateral  surfaces  of 
the  vortex  tube  is  equal  tc  zero  the  Helmholtz  theorem  fol¬ 

lows}  the  vortlclty  of  the  vortex  tube  Is  constant  along  It.  There¬ 
fore  vortex  tubes  must  be  either  Infinitely  long  or  closed  In  them¬ 
selves  or  end  at  the  fluid ' s  surface. 

Streamlines  in  the  case  of  vortex  motion.  Prom  the  fact  that 
the  velocity  circulation  with  respect  to  closed  singly  connected  con¬ 
tours  Is  vanishing  it  follows  that  the  streamlines  of  motion  with  a 
single-valued  potential  need  not  be  closed.  Indeed,  if  they  were 
closed,  all  elements  of  the  linear  Integral  of  the  velocity  vector 
taken  along  a  closed  streamline  would  have  one  and  tae  same 
sign  and  the  circulation  along  this  lino  could  not  become  zero.  There¬ 
fore,  In  a  singly  connected  volume  bounded  at  all  sides  by  so  lid  walls 
a  vortex-free  motion  cannot  exist,  since  the  normal  velocity  component 
on  the  walla  must  be  zero  (the  fluid  cannot  pass  through  a  solid  wall) 
and  the  streamlines  will  therefore  be  closed.  Thus,  the  fluid  ij 
either  at  rest  or  in  vortex  motion. 

If , however,  we  consider  a  fluid  volume  that  lies  outsld  ono  or 
more  closed  surfaces  so  that  it  may  be  regarded  as  an  Inner  v.lu.ae 
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I^camdad  ity  thlis  {or  thaae)  closed  surface  or  surfaces  sufficiently 

•  • 

[footnotes] 

The  field  of  scsne  quantity  (vector  or  scalar)  Is  understood 
to  be  tbe  totality  of  values  of  this  quantity «  uniquely  de¬ 
fined  In  a  certain  region. 

This  table  should  not  be  confused  with  a  determinant. 

The  foRsulas  of  vector  analysis  are  collected  In  Appendix 
2.  As  to  the  derivation  of  the  formulas «  see  the  special 
course^  e.g.«  [1«  3l* 
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Chapter  2 
FUNDAMENTAL  LAWS 

2.1.  THE  MASS  CONSERVATION  LAW.  CONTINUITY  EQUATION  IN  EUIER  VARIABIES 
Continuity  equation  for  fixed  mass.  We  Isolate  an  arbitrary 
volume  V  In  the  fluid  with  a  mass  j  pdV,  ,  so  that  we  can  write  the 
mass  conservation  law  In  the  form  of  the  equation 

(*.1.1) 

which  expresses  the  fact  that  the  mass  of  an  arbitrary  fluid  volume 
remains  unchanged  vflth  the  course  of  time  as  If  Its  shape  were  un> 

changed.  This  equation  Is  known  as  the  equa¬ 
tion  of  nondls continuity,  l.e. ,  the  equa¬ 
tion  of  continuity. 

Let  us  note  that  this  Integral  form 
of  the  equation  Is  valid  also  In  the  case 
when  quantities  appearing  In  the  Inte¬ 
grand  undergo  a  discontinuity  Inu  '^e  the 
Isolated  volume.  In  this  forri,  however, 
one  does  not  obtain  information  on  the 
behavior  of  quantities  characterizing  the 
motion  at  a  point.  This  Information  may 
be  obtained  with  the  help  of  dlffei*entlal  equations  by  applylr3  the 
conservation  laws  to  an  Infinitesimal  volume. 

Continuity  equation  for  the  reference  volume.  Equation  (: . 1.  l) 

Is  written  for  a  fixed  mass  of  fluid  whose  volume  may  In  general 


Fig.  2. 1. 1.  For  deriv¬ 
ing  the  continuity  e- 
quatlon  we  may  consider 
either  the  outflow  of 
mass  through  a  fixed 
reference  volume  V 
during  the  time  6t  or 
a  certain  mass  at  the 
Instants  of  time  t 
and  t  +  6t.  ” 
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vary  tilth  tJiw.  Applying  the  luier  Mpreeentatlons  the  omitlnulty 
equation  ^My  allao  be  ebtaltied  by  ooneHteeing  idle  fluid  flux  through 
a  quleeeent  :gpatiai  region,  Mhleh  is  oalled  reference  volume,  while 
the  surface  jbauadlng  It  Is  called  the  reference  surface  (Wg.  2.1.1). 

Since  the  :mf ferenoe  between  the  bsses  of  the  fluid  flowing  Into 
the  reference  KWilume,  and  the  mase  flowing  out  of  It  during  an  In- 
flniteslsial  ttlne  Interval  must  be  compensated  by  a  change  of  fluid 
mass  Inside  thle  volume  (cf.  Pig.  ’2.  l.l),  we  have 

r>M. 

where  Tt  Is  ttie  unit  vector  of  the  outer  normal  and  V  Is  the  volume. 

A  Is  the  surface  boundary  of  the  isolated  volume.  Thl?  equation 
valid  If  the  Interior  of  the  region  Is  free  from  sources  and 
sinks  of  Inflow  (or  outflow)  of  fluid. 


Uslns  the  theorem  of  Ostrogradskly-flauss  (Appen(U.x  2)  we  obtain 

r  (2.1.2) 


When  the  density  p, 
the  speed  TT,  and  their  derivatives  are  eontlnous,  then,  due  to  the 


urbltrarlness  of  the  volume  V,  the  Integrand  of  (2.1.2)  must  become 
zero.  This  yields  the  continuity  eqiatlon  In  differential  formt 


Transforming  Sq.  (2.1.3) 


(2.1.3) 


A+dhffW -.A  +*f  rsdf+f  iSrm— 


we  obtain 


- (2.1.4) 

For  an  IncoiQpresslble  fluid  the  density  Is  constant  and  the 


continuity  equation  assumes  the  foxm 


a.  ^  ^  Sr 
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(2.1.5) 


f 


In  this  case  the  sun  of  the  diagonal  elements  of  the  matrix 
(1.2.8)  characterizing  the  expansion  (compression)  of  the  particles 
Is  equal  to  zero,  and  therefore  the  i>artlcle  volume  will  remain  un¬ 
changed  during  the  motion  of  an  Incompressible  fluid. 

2.2.  MOMEirrUM' CONSERVATION  LAW.  EQUATION  OF  MOTION 

Equation  of  motion  In  terms  of  a  tress.  By  Introducing  forces  of 
Inertia  Into  the  consideration,  the  problem  of  the  motion  of  a  fluid 
■ay  be  formally  transformed  Into  the  problem  of  Its  equilibrium;  the 
equilibrium  condition  Is  the  vanishing  of  the  resultants  and  of  the 
■aln  moment  of  all  foces  acting  on  the  Isolated  volume  of  the  fluid 
(D'Alembeit 's  principle) 

2^-0  (2.2.1) 
I«t  us  Isolate  a  certain  arbitrary  voliune  V  In  the  moving  fluid. 
Solid  bodies  should  be  present  Inside  this  volume:  at  rest,  0^^;  and 


Pig.  2.2.1.  Far  the  derlvut  . 
of  the  equation  of  motion,  a; 
Decomposition  of  the  stress  vt;o- 
tor  p  of  the  area  5A  with  r^s- 

A  A 

pect  to  the  axes  x,  z. 


In  motion,  Oj,  e.g. ,  turbomachines ,  cap^’yin.  ;  ji  t  th,  en'_.  v  ; 

Heat  transfer  may  also  occur  via  the  solid  bodies.  In  the  jer, 
case  the  surface  A  bounding  the  volume  V  will  consist  oi  t  . 
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sry  surface  Aj^  separating  the  volume  considered  from  .the  remaining 
fluid,  and  the  surfaces  and  Aj  of  the  bodies  and  Qj. 

The  Isolated  volume  V  of  the  fluid  bounded  by  the  surface  A 
will  be  subject  to  volume  forces  J/fdV  {J  Is  the  stress  vector  of 
the  volume  forces),  to  surface  forces  j^p^dA  (J,  Is  the  stress  vector 
cf  the  surface  forces  for  ti  aiea  characterized  by  the  unit  vector 
■  and  t"*  Inertial  forcec  Is  the  acceleration  vector). 

’h:  -i.'ct  iuiticn  of  {2.C'.l)  may  now  be  -..ritten  in  the  form 

(2.2.2) 

y  'y  ^  * 

■:  .  se  ■■•s 


J  ( ry  /) .  rf  1/ + j*  (;x  a)  rfA  -  J  (rx  ^  >  rfv  -  0.  (2.2.3) 

I.,  wi.j  ^j.a.''e  v)cc'.;j--'.  bv  ti.''  moving  fluid,  let  us  choose  a  unit 

a..iclopiped  (cf.  Pig.  2.2.1).  The  stress 
acting  on  the  area  5A^  perpendicular 


volume  iri  v. 


uh 


.  n 


'  or.:.  0.  c.  ; 

.-'9  : 

*  c  equal  to 


Similarly, 


p, = + y«, + 

P,=^«  +  A,+5*r 

Here,  o^,  are  the  normal  stresses  on  the  areas  A  ,  A  , 

X  y 

^’z  to  the  axes  x,  z,  respectively;  t  denotes  the 

tu..  entlal  stresses;  the  first  subscript  indicates  the  area  to  which 
the  stress  is  applied  and  the  second  Indicates  its  direction. 

Neglecting  the  Infinitesimal  terms  of  more  than  second  order 
we  determine  the  resultant  of  the  surface  forces  (Fig.  2.2.2)  act¬ 
ing  on  the  parallelepiped  considered: 
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A- 


^w. 


where  Tf  Is  the  resultant  of  the  surface  forces  per  unit  volume 


or,  as  projections  onto  the  axes. 


Fig.  2.2.2.  For  the  de¬ 
termination  of  the  re¬ 
sultant  of  the  surface 
forces  per  unit  volume. 


Subdividing  the  isolated  volume  V 
ir.  0  unit  parallelepipeds  and  noting  that 
at  .’le  faces  separating  neighboring  paral- 
leplpeds  there  will  exist  for  each  /cctor 
a  corresponding  stress  vector  — "Pj^,  we 
may  write 


\P-  1 


r  V 


py 


Equation  (2.2.2)  can  now  be  writvjr  In  into^. 


If  all  quantities  are  continuous,  '  to  the  ai*bltr^rlnosn 

of  the  volume  the  Integrand  will  be  equal  to  ze. .  hence  t* 

equation  of  motion  of  the  continuous  medium  'will  read  ' 
stress 

4t  •  V  '  '  V  ^ 

Finally,  heat  supply  does  a.  i  1  >  e  u!^t  .  r  met. 

directly  though  it  affects  the  value  of  the  parameter  p,  . 
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terlzlng  the  motion. 


In  projections  onto  the  coordinate  axes  we  have 


^  =  /  4- Jl./if' xi!" 

dt  »  Ujt  +  ay  ^  d,)' 

dt  ‘  '  Ux 


iy  dt  I 
dt  ,  Ua  ^  d,  •  d,  )‘ 


(2.2.5) 


Z__L _ ■aii,ioi..lal  .  ■ 


ihc  equation  of  motion 


conta'  .s  .•  iricnovm  vectors,  f,  X.  and  one  scalar,  p  (c- 
'  -r.  s^diars).  TJ  •  vt  ctc  ;  .')  makpf  '  ■  ■  , 

t<  ■  luc-j  1  number  of  unknowns  to  three  scalar  quan’,..  ixc-e. 

I.  c,,,,  ^.e  Iran:;  form  Eq.  (^.2.  .•)  similarly 

;•  •  J  ^  '■ 

+  -^+-^)]>+  K‘'x?,)+(7x?^+(JxR))}<v-a 

Virtue  of  (2.2.')  the  expression  in  the  first  parentheses 
following  the  Integral  is  equal  to  zero  and  therefore 

(<’xpj+(7xp,)+(*x?,)-a 

Subsequently  projecting  this  equation  onto  the  C(  ordinate  axes, 
obtain  the  equation 


(2.2.6) 

tangential  stresses.  Applying  the  relations  between  tangential 
stress  and  deformation  rate 

'dm  .  '  m 

to  the  unit  cube  (Plg.  2.2.3)  and  r;otlng,  for  example,  that 

^  dwg  .  dWf 

dt  d,  dm’  ,  , 
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we  obtain 


) 


(2.2.7) 


Equations  (2.2.7)  provide  the  Interrelation  between  the  tangential 


stresses  and  the  deformation  rates. 


The  relation  between  the  normal  stfes- 
ses  and  the  deformation  rates.  Let  us  con¬ 
sider  the  diagonal  planes  of  a  cube  which 
is  -jubjected  to  a  very  small  shear  deforma- 
t  .1  by  the  stresses  t.  As  can  be  seen  from 
.  2.2.4,  one  of  these  will  undervy  purr 


Pig.  2.2.3.  Shear 
stresses  on  the  faces 
of  a  cube. 


Pig.  2.2.4.  Relation 
between  the  normal 
stresses  and  on 

the  diagonal  of  the 
square  subject  to 
shear  deformation, 
and  the  taingentlal 
stresses  t  on  its 
faces. 


elongation  and  the  other  a  comp  roc '■  on 
under  the  Influence  of  the  stresses  and 
©2,  respectively. 

From  the  condition  of  equilibi'Ium  for 
the  prism  ^  i  h-  -i  • 

and  the  prism  abc,  .. 

and,  therefore 

Let  us  find  th  ’on 

diagonal  ac  and  the  sh  ; . -e  o  liar:  - 

al  bd  (Fig.  2.2.5).  Placlrtj  the  x- 
along  1«  tg  '■•clr  of  M  rhi  tb  ' 


the  square  is  deformed,  '..e  ol'a. 


axes  X  and 
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I  -  ff 

‘  mt 


W-*V'  T 

—  t,==a - 

'  w  i  • 

If  6^  and  denote  the  '^'s;  '’  eements  In  the  directions  of  the 

./  „„  and 

«.  =r-^L  tr  ,  *1- 

*  n'  *  ai 


<)’  ^ 

0.— «_  -2n  --  ??n  •>  - 


-  .  •  Jz- 


..2,±/ 1— 

'^dl\dx  dy)  '^V  tfx  dll 

and  v.e  can  find  analogously 

••  wm 

Moreover,  by  means  of  the  iiontlty 


j;.  '  mectloi  we  find  by  olnlng  the  throe  last  equall- 

tv.r  er.  sheai  ieforma 
>-•  r  ’  o cr,  •  'jh^  v^:.  ties 

Pressure  at  a  point.  This  quantity  is  determined  as  the  negative 
.  hmetical  mean  of  the  normal  t  naions  on  the  three  mutually  per- 
F-niicular  areas  passing  thn*ough  this  point: 

^=-y  (*,  +  •,+•,)•  (2.2.8) 

Now 


34 


(2.2.9) 


— 1- d»v  .  -y,  + 1„. 

•, — /+ 2i‘(^  -  i  ‘“v  -p+ 

•« - /+2|*(^— j-dlvJ)--p+T„: 

where  denote  the  components  of  the  normal  tension  which 

depend  on  the  viscosity. 

Thus,  we  may  write  for  R^: 


Vfhen  p  «  constant,  we  have 

+'(^+^ +'.?)" +-f  f  s+.»».- 

The  expressions  for  R  and  R  read  analocously. 

y  2 

When  p  «  const,  the  total  force  per  unit  volume  is  clvon  by 

^=r  -  ^  ii  7  (y  •  ?) + 1»  (\7  •^)  »• 

The  equation  of  motion.  Intr'^iuclnfi  the  value  of  into  t.io 


equation  of  motion  (2.2.5)  we  obtain  t..x  lundame 
aerohydrodynamlcs : 


.at  lu: 


+  yV(V-K’)  +  »(VV)«* 


or.  In  projections  onto  the  axej  of  a  carte ’!:• 
system 


rdliiatc 


IC) 


is#  _  /  _l_  if  .  _ I  1  \  I 

«  t  iJi'^  3  ix.  W#  d>  i»#  /  ' 


,  £u-,  j  a-r,  \ 

(  ixi 

iyi  “  / 
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(2.2.10) 


rf/  »  a,  ^  3  ■^IdT+'^r  “aT/*^ 


a*a>^ 


a^f  _  /  __L^  A  *  a  /  3y,  .  agy  aw«\ . 
M  *•'*  »  a/  3  d/  \  3jr  ■''  a/  ^  a#  K 


■’'n  the  system  of  the  axes  Xj^,  x^, 

a«i/  ^  1  a^  *  a  - 

■"  r"  4  -  J..  •  li.. 

a/  li  dX;  o 

I .  . 

LG'’  rd  vlr  joslty.  Suppos/i  tion  (2.2.b}  '.i!;-^  '’’  a 

;  ^niirlc-nce  conditio  r.  ot.  .  Llrary  i 

.r„  coordinate  system  (fundamental  p.  upci  j.  •.•■  v  j..  .•  ■), 

,  .  hy  a  more  general  Irvai'lar.t  Interielaf  n  of  nenri'J 
pi-essuro  and  .angint'.ai  ^•.  sse^,  and  the  defoliation  'ate'.  cled 


..i  .  n  the  ■  •■ 


•  _vo 


!+•»  +  •* 

— , - +  ^'  di?i 


— yp)a'»»  +  2i‘ 


aw, 

dM 


' ' or’  ■’.8),  .:  eo."i'crpcnvllng  expressions  for  and  a^.  The 

.  r:  is  called  the  coer'’l?*er.'  of  second  viscosity. 

In  accordance  with  the  disconoinuity  equation,  div®-— -■*’  laras- 
lortzes  the  rate  of  density  variation  at  i’  point.  Introducing  the 
dcond  viscosity  p'  therefore  makes  it  possible  to  take  the  dependence 
or  the  pressure  on  the  rate  of  de.r^ity  variation  Into  account,!, e.  , 
t  ne  fact  that  vjhen  the  density  varies  a  certain  time  Is  needed  for 
thermodynamic  equlllbi  ium  to  be  established;  this  time  Is  Cc'.lled 
relaxation  time.  The  second  viscosity  becomes  apparent  only  in 
those  cases  where  the  relaxation  tirr.e  is  long  compared  with  the  time 
icnslty  variation  and  where  e  >  abllshment  of  equilibrium  cannot 
p  up  with  the  variation  In  density. 


Euler’s  equation.  Assuming  =  0  In  Eq.  (2.2,10),  we  arrive  at 
the  equation  of  motion  of  an  Invlscid  fluid,  first  obtained  and  discus¬ 
sed  by  Euler: 

(2.2.  n) 

The  equation  of  motion  in  the  fonn  <^,ivon  by  Gromcka.  Nothing 
that  (of.  Appendix  2) 

(tp- V  wXrotxp, 

the  equation  of  motion  of  an  Invlscid  fluid  may  be  written  in  a  form 
Slven  by  I.S.  Gromeka,  Professor  at  the  Kazan'  University: 

+  -/-  J-VV  (2.2.12) 

The  advantage  of  this  form  of  the  equation  of  motion  consists 
in  that  It  explicitly  contao^rs  curl  of  speed. 

The  Integrals  of  the  equ  '  ■  of  motion.  When  the  motion  has 
become  steady  and  there  exists  a  potential  (U)  of  the  volume  forces 
Gromeka  equation  may  be  written  in  the  form 

V”  +  W+"VP  K-Xrolir. 

Multiplying  this  equation  s ’a"'  ‘v  the  length  dr  and  asr;  n- 
ing  the  fluid  to  be  barotropic*,  we  obtaai 


yVp-rfr  -^--dP  IP  dr, 

where  denotes  a  function  v.hicn  may  always  bo  vi  -  m'  • 

a  barotroplc  fluid  if  the  form  of  the  fune*’  p  =  p(p)  k  .  -  x, 
Here  the  Gromeka  equation  has  the  foiT 

rfr. 

As  can  be  seen,  the  Integral  of  this  equation  is  easily  fo-  ' 
if (zpXrotK')-«/r-  O.on  all  paths  of  Int  a;'e  ■  j  h  i  .o 


je.+i/+p 


cor 


-  57  - 


Lat  us  consider  the  case  when  (K'Xrotsr)-rfr=  0-  First  of  all  this 
Is  possible  If  curl  Tf  ■  0  everywhere,  l.e. ,  if  ^  In  this  case 

too  the  unsteadiness  of  the  motion  Is  easily  taken  Into  account, 
noting  that 


tit  .  Ot  it 


Ho  ''  the  Integral  of  the  equation  will  be 

(2.2.14) 

*' *■  1  a.i  arbitrary  function  of  the  time  t  and  is  detennlned 
'.h--  ‘'a.  cundltlons.  Its  Integral  har  acquired  the  riar'  •. 


ral. 

i  element  of  a  streamline  wh'  ri,  del ^lu -Ion,  Z\dr=‘(i. 

..  ,1  oy  .  te  f  be  prcp'rtlcs  of  the  mixed  product,  (7x  c-.  i  w). 
•ir  =  (dr  curl  t  =  T  and  Eq.  (2.2.13)  wHl  hold  along  the  ctream- 

a..  '  c  i  .  .-nllcd  the  Bernoulli  Integral. 

.'1.1  L  ..j  that,  although  they  both  are  given  by 

.e  .  e  I  xpresslon,  there  Is  a  considerable  difference  between 
::C  1  1  -nr  Integral  '  jr  a  steady  motion  and  the  Bernoulli  integral, 

e  r.  1,.  liuide  for  any  arbitrary  path  of  Integration  in  the  region 
p.  'r.l  motion  and  the  constant  of  the  equation  is  one  and  the 
•  m:  for  all  streamlines.  The  latter  Is  valid  only  along  one  stream- 


V  and,  generally  speaking,  the  constant  vdll  have  Its  own  value 


•  a  every  streamline. 

In  the  case  of  turbulent  motion  along  a  vortex  line,  the  In¬ 
tegral  has  likewise  the  form  (2.2.13)  If  curl  "w  x  dr  =  0  or  If  the 
ctroamllnrn  '-olncldc  '.■■Ith  the  vortex  lines,  1.  e.  ,  If  TT  x  curl  "w  =  0; 
the  latter  case  It  Is  called  the  Gromcka  Integral. 

The  velocity  potential  a-  ‘he  Impulse  of  a  pressure  shock.  Let 
>,  ,  consider  the  development  of  -  motion  out  of  the  state  of  rest 
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under  the  action  of  a  suddenly  appllc.-d  pressure  v shuck)  during  a 

short  time  interval  6t.  In  this  case  the  effects  of  friction  and 

volume  forces  will  be  very  small  and  can  be  neglected.  Since  the 

motion  arises  out  of  the  state  of  rest,  the  convective  term  of  •. 

celeratlon,  fw'cT)  "w  will  be  considerably  smaller  than  the  local  one, 

^  and  the  equation  of  motion  can  be  taken  in  the  form 
dt  ^  _ 

dw  dw  _  1  ~ 

di  ~  dt  "  t 

If  for  simplicity  an  Incompressible  fluid  (p  =  const)  is  con¬ 
sidered,  Integration  yields  the  velocity 

It 

_  1 

ap  »  —  — 

f 

Since  the  convective  term  of  acceleration  is  small,  differen¬ 
tiation  may  be  carried  out  under  the  integral  sign  and  we  obtain 

u  !  «'  \ 

3  =  - O’ j  Vi 

'  i  \  ®  / 

Thus,  the  velocity  potential 

II 

0 

may  be  considered  as  the  Impulse  o:’  the  prescu;->  shock. 

Conservation  of  circulation  .■■Ith  time.  In  cvnnectlon  with  the 

Important  significance  of  vorten  motion  in  aerod,yr.,amles  v.o  3i.ull 

consider  Its  fundamental  properties.  For  this  pui'pcse  we  chcuse  a 

closed  contour  in  the  fluid  (Fig.  2.2.\)  ani  detei-minc:  tne  variation 

with  time  of  the  circulatlcu,  r=  ■'»•<//•  with  respect  to  this  ontour 

c 

assuming  that  the  contour  consists  of  one  and  the  same  aggregate  of 
fluid  particles.  In  this  case  the  variation  of  the  Integral  consider 
ed  must  be  calculated  by  taking  its  total  time  derivative. 


Fig.  2.2.6.  The  fluid  par¬ 
ticles  forming  the  contour 
C  over  to  contour  dur¬ 
ing  the  time  6t. 


If  C  and  are  the  positions 

of  the  contour  assumed  during  the  time 

6t,  rer(0=fw-</r  and 

c  ^‘1 

Noting  that  by  virtue  of  the  continuity 

of  motion +  tO|=ia  +  -^W,we  may 

write 

+ — iij  ■  (dP-f-  dw^tt)— j  ^w-dr-i-W’  dwU + •  Sr  j. 
Thus , 


±  r ^nn, -L£±»;;-.r(0  ^ r r ^ 

dt  ^  dt  I/-.0  »<  J  ^  it 

When  the  speed  varies  continuously  along  the  closed  contour  C 
were  return  to  the  starting  point  after  circumscribing  the  contour 
of  Integration  with  the  same  value  of  the  speed;  therefore. 


|)  J. .  =  I I  Z-dw^O 


and  the  expression  for  the  derivative  -1  if  Z^d^i-s  the  same  when  cal- 

dt  ‘c 

culated  for  a  contour  made  up  of  one  and  the  same  aggregate  of  par¬ 
ticles  as  well  as  for  a  quiescent  contour  Imaglnarlly  drawn  In  the 
fluid. 


The  Euler  equation  of  motion  for  an  Invlscld  fluid,  when  the 
volume  forces  have  a  potential,  T=-T[J,  and  when  the  fluid  Is  baro- 
troplc,  l.e.,  _L  7;,  />=/>(;,),  gives  ^=-'^iP+U). 

p  4t 

Passing  over  from  point  A  of  a  fluid  line  to  point  B  of  the 
same  line  we  obtain 

B 

X 

For  a  closed  contour  C  when  the  points  A  and  B  coincide  and 
when  we  assume  that  there  are  no  speed  discontinuity  surfaces  along 
the  path  C,  we  shall  have  | 
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l.e.  If  the  volume  forces  have  a  potentl  .1  and  the  invlscld  fluid  Is 
barotroplc.  the  velocity  circulation  with  respect  to  an  arbltraty 
closed  contour  which  Is  not  Intersected  by  a  speed  discontinuity 
surface  constant  thiX)u.n;hout  the  duration  of  the  motion.  This 

theorem  was  established  by  Thomson. 

Lagrange’s  theorem.  An  Invlscld  barotroplc  fluid  Is  assumed  to 
be  at  rest  at  the  initial  Instant  of  time.  If  motion  sets  In  under 
the  action  of  a  potential  field  of  forces,  at  all  subsequent  Instants 
of  time  the  motion  will  be  a  potential  one.  This  results  from  the 
fact  that  at  the  Initial  Instant  of  time  the  circulation  with  respect 
to  some  arbitrary  fluid  contour  Is  equal  to  zero.  Prom  this  follows 
the  theorem  of  Lagrange:  1.  in  a  field  of  volume  forces  having  a 
potential  the  motion  of  a  viscous  baroti^oplc  fluid  has  a  velocity 
potential  at  the  Initial  instant  of  time.  It  will  be  a  potential 
motion  throughout  the  whole  duration  of  the  motion. 

Helmholtz’s  theorem  on  the  conserva¬ 
tion  of  vortex  linos.  When  an  Invlscld 
barotroplc  fluid  Is  placed  In  a  potential 
field  of  forces,  the  fcllowlnc  may  be 
stated  for  vortices  In  this  fluid: 

l)  the  Intensity  of  a  vortex  tube  re¬ 
mains  constant  throur^hout  the  whole  dura¬ 
tion  of  the  motion. 

The  proof  follows  Immediately  from  Thomson's  theoi’em  since  the 
Intensity  of  the  vortex  tube  Is  determined  by  the  circulation  with 
respect  to  a  contour  circumscribing  the  vortex  tube; 

2)  the  Intensity  of  the  vortex  tube  Is  constant  over  Its  whole 


Pig.  2.2.7.  The  cir¬ 
culation  along  a  vor¬ 
tex  line  Is  constant. 


length.  Therefore  the  vortex  tubes  of  a  fluid  must  be  either  closed 
or  end  at  the  fluids  boundaries.  For  the  proof  It  Is  sufficient  to 
take  circumferential  contours  of  two  sections  of  the  tube  and  make 
a  cut  along  It  that  connects  the  circumferences  of  the  sections 
2.2.7).  Since  the  circulation  with  respect  to  the  over-all 
contour  123^56781,  which  does  not  envelop  the  tube^  Is  equal  to  zero, 
and  the  cut  45,81  runs  tvdoc  In  contrary  directions  so  that,  taking 
the  direction  of  the  circumscription  Into  account,  we  find  that  the 
^^rculatlons  with  respect  to  the  two  contours,  r»  and  fp,  are 
f-?ual. 

Determination  of  forces  acting  on  a  body  from  the  state  of  flw.. 
a.'  the  boundaries.  Thei'e  are  two  methods  for  determining  the  reaction 
oi  1  fluid  to  a  body  located  In  It.  The  first  method  requires  a 
knowledge  of  the  forces  of  p-’escure  and  friction  at  each  point  of 
tae  body's  surface  wlih  respect  to  which  their  resultant  and  moment 
la  to  be  found.  The  second  method  makes  It  possible  to  determine  the 
ctlon  of  the  fluid  whc-  its  state  Is  knovjn,  namely  the  dlstrlbu- 
in  ef  the  tension  of  the  forces  (pressure  and  friction),  the  speed 
ind  the  density,  at  a  certain  fictitious  boundary  of  the  region, 
the  reference  surface,  enclosing  the  body  considered. 

To  determine  the  forces  acting  on  solid  bodies  located  In 
the  flow  of  a  liquid  we  consider  the  region  V  bounded  by  the  surfaces 
A.  of  these  bodies  and  the  reference  surface  Aj^.  Noting  that  by 
virtue  of  (2.2.10) 

vy-  write  the  equation  of  motion  (2.2.2)  In  the  form 
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(2.2.  16) 


+^f[4- V  (v  ■  9  +  (v-  7)  ^\dV. 

Since  the  region  V  Is  fixed, 

+  f  ^^1l>’H)vnlA^■^(ffWllV+^^ilc■n)vdA. 

*t**t  *  >  *» 

Here  It  was  taken  Into  consideration  that/ p/J^.^)^^„OSince  n, 

*1 

Is  a  solid  surface  and  the  flux  through  It  Is  zero.  The  left-hand 
side  gives  the  total  change  of  momentum  of  the  fluid  passing  through 
the  Isolated  region  V. 

The  first  terin  of  tho  ic^.-hand  side  of  (2.2.16)  represents 
the  volume  forces  acting  on  t  ■  isolated  volume 

Rewriting  the  second  term  In  the  form 

—  — -  f  npdA='^P,-  {npdA. 

f  t  i, 

where  IT  is  the  outer  normal  to  the  surface  A,  we  find  that  It  Is  the 
sum  of  the  pressure  forces  applied  to  the  solid  body  and  the  pressure 
forces  applied  to  the  reference  surface  from  the  side  of  the  surround¬ 
ing  fluid. 

Let  us  now  consider  the  third  term  of  the  right-hand  side  of 
(2.2.16).  Applying  the  Ostrogradskly-Gauss  formula,  we  may  obtain 

r 

+  J  f(n’^)vdA. 

When  the  fluid  Is  Incompi-csslble,  '7*'v?  =  0,  and  with 
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we  may  write 


(rt-^)»*=|cos(n.  .t)-^  +  cos(*.y)-^+ 

+co*(«- 


f  ^in-^)vdA 


■  tangential  forces  of  friction  on  the  surfaces 

'  i!  solid  bodies.  In  the  c?se  of  a  c  ...prusslblo  fluid  vTw  /  0  and 
:»  -»(V*w)rf>4  will  differ  from  zero;  this  tonn  characterizes  the 

4 

ecus  due  to  extension  or  compression  of  thie  fluid's  voluire. 

If  the  reference  surface  Is  taken  sufficiently  fsr  .rom  the 
I  -arles  of  the  solid  bodies  where  the  friction  effects  may  be 
neglected  (as  to  this,  c  snail  liocuss  it  later  on)  then  adding 
tiie  viscous  forces,  we  vtcaln 


jj-  f  rfU  '  j +  -jpndA.  (2.2.17) 

f’  I,  t  ‘ 

.  ,  the  total  change  of  momentum  is  equal  to  the  sum  of  all  forces 
acting  on  tiie  Isolated  volume.  Notice  that  If  another  surface  Aj^  Is 
'  '.en,  all  terms  will  change  but  so  that  and  remain  un- 

K  ingcd. 

Adding  the  forces  cf  pressure,  and  of  friction,  applied 

to  the  sollo  bodies  Gj^,  wo  may  also  write 

V  -i-  f  I’  +  f  I"A  :  ?  dA^^- 

•  V  X, 

The  expression  lip  +  p (n*!?)!?  Is  called  the  flux  of  the  vector  of 
J.1  Impulse  In  the  dlrectlf'n  of  li,  l.e.  ,  through  a  surface  per- 
dlcular  to  IT.  If  IT  coincides  wltf  the  direction  of  the  speed  we 

aln  a  longitudinal  component  ■  f  the  total  impulse  flux  density 
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♦ 


I 


I 


equ&l  to  p  +  pw'^;  the  transverse  compori'  nt  (perp 'ndlcular  to  the 
apeed  TT)  will  be  simply  2' 

Thus,  In  steady  motion  and  when  volume  forces  are  absent,  he 
resultant  R  of  all  forces  applied  to  all  solid  bodies  present  In 
the  fluid  will  be  equal  to  the  flux  of  the  total  Impulse  throuch 
the  (fictitious)  refer'ence  surface,  namely 

Analogously,  multiplying^  the  equation  of  motion  vectorlally 
by  the  radius  vector  we  obtain  the  corresponding  expression  for 
the  moment  of  foi-ces  which  Is  equal  to  the  change  In  angular  momentum: 

-^JpCrx 

i  t  Jl^ 

Example  1.  Reaction  ■-/i’  a  liquid,  flowing  In  a  curvilinear  char:- 
nel  (Pig.  2.2.8),  Consider  a  r-.  feronce  surface  as  shown  by  Pig.  2.2.8 
(the  sections  and  are  normal  to  the  speeds  1?^  and  "wg,  respective¬ 
ly)  for  which,  neglecting  friction  and  gravity  forces  and  noting  that 

v.Tlt. 


(2.2. 18) 


Thus, 


(Pt  +  h  “'?)  ^  1  '3'-  -  O’ »  +  ^ 


(2.2.  19) 


Example  2.  Pressure  force  on  an  inclined  plate  (Fig.  2.2.9).  We 
shall  assume  the  flow  to  be  two-dimensional,  and  the  fluid  Incompres¬ 
sible  and  weightless.  The  ri'ference  surface  as  shown  In  the  figure  1.", 
regarded  as  a  semi -circle  with  Its  center  at  the  point  of  Intersectlcr. 
of  the  Jet  axis  with  the  plate  and  the  longitudinal  plate  dlame*.  .i 
the  radius  of  the  circle  is  taken  so  large  that  the  branchin,-  of  th'. 
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Fig.  2.2.8.  A 

_ . V  7  acting  on 
iiC  v.alls  of  a 
cut  tube  which 
' ’-"lal  to  the 
in  momon- 
.■  unit  time 
,oti>-'n  of 
’ -uld  ^lowing 
■  =  ■  -^’uh.  '  L 


.  .  Impact 

the  ,  ec  on  the 
:e. 


Jet  may  be  aasumod  to  be  complete.  Since  at 
the  sites  of  intersection  of  the  reference 
surface  with  the  flov.  of  the  fluid  the  pres¬ 
sure  is  the  same  and  equal  to  atmospheric 
pressure,  p^,  the  speed  hero  will  also  be  the 

sar'-  .ainely  v;  .  Now  we  can  write  in  accord- 
& 

ance  with  (2.2.  17) 

p  _  f"*  (;f-r  rt)xrfA 

The  projection  of  this  equation  onto 
the  directions  perpciid.  ular  tc  and  along  ‘he 
Jet  on  the  plate. 

Hence 

A,  - 

and,  jy  virtue  of  the  continuity  equation, 

Aj  ^A|wA. 

t  l+cot*...  1  1— CM«l 

2  2  *’ 


To  determine  the  position  of  the  pressure  center  (point  of  ap- 
r.iicat  ^n  of  force)  we  use  the  theorem  of  moments.  For  point  0  we 


obt’aln 


.  nee 


slat 


2* 


k  , 

yClgt. 


(2.2.21) 


Example  3.  Work  of  a  movini;  blado.  A  hoi-lzontal  Jet  of  speed  w 
assumed  to  hit  a  curvlllne..r  vai.e  moving  horizontally  at  speed  u. 
Tt.  relation  between  u  and  w  is  to  be  found  for  which  the  work  of 
i  Jet  in  shifting  the  vane  Is  inixlmum  (Fig.  2.2.10). 

-  66  - 


The  fluid's  speed  relative  to  ‘hehladels  .  -  u.  The  force  will 


therefore  be 


»  p  (tp  —  ^  (1  “  COS  P). 


(2.2.22) 


The  work  Is 

£»flB=:p(a'-«)M(l-cosP)o-pi^»*(l-cosp)^l  • 

For  determining  the  maxlmavn  condition  we  put  the  derivative  of 
L  with  respect  to  u/w  equal  to  zero;  this  yields  the  equation 

JLj«o  •  The  solution  u/w  =  1  corresponds  to  the  minimum 
I^n  ®  Oi  solution  u/w  =  1/3  gives  the  maximum  cosf). 

Example  k.  Thrust  of  VHP  (air  reaction 
engine)  (Pig.  2.2.11).  We  consider  a  re- 
’rence  surface  surrounding  the  VRD  In 
the  form  of  a  cylinder  whose  generatrices 
are  parallel  to  the  motor’s  x-axls,  arid 
whose  end  faces  arc  pcrpendlcula>  to  It. 

The  radius  of  the  cylinder  Is  taken  so 
large  that  the  generatrix :c  may  be  assumed  to  be  parallel  to  the 
streamlines.  Hue  to  the  oymr.  ‘  .-y  condition,  the  resultant  of  the 
pressure  forces  on  the  lateral  sui-face  ..111  be  zero  and  the  thrust 
will  be  directed  along  the  motor  axis.  Supposli.t  that  the  parameters 
of  the  flow  outside  the  Jot  emerging  from  the  engine  are  ual  over 
both  sections  of  the  cylinder,  and  taking  the  directions  of  the 
normals  of  the  end  faces  Into  account,  we  may  write 

j  u'i  dA  =  i\  +  \  (/>.  -f  pm'S‘m)dA. 

We  denote  by  A  the  area  of  the  reference  section  of  the  stream 

00 

tube  through  which  the  whole  mass  of  air  Impinging  on  the  motor  1  r 


Fig.  2.2.10.  Simplest 
hydraulic  drive. 


coming  in,  and  by  A^  the  reference  area  of  the  stream  tube  throw  . 
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which  the  combustion  products  are  ejected,  and  we  shall  assume  that 
the  stream  parameters  with  respect  to  a  section  of  the  Jet  ejected 
by  the  motor  are  the  same.  Then,  bearing  In  mind  the  similarity  of 
the  flows  through  the  end  sections  outside  the  jot  passing  through 
-he  engine,  we  obtain 

-f  f +  f 

1 4.  J 

=  {Pm\  («,  + »«,)  Jc. +/?.  (At-- A,)]  - 
-(P.A.  +  m.tp.  (i4,  -  i4.)) « 

“  (/».  -  Pj  A, -f  m,  (f,  -  ic.)  +  m, i.',.  (2.2.23) 

h'-'!  m  and  m  designate  the  mass  of  air  and  fuel  consumed  per 

V  g  " 

by  the  engine. 


\  »  n  t  »**M  111*11 

3 

si 

■|M  I  I  »  m  »  H  I  M'lt 


Fig.  2.2.11.  Determination  of 
thrust  for  air  reaction  engine. 

'fhe  nozzle  is  so  designed  that  p^^  =  p^.  The  operating  conditions 
•  ...j  nozzle  under  which  this  equality  remains  valid  are  called  the 
^  -.ii  ri  conditions.  Neglecting  the  fuel  mass  m  which  amounts  to  2  - 

s 

of  the  weight  of  the  air  passing  through  we  obtain  the  following 
tiii'ust  formula  for  design  conditions; 

P=m,(tp, — v«).  (2.2.24) 

Example  5.  Euler's  turbine  ■  luatlon.  A  system  of  solid  bodies 
('  r.Jes)  is  assumed  to  be  inside  the  reference  volume  bounded  lateral- 
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% 


% 
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ly  by  the  two  surfaces  of  rt /olutlon  and  A^,  ,  nd  at  Its  ends  by 
the  planes  Aj  and  Ag  perpendicular  to  the  axis  of  rotation;  part  of 
the  reference  surface  may  consist  of  sc^  '.d  walls  (FIg-  2.2.12).  In 
order  to  eliminate  the  Influence  of  hydrostatic  pressure  we  shall 
assume  that  the  center  of  gravity  of  the  volume  displaced  by  this 
system  of  solid  bodies  lies  on  the  axis  of  rotation. 

Since  the  vectors  of  pressure 
distributed  over  the  lateral  sur¬ 
face  of  the  reference  volume  pass 
through  the  axis,  the  moment  of 
pressure  forces  with  respect  to  the 
axis  Is  equal  to  zero.  The  pressure 

forces  to  the  end  walls  are  parallel 

Pig.  2.2.12.  For  the  dei  .  .u  .  ^ 

tlon  of  Euler's  turbine  e  .  -  their  moment  with 

respect  to  the  axis  Is  also  zero. 

Neglecting  friction  we  may  thei't  fore  write 


Af,  -  (7x  2!  ^ X  dA  X  y).  If,  dA  -j 

(r  X  w),  tf,  dA. 


(2.2.25) 


Passing  over  to  a  cylindrical  c(  :rdlnalo  system  (R,il,x)  and 
decomposing  the  speed  "w  Into  the  axial  w  ,  the  ladlal  and  the 
circumferential  components,  wc  obtain 

CrX  Rsrt. 

where 


At  the  first  end  section  w  at  the  second  one  w  =  w  . 

"  *  n  x 

One  the  outer  surface  of  revolution  w  =  w^  and  on  the  innei' 

n  A 

one  w  =  — w„.  Therefore 
n  A 
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Af,— J  tRviW^dA-^  jjRwtWfdA— 


<%  (2.2.26) 

This  Is  the  fundamental  equation  of  the  turbine  theory:  It  l8 


called  the  Euler  equation. 


For  an  axial  turbine  2.2.13,  a  and  b) 


Ms 


’R 


0  and 


Pig.  2.2.13.  Tvpes  of  turbines,  a)  axial 
cylindrical:  b)  diagonal;  c)  radial  cen¬ 
tripetal;  d)  radial-axial  (centrifugal 
compressor). 


Considering  a  flow  element  in  an  annular  stream  tube  of  not 
•  y  large  thickness  (so  that  R  nay  be  taken  as  constant)  with  a 
Hi  rate  equal  to  m,  we  obtain 


w 


V 


For  a  radial  turbine,  e.g.  ,  a  centi'lpetal  one  (cf.  Fig.  2.2.13c), 
0  and 

■W,  —  J  —  f  pRv»Vg  dAi 


IV  the  flow  element  (w^  =  consa. 


I 
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M,  i;,| 


For  turbines  of  the  radial-axial  t  .-pe  in  which  the  direction 
on  the  flow  velocity  varies  fron  axial  o  radial  as,  for  example, 
in  a  centrifugal  compressor  (cf.  Pig.  2.2.13d) 


Af,™  J  p/iuftVgdA  —  {  f/iwtWgdA. 


When  we  consider  a  flow  element  of  the  current  I -II  of  suf¬ 
ficiently  small  thickness  for  R  and  w^»  of  section  1,  and  w^,  and 
of  section  2  to  be  assumed  constant,  v.e  obtain 

Af,= m  (/?9t),). 

It  is  easily  seen  that  the  form  of  the  equations  is  one  and 
the  same  for  all  types  of  turbines: 

Af,-=  m  (A?w»)uo*tl-  (2.2.27) 

2.3.  THE  ENERGY  CO!;SEK.  .I  .  UW.  THE  ENERGY  EQUATION 

The  energy  conserva'  law  not  only  establishes  the  invariance 
of  all  energies  for  an  arbitrary  Isolated  mass  of  the  fluid  but  also 
expresses  the  mutual  cot.verr  ttlllty  of  the  various  forms  of  motion 
of  matter. 

The  necessity  of  Introducing  an  energy  equation  results  from 
the  fact  that  the  two  equations,  nan  ly  that  cfcontlnulty  (scalar) 
and  that  of  motion  (vector'),  contain  throe  un;  >  n  luantltleo:  a 
vector  (velocity  TT)  and  t’.-.o  scalars  (pi’essuro  £  and  density  p) ,  so 
that  in  the  case  of  a  gas  (compi'esslble  fluid)  the  numler  quan¬ 
tities  sought  exceeds  the  number  of  e.  ■’tions  by  one.  >.nen  the 
(scalar)  energy  equation  Is  added  to  the  system,  another  ne'/  unknown 
scalar  quantity  Is  added,  namely  the  temperature  T.  The  system  of 
equations  is  completed  by  adding  the  partition  equation,  and  the 
problem  of  aero-mechanl cs  (v.lth  given  Initial  and  boundary  c<.  rijlt '  i.  n. 
which  will  be  discussed  later  on)  becomes  a  definite  one. 
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Energy,  work  and  heat.  Notion  as  a  mode  of  existence  of  matter 
assumes  qualitatively  different  forms.  The  energy  may  serve  as  a 
measure  of  the  motion.  Qualitatively  divergent  forms  of  motion 
correspond  to  the  following  different  forms  of  energy:  mechanical, 
thermal,  electrical,  chemical,  etc.  All  these  forms  of  energy  have 
the  property  of  mutual  conv'^  tibllity,  during  v.hlch  the  numerical 
:''ount  of  the  measure  of  motion,  l.e.  ,  of  energy,  remains  unchanged, 
.n  state  of  the  system  is  changed  the  nc*. ion  changes  too  and 
^r.  the  general  case,  accompanied  by  a  conversion  of  one  form  of 
’(j  •  into  another.  We  may,  say  that  energy  ’s  a  function  of  the 
te  of  the  system.  Its  quantitative  amount  is  independent  of  the 

Manner)  in  which  the  system  Is  led  over  fi'om  one  state  to 
a  tner,  l.e.,  the  Inflnltf  s'-’mI  energy  conve.  slon  dE  Is  a  total  dif- 
i>  sntlal  of  a  certain  function  so  tnai.  the  energy  variation  of  the 
•otern  due  to  the  translticn  from  state  1  to  state  2  is  determined 
h-  wiff  rence  of  the  j.ues  of  this  function  In  the  Initial  and 
i  ati  s : 

I 

|rf£-£(2)-£(l). 

The  transition  of  the  system  from  one  state  to  another  Is 
raccerized  quantitatively  by  the  work.  Work  Is  the  measure  of 
change  of  form  of  motion  and,  therefore.  It  depend:;  essentially  on 
manner  of  transition,  l.e,,  on  the  process. 

This  Indicates  that  the  work  e.icMt  nt,  dL,  is  not  a  total  dlf- 
lential  and  the  total  work  for  the  transition  of  the  system  from 
tiie  state  to  another  canno..  be  represented  as  a  difference  between 
the  values  of  certain  functions  of  these  states. 

In  aei  umechanlcs  a  1;.  g.  ait  played  by  the  prccesse#  ..of 
h":-,t  transfer. 


The  amount  of  heat  supplied  (the  saune  as  of  work)  depends  es- 


sentlally  on  the  process  and  therefore  the  heat  eiem.?nt  Is  not  a 
total  differential.  In  order  to  emphaslz  this,  the  heat  element  Is 
frequently  designated  as  6Q  (and  the  work  element  as  6L). 

♦ 

The  first  law  of  thermodynamics.  In  thermodynamics  the  energy 
of  a  system  Is  usually  divided  Into  two:  the  external  and  the  Internal 
part.  The  external  energy  Is  the  mechanical  energy  of  the  system;  It 
consists  of  kinetic  and  potential  energy  and  depends  on  the  velocity 
and  position  of  the  system  as  a  whole  (or  of  Its  macroscopic  parts). 
The  Internal  energy  Is  that  part  of  the  energy  which  depends  on 
temperature,  volume,  etc.  ,  but  not  on  the  velocity  and  position  of 
the  system  as  a  whole. 

The  energy  conservation  law  may  be  formulated  In  the  following 
manner:  the  energy  Incr-^  nen^  per  unit  time  of  a  certain  nonisolated 
system  la  equal  to  the  woi  cf  the  external  forces  applied  to  the 
system  plus  the  heat  supplied  to  the  system  during  the  same  time 

•  (2.3.1) 

In  a  coordinate  system  fixed  to  the  center  of  gravity  of  the 
system,  the  energy  E  of  the  system  will  be  equal  to  the  Internal 
energy  e,  and  the  heat  element  .supplied  to  the  system  Is,  therefore, 
equal  to  the  Increment  of  Internal  energy  plus  the  work  of  the  pres¬ 
sure  forces: 

dQ^dt+pdv.  (2.3.2) 

where  pdv  Is  the  work  performed  under  the  environment.  As  was  shown 
the  heat  dQ  supplied  and  the  work  pdv  ai-e  here  not  different  ’  als  of 
some  arbitrary  function  but  v<-ry  small  queuitltles. 

Note  should  be  taken  of  the  fact  that  all  of  the  heat  supplied 
to  the  system  represents  not  only  the  heat  taken  by  the  body  from 
the  external  source  dQ^.  but  also  the  heat  dQ-  liberated  In  the 
'  body  by  dissipation,  e.g.  ,  by  the  work  of  the  Internal  forcer  of 
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friction. 


Relationship  (2.3.2)  is  called  the  first  law  of  thermodynanlca. 

One  of  the  basic  concepts  of  theimodynamlcs  is  the  concept  of 
specific  heat 

(kgm/kg*deg] 

4r 

The  specific  heat  is  t'  •;  amount  of  heat  necessary  to  raise 
the  temperature  of  a  unit  mass  by  one  degree  during  the  process  con¬ 
sidered. 


'•''Tien  the  volume  remains  constant  In  the 
^  '■’loving  is  obtained  from  the  first  law  (2.:', 


process  of  heating  the 

.2): 


Cy  1-'  the  specific  heat  at  constant,  volume  (per  unit  mass). 

It  f'sllows  from  this  ‘■’s'  '  =  jc,rf7’  in  the  gcnei'al  case  c^  varies 
v.ith  temperature.  Foi-  r  ..palclty,  however,  the  specific  heat  c^  will 
■  .r  <^cl  "  what  foilcv.c  to  b-c  Independent  of  temperature:  e  «*  c^T. 

t)-?t  d(pv)  =  vdp  ^  pav,  we  rewrite  the  first  law  In  the  form 
dQ^dt+pdv’Bc^dT +d{pv)  —vdp. 


Since  pv  =  RT,  we  have 

dQ=‘(c,+Rid7-vdp, 

Wiien  heating  occurs  at  constant  pressure,  then,  denoting  the 
specific  heat  at  constant  pressure  by  Cp  =(dQ/dT)p,  we  obtain  for 
oes  R  =  c„  -  c 

p  V 

The  ratio  of  the  specific  heat-,  k  =  Cp/c^,  plays  an  essential 
part  in  thermodynamic  calculations. 


This  ratio  depends  on  the  stiucture  of  the  molecules  and  on 
th'-  number  of  atoms  forming  them.  Therefore  k  Is  sometimes  said  to 
*  the  nvunber  of  atoms.  Accoidlng  t-:  the  kinetic  theory  of  gases 
k  -  (n  +2)/n,  where  n  Is  the  num’  er  of  degrees  of  freedom  of  the 
■  j  molecules.  For  air  (dlatoml-.  -ss'  )  k  =  1.4  and  Cp  =  lOOC  m^/ 


p 

/sec  deg  (=  0.2^)  kcal/k,-.d<'  -).  In  fact  k  docroa  es  srmev;hat  with 
temperature,  for  diatomic  moleculec  *  i.jC-0.5 - 10  ‘ /"C (2. 6). 

Reversible  and  Irrc/-  ••rtblc  pro  ’  ■  '.oa.  V.licn  the  state  of  an 
Isolated  system  Is  determln-'d  by  constant  nonvarylnr,  parameters  the 
system  is  said  to  be  In  the  state  of  thei-modynamlo  equlllbi-lum.  All 
systems  reach  this  state  sooner  oi-  latei-. 

As  soon  as  parametei’s  of  the  system  start  vaiylng,  the  process 
of  transition  from  the  Initial  (pi’lmary)  state  to  another  state  be¬ 
gins.  When  the  parameters  vary  very  slowly,  a  state  of  thermodynamic 
equilibrium  will  be  set  up  and  the  system  will  gradually  go  ovei- 
from  one  state  to  the  other-. 


ftSimt 


4 


An  li.flnltcly  slow  pi-ocess  of  this 
• nd  is  termed  quasi  static. 

Reversible  Is  the  term  applied  to 
a  process  that  may  proceed  In  the  reverse 
direction  such  that  the  system  passes 
through  the  same  states  as  In  the  forward 


Pig.  2. 3» 1-  Scheme  of 

heat  engine.  1)  Heater’;  pi-oc'.'ss  but  In  ;.he  r'.ver’se  sequence.  A 
2)  working  fluid;  3) 

cooler;  4)  woi’k.  quasisl  ^t,l-  prej-  ,  -  has  tne  pr-operty  of 

reversibility,  fo:g  in  >.  v'-i-.v  stag--  of  th'-  p:  .  ,  ’he  stale  Is  an 

equilibrium  stat'S  and  .iim  th--  paramet.-rs  vary  '.u  '  .•  s.e  dt  ’ac¬ 

tion  the  body  will  pars  through  ih-  sane  stall  s  !  ul  Ir'  th-  reverse 

order. 

In  nature  all  proces;.'-.-  eccur  at  a  fln'’i'  rate  and  ar*  therefor' 

Irreversible. 

In  mutual  conver-slons  the  quantitative  association  establlsh's. 
by  the  fli’st  law  of  th-a  me  dynamics  must  bo  supplemented  by  •? 
qualitative  condition  as  to  the  direction  of  the  conver'slon  pr-oc'  . 

It  Is  known  fr-om  experier  !e  that  mechanical  v.or’k  can  h  .  cce- 
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t 

f 

i 

■  verted  into  heat,  for  example  by  friction.  This  process  will  occur 
"by  itself."  The  process  of  heat  ti’ansfor  fi'om  a  hot  to  a  cold  body, 
the  expansion  of  a  j^as  fi'cm  a  small  volume  a  large  one,  etc.,  like¬ 
wise  occur  "by  themselves." 

By  heating  a  gas  which  is  able  to  expand  we  can  convert  heat 
.n"  ..ork;  a  revei'sal  of  tb’  ■  process  needs,  however,  an  Input  of 
:  to  compress  the  gas.  When  the  gas  Is  compressed  at  the  same 
i>‘  ;^tu;'e  as  that  at  '.•.hlch  It  has  been  expanded,  '.‘xactly  the  sar  e 
.1  oi'k  Is  consumed  to  restore  the  gas  o  'ts  Initial  state 
•alnej  '.-.hen  it  expanded.  As  the  rc  alt  ihere  is  no  cenve-  'i 
"  t  to  .ork. 

,..en.  however,  the  reverse  process,  nani  iy  the  cempr  sr.lor  'f 
i  g-c,  occurs  at  a  lov...i'  te.  .peraturo,  the  Cc  r.pre.'.siun  work  Wj,11 
i  ■  smaller.  Thus,  a  maoh^nc  i  ;•  cvc.  rtlng  heat  ti  v.t  ."k  operating 
h  pr’inclple  of  a  cydi;  :  i-oct.cs  must  consist  at  least  of 
ij .  ts!  the  ho;  to'r,  ‘  '..orking  fluid,  and  the  cooler  (Fig. 

Entropy.  This  part  of  work  which  Is  Irreversibly  Involved  In 
;  ...  s.  is  said  to  be  "lost"  for  a<‘ceMpl Ishlng  efficient  work. 
r.  the  efficiency  may  be  consldc:'ed  as  a  certain  measure  of 
!  ra  reversibility  of  a  pi’oeess.  It  Is,  ho..ever,  not  a  function  of 
.state. 

It  v.ould  be  convonio..t  to  Intiviu  .  paiametor  '..'hlch,  being 
motion  of  state,  could  at  'h.  same  time  characterize  the  process 
.  change  of  state  of  Lh.e  ody  and  Indicate  v.nether  this  process  Is 
p.  -slblc  In  nature  ('..hethei-  It  may  occur  "by  Itself"). 

Let  uc  CL.'nslder  tl.i.  L;  1-  "  uhennot’ynamlcs  for  an  Ideal 
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or,  since 


(^^•3.3) 


dQ^e,dT 

p^pfcr  M  t»—i/p, 

dQm.e,dT-Rr^. 

Hence  It  Is  seen  that  Ahcn  the  ’..hole  equation  Is  divided  by  T 

the  right-hand  side  is  :i  total  differential,  c,—  -R--  and  thero- 

T  t 

fore  ,  the  left-hand  side,  dQ/T,  will  also  be  a  total  differential 
of  some  function  of  state  G.  This  function  of  state  v.hose  dlffei'en- 

tlal  Is 

(2.3.^) 

Is  called  entropy.  The  accuracy  with  '.-.hlch  it  is  determined  by 

Eq.  (2.3.3)  is  within  an  arbitrary  constant  v.hose  value  can  be  choset 

conventionally: 

S— f,lnr-/?lnp+5i.  (2.  3.^3) 

The  second  lav,  of  ,  i-.-namics,  Ihe  second  law  of  thermody¬ 

namics  may  be  formulated  ■  follows:  heat  cannot  pass  fr-'-m  a  cold 
to  a  heated  body.  v;ith  th<'  help  of  Carnot’s  cycle  it  can  be  shown 
that  for  an  arbitrary  cy  !•••  'Ir-  entrop,  cannot  diminish.  Besides, 
this  follows  from  the  d<. nlt'.^  r.  dG  =  JQ/T  where  dQ  is,  in  general, 
the  sum  of  heat  supplied  f  .  •  >*,'-  ;Tnl  srurce  dQ^  (>  O)  and  th' 

heat  supply  due  to  eneroy  dl.  w  tpat  ].  r;  In  th.-  st-m  Itself,  dQ^. 

Since  dQ^  can  never  b*:-  ne.-it'.v-  ,  dG  >  0;  in  th-  h  1  rw.  >■  iQ  =  0 
and  dS  =  0, 

In  a  reversible  pi-ei.  :■  IG..  ^  0  and  dQ^  -  T  sG :  In  an  1.  re¬ 
versible  one,  dQ  =  T  dG  >  t.,  . 

Prom  Re.atlon  (2.  3-L)  -e  obtain 


jSi-5 


f|  '  fl  / 


or,  introducing 


P^fRT. 


In  the  general  case  of  a  flow  S  =S  (x,  y,  z,  l)  and  we  may  put 

(2.3.6) 

Iscntroplc  and  adiabatic  processes.  Per  an  Isentroplc  process 
in  which  the  entropy  remains  unchanged,  =  0,  Relation  (2.3.6) 

assumes  the  form 


Pt  Wi  /  ‘ 


(2. 3.7) 


An  adiabatic  process  Is  characterized  by  the  absence  of  heat 
■g.  v.ith  ‘•he  "urroundln -.r ,  l.e.  ,  '•’Q^  --  0. 


.  .  -he  vaiiatioi.  of  intei-nal  energy  Jfnv  and  kinetic  energy 

p  -r  unit  time  Is  equal  to  the  sum  of  work  of  the  volume 

•o.  ce-  and  the  surface  forces  p.  ZdA  plus  the  heat  supply 

during  the  same  time,  l)  V;ork  of  mass  forces;  2)  work  of 

.  ui'face  fcr'ces;  3)  kinetic  energy;  U)  heat  flow;  5)  surfaces;  6)  In- 
toi'nal  energy. 


Thus,  every  reversible  Isentroplc  p. ocess  Is  an  adiabatic  process, 
not  all  adiabatic  processes  aix-  1.  ■  -.iropic;  despite  the  fact  that 
i  re  Is  no  heat  exchange  with  the  sux'roundlngs ,  T  dS  can  be  larger 
•'an  zero,  l.e.,  dS  /  0. 

The  Integral  foi-m  ol'  tt.e  energy  equation.  \le  apply  the  enei'gy 
iservation  law  In  Its  >ne:,l  forr  to  some  volume  V  of  a  fluid 
fFlg.  2.3.2),  bounded  by  the  surface  A.  Inside  the  Isolated  volume, 

^  lid  statiena’y  bodies  and  .  .in  b  )dles  Gj  (e.g.  ,  turbines)  | 


are  assumed  to  exist  v.hlc}i  effect  the  -ncrcy  cxchanrje  with  the  fluid 
(as  will  be  shov;n  In  what  follows,  unsteadiness  of  pressure'  Is  a 
necessary  condition  for  ener^^y  cxchanj  •  with  continuous  variation  of 
the  parameters  In  an  Invlscld  fluid).  The  reference  surface  A  will 
be  assumed  to  consist  of  the  fictitious  surface  separatlnc  the 
Isolated  fluid  from  the  remainder,  and  the  surfaces  A,  and  A,  sur- 

rounding  the  stationary  and  moving  bodies,  G.  and  G.. 

^  J 

Expressing  all  quantities  In  mechanical  units  we  can  put  the 
total  energy  of  the  Isolated  volume  of  the  fluid  equal  to  the  sum 
of  Internal  and  kinetic  energies; 


The  work  of  l.  'j  rces  Is  equal  to  jf/-iedV,  and  the  work 
of  the  surface  forces  c  ;  .  1  to  ^^-wdA. 

According  to  Fourier's  lav;,  the  heat  flux  density  passing  pc” 
unit  time  through  the  u  .Lt  ar.  j  .  f  an  Isoth  'mlc  surface  wll]  be 
equal  to  XVf.  wh'  ;'0  X.  is  the  -'■."'fficlont  of  thermal  cor.du Ivl  ’  ^ 
provided  the  tempoi'atur’e  -rvadient  Is  not  tee  large,  which  Is  usually 
the  case. 

Then  the  amount  of  h  ;ai  t runsferivu  ihr. '■ -f.  tin-  surfac<-  A  with 
the  outer  normal  TT  Is 


Q—  — 

By  virtue  of  the  ma:;s  v-enrerva'  •  1  rf  (prfV')/rf/-o.  I h’-n-fur'e 


and  the  energy  equation  ca;  I  written  In  the  form 
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This  equation  Is  the  mathematical  fonnulatlon  of  the  energy 
conservation  law:  the  variation  of  total  ener-y  of  the  volume  of  the 
llould  or  ras  per  unit  time  is  equal  to  the  sum  of  work  of  the  mass 


and  the  surface  forces  at  the  surface  bounding  the  isolated  volume 


ilus  the  heat  supply  during  the  same  time. 

^^*10  enor'"'y  equation  In  ’’  .'fc-;  nllal  fonn.  Let  us  calculate 
f r,  •ic’d.'l  •  for  this  purposL-  we  consldei'  a  unit  parallelepiped  with 
..  j,  .j  6x,  by,  6s,  parallel  Sv.  the  coordlr..-.c  axes.  Calculating 
'>f  the  surface  forces  we  obtain 

r -Pt  '-i-'-A,  f  I  .•>,  -xc’  4- 

I*  ^ 

a.  [(’(fj  “•)  .  I 

L  dx  *  ^  dt  \ 

the  ..hoi-  vl  •  lir.o  unit  lames  we  find  that 
!'■  t!;  c'.^’. surface  A 


J  '  ‘T  djr  '  d*  , 


:lyL:  ;  tr.e  Ostroji't  -y  foimula  to  trcmsfomlng  the  second 
i;  .  .;ral  of  Eq.  (2.3.8)  as  well,  we  obtain  the  energy  equa- 


on  j  n  the  form 


.'Ith  continuous  Integrands  Eq.  (2.  3*y)  ••HI  become 

V  2  /  d/  ^  a* 

Writing  the  scalar  pru  ucts  in  explicit  form  we  obtain 

.  ,.r,  .  ’  (V-V +  + 

d  .  I  \  I  '  $S±\ 

+  ^(V«'.+V“-,  r=.  ,)-(  . 


(2.3.9) 


(2.3. 1C) 


(2.3.10)  I 


the  form 


\ti  [('*'77+'’' + 


(2.3.11) 


Each  of  the  terms  In  the  braces  Is  equal  to  ::ero.  Indeed,  mul¬ 
tiplying  the  equation  of  motion  {2.2. h)  ccalarly  ty  "w  and  taklr.j; 

4 

Into  account  thatP'^-^=pt£'-— we  obtain  the  exprcsclon  of  the  second 


brace: 


(2.  3.12) 


The  equation  Indicates  that  the  kinetic  energy  varies  only  at 
the  expense  of  the  work  do:  by  the  volume  forces  and  the  wo»k  of 


the  surface  forces  above  ■ 


■Icment. 


We  represent  the  surf  i  -  ■  fci’ces  by  their  components  due  to 
viscosity,  and  by  the  pressur’e' 

+rt-  (2.3.13) 

Taking  (2.3.13)  and  (2,2,8)  Ini:  acount  v.e  may  then  write 


The  term 'w.'^p  charac*  ’•'..■•-s  the  v.ci’k  perforr  !  n  ..l.-i  .  Ing 

the  element  as  a  whole  urifh  :-  t.h  -  aetloi;  o:  nd  alancc'l  hyfi:'o:"’chanli;al 
pressure  £  (the  slj'n  le  a  ;■  ''.’la’ed  with  the  fa.*  that  th  ,  eej- 
sure  Is  directed  Into  thi  v>.  l\ime),  and  the  ccmponeT.t  ncqi-,:' ‘ 
characterize  the  Increment  of  kinetic  energy  due  to  the  entrainment 
of  the  fluid  clement  as  a  whole  by  the  forces  of  viscosity. 

Thus,  the  second  component  enclosed  by  braces  In  (2.3-11)  l-t 
the  energy  equ'itlcn  of  an  ''leni'-nt  moved  as  a  v.hole;  1 1  does  '  -t 


the  Internal  enerp:y  processes  In  the  clement  Into  account. 

The  expression  in  the  first  braces  of  Eq.  (2. 

takes  the  chances  Inside  the  movlnc  element  into  account. 

The  derivatives  oZ-IOx.  d^l/iz  are  the  dofei-mation  rates  [cf. 

(1.2.7)]  and  their  product  v.lLh  the  stresses  of  the  surface  for'-t*^ 
characterize  the  work  connected  with  the  defoimation  of  the  element 
■i,-,in(:  the  volume  and  chape  of  the  element  (p.  13). 

Jty  virtue  of  (2.2.7)  the  second  component  is  in  fact 

f 

(2.3.16) 

•  nc  the  continuity  equation,  the  first  component  may 

r  presented  In  the  form  _  The  latter  expression  characterizes 

she  work  of  deformation  of  the  element  under  the  action  of  pressure 
^  ,  l.e.  ,the  v.ork  associated  with  the  change  in  the  volume  ele¬ 


ment. 

The  second  component  (pD)  characterises  the  work  done  In  deform 
the  element  under  the  action  of  the  viscosity  forces;  this  work 
•onnected  with  the  change  of  s..ape  of  the  element  and  'cpresents 
Che  work  of  friction  forces;  it  does  not  increase  the  kinetic  energy 
1  ut  goes  over  into  heat  and  is  dissipated  in  the  fluid  Itself.  Tl.e 
•  .nctlon  mD  Is  called  the  ccatterin-  (dissipation)  function. 


Thus ,  Eq. 


2.3.16)  may  t-’’  wr'  .ten  in  the  form 


(2.  3.17) 
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l.e.  ,  the  heat  supplied  •,.0  'ho  riul»!  ?-r  j  the  he-  t  ret  Tree  ov;ln(^  to 
work  performed  by  the  fovco.:  of  fr‘Lct.lft.  Incroai'OG  the  Internal 
energy  and  the  expansion  '..'ork. 

For  a  perfect  gaj  de  -  c^dT,  then 

W  *  #/  *  WJt  rfJ  if  dt  dt  dt  )  \di  ) 

where  the  local  Increment  of  the  Internal  enercy  asseclatcd 

with  the  local  variation  with  time  of  the  temperature  field  and 
eiw'^T  the  convective  Increment  of  the  Internal  enercy  acsoclaied 
with  the  transition  of  particles  of  the  fluid  from  one  point  Into 


another. 

Equation  (2. 3- 17)  now  assumes  the  form 

K.Jy.  : '--’•yr)+/»V  »-i‘0+v  xvr  (2.3.18) 

The  energy  cquatlor.  .  a  flov;  element.  Wo  consider  the  linear 
motion  of  an  Invlscld  (p  -  O)  compressible  fluid  alone  a  stream  tube 
with  a  cross  ..action  sm  ■>  ’  •  ou jb  ''  -  ...  -ed,  pressure  and  density  to 

be  constant  over  the  ci  ss  section. 

If  there  Is  no  heat  ’rar.sfc!-,  the  motion  considered  will  bo 
adiabatic  and  the  cnerry  Eq.  (2.3-1"'')  as"um<.^s  the  form 

e,dT--^<!p^c,dT+pd-j~-  (2.3. 19I 

We  form  the  scalar  pre  iucl.  el  the  equation  of  icui  !  ti 


and  the  streamline  element  .r*: 

dT  ^^w  dv^d^~f  d7- 
dt  7  '  t 

From  the  equation  cf  stai-j  —  wo  have 


(2.3.20) 


the  quantity  1 


CpT  Is  callfd  the  enthalpy  (heat  content). 
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i~e,dT--e,dT+^+pdj-, 


which,  together  with  Eq.  (2. 3*19) »  gives 

Equation  (2.3.20)  therefore  aesumes  the  fonn 

d(c,T  +  -^  +  ^)'~/dr.  (2.3.21) 

after  Integration  we  have 

iTr.  (2.3.22) 

7..e  quantltyf,f+^+-^=i;r  +  -^ls  the  speelflo  energy;  In  a 
pei'fcct  (p  =  pI^T)  Invlscld  gas  without  heat  transfer  It  varies  only 
expense  of  the  work  done  by  the  volume  forces.  If  there  are 
r  s  forces,  It  follows  from  (2.3.21)  that  the  specific  energy 
i.  '  ori.  tant.  Then,  noting  that  • 

^  J^+-f--con»t  ^  (2.3.23) 

mass  forces  er  1  c  a  potential,  f  =  VlJ,  then  jf-dr^  t'R 
“'id  of  (2.3.22)  we  may  write 

r,r+-^+.^  +  t;-con»l:  (2.3.24) 

•  his  case  the  total  specific  energy  is  said  to  remain  constant 
ir’  ?  streamline. 


Energy  transfer  between  a  flowing  liquid  and  solid  bodies  in  It. 
onslder  for  simplicity  an  adiabatic  fl -w  (Q  =  O)  of  an  Invlscld 
A  .d  (p  =0)  In  a  field  of  forces  which  have  a  potentlalJ,._^y),l.  e.  , 
put  V--0.  p,--/«p,7-  — yy.  In  the  energy  Eq.  (2.3.8). 

Assuming  that  the  force  potential  Is  a  function  of  a  point  only, 
I.  C.,  the  local  part  =0.  write 


aj/ 

dx 


."in 


’tc  •  SJU 

therefore  (2.3.8)  will  have  the  form 


dU  4V 


4t 


I 


s 
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y  VUyV=- -^Tp  vdA. 


l.e. ,  the  change  In  the  sum  of  Internal,  kinetic  and  potential  ener¬ 
gies  Inside  the  reference  volume  Is  equal  to  the  work  of  the  surface 
forces  of  pressure  on  the  reference  surface. 

Applying  the  Os trogradskly -Gauss  theorem  we  write  the  right- 
hand  part  In  the  form 

j'np-isdA»mj^n’pvdA=^^-pwdV. 

Using  the  continuity  equation  -  —  .  we  can  write 

Now 


Since  J-oo. 

f 


i.e. ,  i (p/p)  represents  the  sum  of  the  power  (work  per  unit  time) 
consumed  In  deforming  the  volume  (p  dv/dt)  and  the  power  consumed 
In  displacing  the  volume  (v  c'p'"",)  In  the  nonuniform  pressure  field. 


Thus, 


dV. 


*2.  3.25) 

I.e.,  the  variation  per  unit  mass  of  the  specific  energy 

t  i  ' 

Is  connected  with  the  presence  of  reglotjs  In  the  volume  In  which  the 
pressure  will  certainly  vary  with  time.  Since  Lh';  non-moving  jdles 
cannot  cause  the  pressure  to  vary  with  time.  It  Is  also  Impossible 
that  mechanical  energy  Is  exchanged  between  them  and  the  fluid.  Only 
when  the  pressure  Is  variable  with  time  can  energy  be  exchanged  In¬ 
side  the  fluid.  It  Is  possible,  for  example,  for  this  time-variable 
pressure  field  to  be  produced  by  turbomachlnes  In  the  reference  voli.m*" 
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I 


jAe  a  t^e  pressure  variation  occurs  In  a  periodic  manner  and 

usually  the  motion  is  quasisteady  in  nature.  For  such  a  motion,  hav 
ing  the  period  tp, 

.:,<i  since  j" 0.  .0  f  (['.'•tf  +'f+‘'Lveragel“®’ 

• ,  j>  nscquently.. 


kr+-^+-^+d/l  -conih 

I  2  f  laverage 

,  .  the  total  specific  energy  composed  of  '.he  mean  values  of  its 

r  •'ponent.e  is  a  constant  quantity. 

THE  SYSTEM  OF  AEROHYDROMECHAMICAL  EQUATIOMS.  INITIAL  AND  BOUNDARY 
CONDITIONS 

The  system  of  e.g-il  ns.  •...  write  the  continuity  Eq.  (2.  1.3)> 
i  .ie  equation  of  motion  (?.2.  8),  the  energy  equation  (2.3.18),  and 
,1.  ,f  o-aK,  .  form  of  a  system  (assuming  =  const 


.  A  =  const); 

^+(Sv)  W-7-— 

M  f  ^ 


(2.4.1) 


p=pf/r{Ln  the  general  casep=^(?.  F). 

This  system  establishes  in  diffeientlal  form  the  relation  be- 
ecn  the  quantities  chai-acterlzlng  the  state  of  motion  (p,  w,  p,  T). 


fo  determine  these  quantities  as  coordinate  and  time  functions  we 
nave  to  integrate  the  differential  equations  obtained  in  partial  de- 
;  vatives  with  the  given  initial  and  boundary  conditions.  The  number 
■  equations  of  the  system  (one  vector  and  three  scalar  equations) 
equal  to  the  number  of  the  unknowns'?,  p,  T  (one  vector  and 
'  iree  scalars). 
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Initial  and  boundary  condltlonc.  The  problem  of  Integrating  dif¬ 


ferential  equations  Is  Indefinite  and,  .u  a  rule,  it  has  an  Infinite 
nrultltude  of  solutions.  Usually,  however,  additional  conditions  are 
given  which  make  It  possible  to  select  a  certain  unique  solution. 

If  the  region  f.n  which  the  process  considered  occurs  Is  bounded, 
the  character  of  the  Interaction  occurring  at  the  boundaries  of  the 
region  Is  completely  defined  In  advance  and,  at  the  boundaries  of 
the  region,  the  function  sought  must  satisfy  a  certain  additional 
condition  which  is  called  the  boundary  condition;  it  (or  its  derivati¬ 
ve)  must  assvuiie  at  the  boundary  a  certain  definite  value. 

The  course  with  time  of  physical  processes  requires  what  Is 
called  the  Initial  condition  to  be  satisfied.  In  order  to  have  the 
function  sought  assume  jl  ,  letely  definite  and  given  value  at  a 
definite  Instant  of  time,  ..ich  we  shall  call  the  Initial  one. 

These  additional  conditions,  the  initial  and  the  boundary  con¬ 
ditions,  make  It  posslblt-  *o  select  among  the  Infinite  multitude 
of  solutions  a  single  one  that  corresponds  to  reality. 

In  the  case  of  a  steady  motion  the  Initial  conditions  drop  out; 
for  an  unsteady  motion  they  repres-  ;/  the  values  of  speed  "vT,  pressure 
jg,  temperature  T,  etc.,  at  the  Initial  Instant  !'  *  Ime  and  at  each 
point  of  the  space. 

The  boundary  coridltlcns  may  be  given  for  a  1  ree  l  rl.,  or  for 
solid  boundaries.  If  an  ln\  Isold  flul  Is  adjacent  so  1' remeable 
surface  whose  equation  Is  F(x,  y,  z)  =  0,  the  soundary  com  Ion 
consists  In  that  over  the  •■•.hole  surface  the  velocity  has,  only  a  cem- 
ponent  tangential  to  It.  Since  the  gradient  of  the  function  F(x,  'j  ,  o' 
coincides  with  the  normal  to  the  plane  surface  (in  the  giver;  racf*  .  , 
the  surface  of  the  body)  wo  have 
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When  the  boundary  varies  with  time  so  that  the  surface  function 
has  the  form  F(x,  y,z,t)=  0,  the  boundary  condition  will  make  the 
particle  coordinates  coincide  with  the  coordinates  of  the  surface, 

X,  y,  z,  at  the  Instant  of  time  ^  and  at  the  Instant  of  time  t  +  dt, 
v.hen  the  coordinates  will  be  x  +  dx,  y  +  dy,  z  +  dz,  l.e.  ,  at  this 
In.  t  'nt  of  time  too  the  part'clc  :oordlnates  must  satisfy  the  equa- 
on 


r(je  +  </x,  y+<y*  O' 

1  j  restrict  oui’selves  to  the  first  terms  of  a  Taylor  series 
VC  obtain 

.  by  dt  wc  obtain  the  boundai  y  condition  in  tne  follow- 

!>'  fOtTl 

(2.11.3) 

'.s  a  particular  case,  Eq.  (2.4.2)  Is  obtained  for  a 
'  T<"  '.urface, 

.  example  of  a  boundary  condition  given  for  a  free  surface  Is 
;ie  *i?^y  of  the  pressure  on  It  and  the  external  pressure; 

p[x.  y.  z,  l)^Pf  (2.4.4) 

ivlicn  investigating  a  heat -exchanging  body  placed  In  a  flow, 

;  ,  boundary  conditions  can  be,  for  example,  the  temperature  dlstrlbu- 
or;  over  the  surface  of  the  body  or  the  heat  flux  through  each  point 
the  surface,  or  the  temperature  cl  the  medium  flowing  around  the 
ody  and  the  law  governing  the  heat  transfer  between  them. 

3.  SIMILARITY  THEORY  AND  DIMENSIONAL  ANALYSIS 

The  c(  nccpt  of  dimensionality.  Physical  phenomena  are  mathemat- 


■-lly  described  by  means  of  relations  holding  between  the  quantities. 
..s,  for  example,  the  fact  that  the  force  F  Is  proportional  to  the 


mass  m  of  a  body  and  Itc  accoleratli  n  J  Is  expi  '  ssed  by  the  relation 
P  ■  ®nj,  a  being  the  proportionality  tor. 

Physical  quantities  may  be  measui’' d  In  various  units;  time  - 
in  seconds,  minutes,  hours;  weight  -  In  grams,  kilograms,  pounds, 
etc.  The  numerical  value  of  the  physical  quantity  depends  on  the 
choice  of  the  measuring  unit  (scale).  The  system  of  measuring  units 
must,  therefore,  be  specified  beforehand;  It  Is  finally  convenient 
to  choose  It  In  such  a  way  that  the  equations  Interrelating  the 
quantities  on  the  basis  of  the  laws  of  nature  become  as  simple  as 
possible,  for  example,  so  that  the  proportionality  factor  o  In  the 
equation  P  =  omj  becomes  unity. 

The  measuring  unit  of  a  given  physical  quantity  expressed  In 
terms  of  the  measurint^  ar'  of  the  quantities  upon  which  the  system 
of  units  Is  based  Is  caV  ’  the  dimension  of  the  quantity.  One  and 
the  same  physical  quantity  may  assume  different  dimensions  In  dif¬ 
ferent  systems  of  units. 

The  equations  descr'bing  physical  phenomena  arc  subject  to  the 
rule  that  the  dimensions  of  all  components  of  the  equation  must  be 
equal.  At  the  same  time  dimensions  may  be  arbitrarily  attributed  to 
all  quantities  entering  the  equation  except  <r  which  is  called  the 
derived  quantity.  In  contradistinction  to  the  oshor'.  •■•h!';  re  cal¬ 
led  the  fundamental  quantities. 

The  systems  of  mcasuri.ig  units  ad  ptod  for  ino  lo  uantlt.les 
are  correspondlgngly  called  the  fundamental  systems.  The  d‘  -'■'nsl'-ns 
of  the  derived  quantities  In  each  system  are  deteimlned  by  the 
fundamental  ones.  The  number  of  fundamental  quantities  ar;  '  ‘‘..Ir 
choice  is  determined  by  concrete  conditions. 

In  physics  It  Is  the  COS  system  of  units  that  Is  used  (fun¬ 
damental  quantities;  length  -  centimeter,  mass  -  gram,  time  -  see  n 
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In  engineering  it  is  the  MKS  system  (length  -  meter, mass  -  kilogram, 
time  -  second)  or  the  MKGS  system  (length  -  meter,  force  -  kilogram, 
time  -  second). 

The  utilisation  of  experiments  in  aeromechanics.  V/ith  mathemat¬ 
ical  methods  in  their  present  state,  the  nonlinearity  of  the  Eqs. 
(2.4.1),  -  the  presence  of  ;  rms  llkcu -Vf. '•f ‘V  ^expressing  the  "on- 
tanglement"  of  fields,  the  presence  of  the  convective  tenn 

r.  kinetic  equation,  and  also  the  dependence  of  X  and  p.  on  T,  - 
..  ..ot  allow  of  integrating  the  equations  in  their  general  form, 
s  ".-iki:  It  necessary  to  simplify  the  equations  in  some  way,  such 
discarding  terms  which  are  Inessential  for  the  given  problem, 
nlacing  complex  exact  Interrelations  of  quantities  by  ap- 
xinate  but  simpler  ones.  Estimating  the  Importance  of  the  Indl- 
4  iual  teimir  of  the  the  presuppositions,  substitutions  or 

•  •  like,  requires  a  knov.ledge  of  the  relation  between  the  quamtltles 

.  .  ,  of  the  sclu  *on  sought.  The  visclous  circle  thus  ob- 
'.le.  is  broken  in  a  certain  measure  by  using  experimental  results 
]  by  building  up  empirical  relations  connecting  the  characteristics 
of  state.  From  an  analysis  of  these  relations  it  is  possible  to  de- 
!  1 yc  ^.pposltlons  for  simplifying  the  equations.  The  correctness  and 
^  -uracy  by  comparing  the  calculations  with  experiments. 

The  topic  of  the  similarity  theory,  rhe  equation  set  up  as  the 
:ult  of  analyzing  the  experimental  data  applies  only  to  the  con- 
rete  case  for  which  it  was  derived. 

One  of  the  problems  of  the  similarity  theory  and  dimensional 
r a  lysis  Is  to  establish  the  rules  governing  the  generalization  and 
,  tension  of  the  results  of  l.•xperlments  carried  out  under  similar 
C‘  adltlons  to  others,  and  also  of  deiermlnlng  the  limits  of  applica- 
b-  llty  of  these  generalizations. 


Regarded  In  :i  ..idor  .uir  .  xt ,  thv  clr.llarlty  •hc'ry  and  dimension¬ 
al  analysis  Invesllcate  the  ri'.'thoda  oT  ar  plylr\j:  the  properties  cf  In¬ 
variance  of  mathematical  and  physical  la.. a  with  r  'cpect  to  the  choice 
of  the  system  of  units  for  describing  the  physical  phenomena  Investi¬ 
gated. 

Physical  similarity.  The  term  "similarity"  Is  borrowed  from 
geometry.  Extending  this  concept  to  physical  effects,  wo  shall  state; 
two  physical  effects  are  similar  if  the  ratios  of  analogous  physical 
quantities  are  the  same  at  analogous  Instants  of  time  and  at  all  analo- 
govis  points  of  space.  In  other  words.  In  the  general  case  physical 
phenomena  are  similar  if  ea -h  of  them  can  be  obtained  from  any  other 
one  by  altering  _ca^h  of  th^  ’.uantltles  charactcrl  sing  tie  effect  by 
the  same  factoi*.  This  ch  m  :.n  be  effected,  for  example,  by  chang¬ 
ing  the  fundamental  quantl.  .  .c.  Thus,  In  similar  physical  effects 
the  change  of  the  basic  measuring  units  must  t.ransform  the  equations 
describing  those  effects  -i  -,'  vher  with  the  boundary  condition.;  In 
such  a  way  that  they  booor,.  equivalent.  This  Is  possible  only  In  thi' 
case  when  each  teirni  of  one  ••quatlon  Is  ctjual  to  the  corresponding 
term  of  the  other  multlpll-  d  ty  a  fa  •  :  v.hlch  Is  the  same  constant 
number  for  all  tei-ms  of  the  (.  luatlon.  In  par' 1  lar,  • ;  -  '..'ii  hc> 

the  case  If  all  quantities  d  l '  rminlng  tin-  phy.  l.  ai  ■■  ex¬ 

pressed  In  d.tmensionle.ss  firm,  I.”,,  if  they  ."efer  each  quantity  to 
a  certain  predetermined  valu'  (.-.eale)  h  ir,  .'ha."a;L.  .  ;  t  .  c  of  ' 

given  effect.  These  consld";-e.  ions  foim  the  La.s  of  the  thi  y  oi 
similarity. 

The  consideration  cf  the  c<;ndltlons  unde:-  which  the  dirien  I  un¬ 
less  forms  of  the  equations  are  analogou.;,  together  with  the  laltl 
and  boundary  conditions,  lead.;  to  the  slml  lari  ty  crlte’-lon. 

The  dimensionless  form  of  the-  e^uatlons  of  ae-romcchan!  ...  I\.: 


menslonless  forms  of  thc’  ocquallons  must  be  anaL'^ous,  1.  e.  ,  the  con¬ 
stant  factors  of  the  dimensionless  terra  must  be  equal.  They  are  cal¬ 
led  criteria  (numbers)  of  similarity: 


the  Strouhal  number 


the  Proude  number 

w 

-  ^4  —Eu-  the  Euler  numner 

the  Reynolds  number 

!>• 

-*»***  p-p,  the  Prandtl  number 

the  Malyevskly  number* 

«• 

Moreover  the  specific  heat  ratio,  k~~.  ,  of  the  must  be  the 


same. 


Introduclnc  these  numbers  Into  Eq.  (2.5. l)  we  obtain 


-‘^1*1©’+  ■!)■ 


(2.5.2) 


Thus,  motions  ai-e  similar  If  th-  lr  numl '-rs  Sh,  Pr,  M,  Re,  Pr, 

Eu  and  k  are  equal. 

Similarity  crltervla  ar  charact  'rltl  cs  of  t  n--  ,  .1.  '  tl'  a  of  th'-- 
terms  of  equations.  From  demand  that  the  d Im,'  i.,  ler.s  o;  all  com¬ 
ponents  In  the  equation  de.  riling  !h  physical  plrtio: non  be  equal 
It  follows  that  any  eciuatlon  can  be  obtained  in  a  dlmensior  ■  so  form 
by  dlvidlnc  all  its  teimis  by  some  arbitrarily  chosen  term  of  this 
quatlon.  Introducing  scales  for  the  quantltes  enterlnc  the  epaatlm, 
each  term  of  the  equation  can  be  written  In  the  form  of  a  product 
of  two  factors,  one  dimensloi.al  and  the  other  dimensionless. 

For  example,  assumln):;  —  xml^x,.  >■= /*y|. *=/,?, andVr-  ‘  r-  1 
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+  y ^ •wc  may  put  the  convective  term  p(t£''V)w.  In  the  equation 
of  motion  equal  to (?,  (», -y,)  t*,l,  where  Is  the  dimensional 

characteristic  of  thlc  term  andPi'^r^j) v, ir  the  dimensionless  one. 

When  the  order  of  magnitude  of  the  value  of  each  dimensionless 
'’actor  Is  taken  to  be  unity,  tlie  value  of  each  tenn  of  the  equation 
..111  Le  -haracterlzed  by  1‘  ■  jimerslonal  factor  (coefficient).  There- 
^  'he  , similarity  crl'crla,  which  are  the  ratios  >')f  the  quantities 
.'  the  verm  of  ihe  equation  to  an  arbltr.-.ry  one  of  them,  will 
the  order  of  each  of  them  compared  with  the  one  of  them 
■  as  unity. 

For  e;;;inple,  the  forces  of  friction  an.  cliaiac tei-lzed  by  the 


The 


:  Re»~i— i,,.jicateG  the  factor  by  which  the 

*•  *#  M 

*•'  1  ’F  •  f  ."CCS  of  friction  Is  smaller  th.an  the  con- 


■  ,  .  nent  of  acceleration, 

j  nu.aber  Sh«=^-^.•  --=— Indicates  the  factor  by  which  the 

••  f$  •g»# 

ii  acceleration  component  Is  smaller  than  the  convective  one.  The 
t  anl’L^  cf  the  similarity  numbers  Eu,  Pr  is  determined  from  the  e- 
leii  of  .motion  by  similar  considerations. 


Notlnc  that  the  elastic  forces  per  unit  volume  are  proportional 

v.hcre  Kq  is  the  compi-ession  modulus,  we  see  that  the 

**  w* 

Indicates  the  factor  by  which  the 

AO  f  J  ^ 

Si  characterizing  the*  olOctlc  forces  Is  smaller  than  the  convective 
c’.'.ponent  of  acceleration. 

In  the  same  way,  if  the  magnitudes  of  all  terms  of  the  energy 
Ion  are  compared  with  the  ‘err-  characterizing  the 

.  .'cmcnt  of  Internal  energy  cau.  d  by  transport  (convection),  the 


energetic  moaning  of  th'  .  :  .llarity  ji'lLn-ia  car  be  established. 

Analysis  oT  the  slmllai’lv/  ccndit'  Complete  similarity  re¬ 

quires  that  all  similarity  criteria  1-  kept  Iderrtlcal.  In  fact,  there 
are  special  cares  whore  soni"  of  the  conditions  may  fall  away  (for 

example.  In  the  case  of  a  steady  motion  the  numtcrSh=il  falls  away). 

/ 

In  many  cases,  however,  not  all  of  the  simllai-lty  conditions  can  be 
fulfilled.  For  example,  when  the  same  liquid  flows  around  two  bodies 

with  the  geometrical  similarity  the  conditions 

<1 

Sh<=ldem',  Re = idem  «  M^idem, 

must  be  satisfied,  1  .  e.  ,  .  tr,l,  ^  .  «>|  ■>, 

^1  ^1  ’  P 

which  leads  to  the  conditions 

n  -•<,/,  t-, «  ant  i»,  la 

Which  cannot  be  clrj;ult  ly  satisfied. 

In  practice,  therai'  ,  the  similarity  conditions  are  only  ap¬ 
proximately  fulfilled  and,  moreover,  only  those  among  them  which  are 
essential  for  the  given  cone  rote  problem. 

In  most  of  the  problems  of  aerohydromcchanics  the  most  Important 
numbers  arc  Sh,  Re  and  M.  'wTien  motions  In  which  the  volume  forces 
play  a  decisive  part  arc  Invc.-tlya'. '•!,  the  Fr  number  becomes  ver^  Im¬ 
portant.  An  analysis  of  the  energy  ti-ansfcr  li;  a  viscous  gas  of 
specific  heat  Cp  realised  b;.  heat  transfer'  charaetL.l.  ■  I  the  coef¬ 
ficient  X,  Indicated  tti^  necessity  of  keeping  th  ■  numb  t  In  =  Cp^/X 
identical  for  similar  flews. 

Experiments  sho.’. ,  ho.'.cv^r,  that  similar*!  Tg  is  appr'oxln.  *ly 
accomplished  over  a  large  ;  ai;ge  of  values  of  the  similarity  criter  ia. 
For  example,  the  drag  facter  of  badly  streamlined  bodies  is  virtually 
Independent  of  Re;  in  these  cases  we  speak  about  self-similar  phen¬ 
omena. 

Dimensional  analysis.  The  theory  of  similarity  Is  closely  relate' 
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to  dimensional  analysis j  which  makes  It  possible  to  set  up  a  system 
of  dimensionless  numbers  (criteria)  characteristic  of  a  given  physical 
phenomenon  by  comparing  the  dimensions  of  the  quantities  which  de¬ 
termine  this  phenomenon. 

Basic  theorems  of  dimensional  analysis.  There  are  two  theorems 
oi;jt  1. tutlng  the  basis  of  d*:  .islonal  analysis.  The  first  of  them 
from  the  fact  that  the  ratio  of  two  numertcal  values  of 

I'i'.CG  quantity  must  not  depend  on  *:hi’  choice  of  the  scale  of  the 
al  quantities.  For  example,  the  r*atlo  of  two  values  of 

■  -  wy  is  Independent  of  whether  they  are  expi’essed  In  cm/sec  v.' 

■  It  can  be  shown  [2.2]  that  this  will  be  tiue  If  the  dimensions 
Ivt  '  juar. cities  have  tne  form  of  a  power  monomial; 

vhv  0  ^i«[ai],  /4}-(oi)  ai‘e  the  dimensions  of  the  fundaxnt-ntal  quantities 
and  S  =  [si  is  tne  dimension  of  the  derived  quantity  s. 

--  ,nd  thcoieiTi  (",  -di^orem”)  Is  based  on  the  fact  that  the 
:  ical  formulation  of  physical  laws  does  not  depend  on  the 
■  '.cf  -'f  the  system  of  measuring  units  ard  therefore  any  relation 
dlm.nsloncd  quantities  can  be  reduced  to  a  relation  between 
-  iless  quantities. 

Let  the  dimensioned  quantity  a  be  a  function  of  the  dimensioned 
"Itles  fl|.  . fl,,  0(^1,...,  o,; 

<1-/(0,,  a, . o*.  a,,, . a,).  (2.  5.4) 

u  ng  which  have  Independent  dimensions,  1.  e. ,  It  Is 

nipossible  to  express  the  dimension  of  any  of  them  as  a  power  monomial 
‘  . 'le  dimensions  of  the  other  quantltes,  whereas  the  quantities 
’  ^k+2'’"*  \  expr- ssed  in  terms  of  the  quantities  aj^. 

For  exs  .p^.c,  the  dimensions  o.  the  length  1,  of  the  speed  w  =  l/t, 
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p 

and  of  the  density  (kg -sec  /m  )  are  Independent  but  the  dlmensloiiB 
of  length  speed  w,  and  acceleration  are  Interrelated.  Obvious 
ly,  the  number  of  quantities  with  Independent  dimensions  must  be 
smaller  tham  or  equal  to  the  number  of  fundamental  quantities. 

Then,  denoting  by  -n  with  appropriate  subscripts  the  dimension¬ 
less  combinations  of  one  of  the  dependent  quantities  with  Independent 
ones. 


*»♦> 


It  can  be  shown  that 

•  •  •• 


«.-»■ 


(2. 5. 5) 


This  fact,  establishing  the  possibility  of  a  transition  from 
relations  between  dimen.  icn.d  quantities  to  equivalent  dimensionless 
relations  serves  as  a  basis  for  applying  the  theory  of  dimensions. 
Example.  Let  us  consider  the  determination  of  the  force  R  act¬ 
ing  on  a  body  In  the  flow  of  a  liquid. 

First  we  assume  that  the  motion  of  the  liquid  Is  slow  enough 
for  the  Inertial  forces  to  be  assumed  to  be  negligibly  small  as 
compared  with  the  forces  of  vl  ooslty.  In  other  words,  the  parameters 
to  be  determined  will  be  the  velocity  w,  the  linear  dimension  _1  of 
the  body,  and  the  viscosity  u  of  the  liquid,  and  we  ran  put 


where  C  is  a  dimensionless  coefficient  that  depem  s  or  'he  hape  of 
the  body  and  Its  position  relative  to  the  flow. 

The  dimensional  formula  will  be 


or 


*r  -  |j»p| 


Hence  we  obtain  Immediately  >  =  1,  3  =  1,  ci=l  and  the  rela'.  ' 


for  the  force 


R  -  C,r/« 


Rt 


When  the  forces  of  Inertia  are  large  with  respect  to  all  other 
forces  we  may  aasiime 

Cg  being  a  dimensionless  factor  for  the  shape  of  the  body,  or 

(cf  *  (m)®  (m/aec)^  ((cf  sec^/m^)*''. 

The  solution  yields  Y  =  l,  ^  =  2,  a  -  2  andR-Ci'^A 
In  the  general  case  we  may  assume  that  the  force  R  depends  <.;i 
the  speed  w  of  the  flow,  the  linear  body  dimension  the  densi  tv  f 
of  the  liquid.  Its  viscosity  p.,  the  compressibility  K,  the  stress 
of  the  volume  forces  f,  aind  the  period  t  of  the  body's  vibrations. 
Writing  this  relation  in  the  form  of  an  equation 

r>i.  p./.  K,n 


\ 


and  taking  the  quantities  w,  p,  2  the  basic  system  we  set  up  the 
possible  dimensionless  combinations  of  each  of  the  derived  quantities 
with  the  basic  ones: 

M  p  _£ _ ^  _£• 

’  t  ' 

p 

If  we  note  that  K/p  =  a  ,  the  third  dimensionless  combination 

p  p 

may  be  represented  as  a'^/w  ,  and,  according  to  the  "ti -theorem,"  we 
can  then  write 


R 


9*  ^ 


^)-/(Re.  M*.  Ff.  »)-C 


or 


R^Cf^. 


where  C  Is  a  coefficient  that  depends  on  the  shape  of  the  body.  Its 
position  relative  to  the  flow,  and  the  numbers  Re,  M,  Fr,  Sh. 


I 
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2.6,  METHODS  OP  SOLVING  THE  EQUATIONS  OP  MECHANICS  OF  A  VISCOUS  IN¬ 
COMPRESSIBLE  FLUID 

Exact  solutions  to  the  oiuntlons  ■  '  acroyiytircmochanlcr  (2. 'Ml) 

can  be  obtained  only  In  the  case  of  v;hat  is  called  laminar  (stratified) 

motion  when  Newton's  law  on  the  linear  relation  between  stresses  and 

deformation  rates ,  t  =  Is  valid,  where  p.  Is  a  physical  constant 

of  the  fluid;  the  derivation  of  the  Navler  -  Stokes  equation  Is  based 
on  this  law.  The  number  of  exactly  solved  problems  Is  greatly  xes- 
trlcted  due  to  the  nonlinearity  of  the  equations  caused  by  the  con¬ 
vective  terms.  The  solution  Is  simplified  when  the  convective  teims 
of  the  equations  become  zero  either  due  to  an  appropriate  statement 
of  the  problem  or  due  to  additional  suppositions. 

Flow  of  a  vl-'-ous  flu  ’  ]  In  a  tube.  Let  us  consider  by  way  of 
an  example  the  steady  flc  i  a  viscous  Incompressible  fluid  In  a 
circular-cylindrical  tube  ef  radius  r^.  In  this  case  (w^  =  w^  «  O) , 

It  follows  from  the  continuity  equation  ow^/c'x  =  0  that,  when  mass 
forces  are  absent,  the  speed  may  vary  only  transversaly  to  the  tube; 

*  w  =  w  (y,  z). 

The  projection  of  the  equ'it’on  of  motion  onto  the  axes  x,  y,  z 


shows  that  the  pressure  £  can  be  a  fui  otlon  only  of  x. 

since  the  right-hand  part  of  the  equation  +  ~  cai. 

iM  \ 

depend  only  on  ^  and  z,  and  the  left-hand  only  on  x.  both  pprts  must 
be  equal  to  one  and  the  same  constant  number: 

where  p^  -  Pg  Is  the  pressure  drop  over  the  length  _1  of  the  tube. 
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For  Integrating  \ie  naturally  pass  over  to  a  cylindrical  coor¬ 


dinate  system  x=x.  r^Vy*'+x\  »=*fclg(y/*). 


Calculating 

iw  iir  if  im  f  . 
iiy  ~  if  ‘  if  ^  if  '  f  ' 
i^v  ^ yt  I  iw  /*— j>»  , 
iyi"^  it*  ‘  if  ‘  f* 
i'w ^ t*  ■  im  f*~i* 
itt  ^  if*  ‘  f*  if  ‘  f* 

and  replacing  the  partial  derivatives  by  the  total  ones,  we  obtain 
owing  to  the  symmetry  of  w  =  w  (r) 


Hence 


V- 


(2.6.3) 


1.  D-h.fi+A 
>  I  ^ 


and 


(2.6.4) 

The  boundary  conditions  (finite  speed  over  all  the  region  and 
zero  speed  at  the  tube  walls)  give  A  =  0  and 

4f  I  * 


Thus 


4»  I  '  •  .  ' 


The  flow  rate  per  second  Is 

vJj2r.nt>df~-a^nfl, 

and  the  mean  speed 


g. 


7?,  ift  *  a  ’ 


(2.6.5) 

(2.6.6) 

(2.6.7) 


where  w  being  the  maximum  speed  at  the  tube  axis  (r  -  0). 

JiicLX 

Prom  the  equation  2c/’/t«« valid  for  any  r  It  follows  that 
the  tangential  stresses  are  linearly  distributed  with  respect  to  the 
radius 

where  Tq  Is  the  stress  at  the  wall  (for  r  ■  Tq), 


The  vortical  charact  'i-  .  f  Iam!riaf  rio...  Liir.lrir  flow  Ig  often 


erroneously  dcGcrlbcd  as  a  voi-tex-f reo  i  tontlal  r.otton.  In  fact.  In 
a  laminar  motion  each  particle  Is  rotatlii^';  for  CAamplc,  calculating 
the  components  of  angular  velocity  for  a  laminar  notion  In  a  circular 
tube  we  obtain 


(dv. 

d»,v 

3  ^ 

Ujr 

d*/ 

±1 

(die. 

dm,  \ 

1  it 

) 

1  , 

fdw, 

»  1 

I 

/ 


Thus,  the  ancular  velocity  •=  1 '  +  “J  +  “J  Increases  pro- 

portlonally  to  the  distance  from  the  tube  axle  where  It  Is  equal  to 

zero. 

The  drag  coefflclet.  ^  : jr  round  tubes  Is  determined  by  the 

relation 

(2.6.8) 

Comparing  It  with  Eq.  (2.C. 7)  v.e  find 

{-•-il— =—  ' 

trm'9  It* 

I* 

The  critical  Re  number  and  turbulenr. .  The  viiue  obtained  for 
the  coefficient  Is  very  v.oll  verified  by  experl::,  nt  rirovldcd  the  Re 
number  does  not  exceed  a  certain  value  called  the  crlt.  1  ■  ,1 1  iue, 

—®=!£2000,  beyond  which  the  laminar  (sti-atlfled)  for::  of  m  tloi'  Is  dls- 

« 

turbed  owing  to  stability  losses  durinj  i-ande-n  disturbances.  The 
flow,  maintaining  Its  avcrajie  motion,  becomes  Irregular  and  disorder¬ 
ed.  This  form  of  flow  Is  called  turbulent  flow. 

The  most  recent  experiments  have  shown  that  .dth  special  pre¬ 
cautionary  measures  against  Initial  disturbances  it  Is  possible  to 
reach  a  critical  number  which  considerably  exceeds  the  value 
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obtained  under  nonnal  conditions,  namely  up  to  50,000.  We  can  there¬ 
fore  speak  of  two  critical  numbers  a  lov.or  and  fairly  stable 

one  below  which  Jio  turbulence  may  occur  for  a  given  channel,  and  an 
upper  one  that  depends  on  the  experimental  conditions. 

Figure  2.6.1  shows  a  sketch  of  a  device  In  which  the  transition 
from  one  form  of  motion  to  another  can  be  observed.  For  a  number 
Re  <  the  colored  stria  passes  through  the  tube  In  the  form  of 

a  sharply  drawn  color  thread.  But  as  soon  as  the  Re  number  surpasses 
the  critical  value  tne  thread  splits  at  certain  sites  and  the  entire 
fluid  In  the  tube  becomes  colored  (Fig.  2.6.2). 


Pig.  2. 6, 1.  Diagram 
of  devxce  for  de¬ 
monstrating  the 
laminar  and  turbulent 
forms  of  motion,  l) 
Colored  water;  2) 
water. 


Figure  2.6.3  shows  the  reslstcUice 
factor  as  a  function  of  the  Reynolds  num¬ 
ber 

The  two  regions  of  the  flow  of  a 
viscous  fluid.  Since  exact  solui  ons  to 
the  equation  of  motion  of  a  viscous  fluid 
can  be  obtained  only  In  a  very  limited 
number  of  cases,  basically  the  problem  must 
be  solved  for  one  approximate  statement  or 


another. 

Disregarding  very  r low  motions,  what  are  called  "creeping"  mo¬ 
tions,  we  consider  the  case  of  the  motion  of  a  fluid  at  speeds  which 
are  low  compared  with  that  of  sound  when  the  compressibility  of  the 
air  can  be  neglected.  In  this  case  the  continuity  equation  and  the 


equation  of  motion  will  read 


dx  dj  is 


=0. 


As  has  been  shown  by  N.  Ye.  Zhukovskiy,  the  system  written 
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OBAPEZC  lOT  BBPBOIXJCIBLI 


1.  •  V»  f'*',- 

.ft  .r  J  .  ’/J 


•  *♦'/  .*' • 

I?*' 

.- 


J 


Pig.  2.0.2.  Formation 
of  turouleucc  In  a 
tuoe. 


the  term  that  takes  th. 
account  that  falls  av.ay. 


d  j..n  appil"s  to  a  mot 'on  v.lth  potential 
speed,  l.c.  ,  .1th  1?  =  and,  therefor-o, 

curl  “7  =  0. 

In  fact,  by  virtue  of  dlv  "w  =  0,  we 

have 


-  ( V  •  y)  -  ( V  •  y)  y <i>  ^ 


\<>4l  dy‘  i)/>  , 

+y  +  f  gradaO-graddIv 


£^)Pi 


dx  dy  dt! 


The  physical  meaning  of  this  Is  that. 
In  the  presence  of  a  potential  speed  Tv  = 

=  T4>,  the  forces  of  viscosity  are  countcr- 
'  ilanced  In  every  volume  element.  Therefore 
.slty  effect  In  the  kinetic  equation  Into 


APHIC  HOT  HSPBODOCIBLE 


Pig.  2.6.3-  Drag  coefficient  of 
motion  of  a  fluid  In  a  tube  as 
a  function  of  the  Re  number.  The 
circles  on  the  curve  correspond 
to  the  given  photographs  of  the 
form  of  motlcn. 
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In  a  potential  motion,  however,  the  boundary  conditions  cannot 
be  satisfied  In  general;  for  a  viscous  fluid  they  consist  In  the 
demand  that  both  the  normal  and  the  tangential  speed  components  at 
the  wall  of  the  body  must  vanish: 


tf.  =  —  =0,  K*.™  —  “0. 

•  •  dn  *  d$ 


(2.6.9) 


The  first  condition  =  0  characterized  the  Impenneablllty 
of  the  solid  wall,  which  must  necessarily  consist  of  streamlines. 

The  second  condition  Indicates  that  the  fluid  layer  directly  adjacent 
to  the  wall  must  have  the  same  speed  as  the  wall  Itself.  The  fluid, 
so  to  speak,  adheres  to  Its  boundary  surfaces.  This  condition,  first 
expressed  by  D. I.  Mendeleyev  and  applied  by  N.Ye.  Zhukovskiy,  has 
been  verified  by  many  very  accurate  experiments. 

The  simultaneous  observation  of  these  boundary  conditions  leads 
to  a  constant  value  of  the  potential,  =  const,  l.e.  ,  to  complete 
absence  of  motion,  to  a  standstill.  The  Impossibility  of  satisfying 
the  boundary  conditions  In  the  presence  of  a  velocity  potential  In¬ 
dicates  the  presence  of  vortex  formation  near  the  walls  and  near  the 
boundaries  of  the  body. 


Fig.  2.6.4.  When  a  viscous  liquid  flows  around  a  body  a  boundary 
layer  Is  formed  on  its  boundaries  (a);  velocity  profile  In  the  boun¬ 
dary  layer  (b).  l)  Boundary  layer;  2)  stern  region  (wake  of  body). 


The  flow  of  a  viscous  fluid  streaming  around  a  solid  body  can 
thus  be  subdivided  Into  two  regions;  a  continuously  turbulent  layer 
directly  adjacent  to  the  body  where  the  viscosity  appears,  and  the 
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remaining  fluid  ouLlIIc  th  .  ..here  The  flow  ran  bo  described 

sufficiently  well  by  the  e^uat Ion  for  an  Invlscld  fluid. 

The  thickness  of  the  la^’.lnar  boundai-v  layer.  Let  us  estimate 
the  thickness  of  the  laye;-  In  viilch  the  forcer  of  viscosity  play 
an  appreciable  part,  l.e.  ,  wlie.'.'  they  ai*o  of  the  same  order  of  mag¬ 
nitude  as  the  forcer,  of  Ir.'  r-tla.  This  layer  Is  called  the  boundary 
layer.  Let  us  consider  the  plane  motion  of  an  Incompressible  fluid 
at  the  boundary  of  a  suffl  cl<  r.tly  long  body  (Fig.  2.S.h).  When 
Is  assumed  to  be  of  the  order  of  magnitude  of  the  undisturbed  speed 
w  of  flow  and  x  of  the  orne:'  of  magnitude  of  the  length  1  of  the 
body,  Sw^/ox  will  be  of  tiie  c  rd.-r  of  Denoting  by  6  the  thick¬ 

ness  of  the  boundary  lay'.:’  the  ordinates  y  (O  <  y  <  6)  can  be  taken 
as  being  of  the  ordo-.'  of  ..  consequently,  from  the  continuity 

equation  Sw  /Sx  = -cw  /c'y  .  -rive  at 

A  y 


whence  we  deduce  that  the  t  ra:;:- .  .  r.  c  speed  Wy  Is  of  the  order  of  — 
Therefox-e,  the  cunvectlv"  f  acceleration  Is 


The  forces  of  viscosity  (div  "a  =  0)  arc  characterised  by  the  term 

‘  "■  '“iJ  = 

since  the  experiment  rho..r  that  v.  «  _1»  the  first  compor.-,  nt  n  be 

V 

neglected  and  the  force’s  of  viscosity  can  be  assumed  to  be  ~ ■ 

Since  In  the  boundary  layer  all  terms  are  of  'he  same  order  fT  magni¬ 
tude  as  the  Inertial  on"3,  we  have 


p 


/ 


~t‘ 


whence  -? - -1=  ; 

/  KRe 


(2.6. 10) 


For  a  plane  plate  an  apprc.xlmate  solution  to  the  equation  of 
laminar  motion  of  an  Incompr-csslble  fluid  yields  a  velocity  'Ijtri- 
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butlon  that  Is  in  good  agreement  vilth  experiment  and  from  which 

can  be  derived  (cf.  Pig.  6.1.1).  In  this  thin  layer  a  sud¬ 
den  change  of  velocity  occurs  which  Induces  the  formation  of  very 
Intense  vortices.  These  vortices  are  carried  along  by  the  outer 
flow  end  penetrate  into  the  outer  region  of  flow  and  strongly  affect 
the  form  of  motion  behind  the  body. 

Stability  of  flow.  Disturbances  from  various  origins  can  be 
superimposed  on  a  laminar  flow,  which,  provided  they  do  not  reach 
the  lower  number  die  out  with  time.  However,  as  has  been  shown, 

when  the  lower  value  of  Is  surpassed, the  disturbances, even  those 

which  have  arisen  at  random,  start  growing  and  the  flow  becomes  tur¬ 
bulent.  The  fact  th£in  when  special  precautions  are  taken  against 
random  disturbances  the  critical  Re  number  can  be  considerably  raised 
shows  that  the  appearance  of  turbulence  is  connected  with  a  loss  of 
stability  of  the  laminar  motion. 

When  solving  a  problem  on  the  stability  of  the  motion,  the 
method  of  imposing  small  disturbances  on  the  basic  motion  is  usually 
applied.  For.  e. g.  a  liquid,  it  is  assumed  that  the  velocity  is 
w  =  Wq  +  w',  the  pressure  p  =  Pq  +  P'»  the  density  p  =  p  +  p'»  etc.  , 
the  zero  subscripts  referring  to  the  basic  motion  (which  is  only  coor 
dlnate -dependent)  and  the  primes  to  the  disturbances  (depending  on 
coordinates  and  time).  These  values  of  w,  jj,  p,...  etc.  are  substitu¬ 
ted  in  the  fundamental  equations.  Neglecting  terms  of  more  than  first 
order  we  obtain  a  linearized  system  of  equations  with  respect  to  the 
disturbances  w’,  p',  p',...  with  coefficients  depending  only  on  the 
coordinates. 

The  general  solution  is  usually  sought  as  the  sum  of  particular 
solutions  of  the  form  of  t-inC*.  f,  ,  where  L  Is  the  amplitude  and 
V  the  frequency  of  the  disturbances.  If  the  roots  of  the  system  of 


algebraic  equations  obtain  jd  a-’e  complex  for  the  fr 'quency  v,  l.e.  , 


If  V  =  Vj  +  IVg,  the  problem  as  to  the  stability  Is  solved  by  the 
I  sign  of  Vg.  When  Vg  >  0  the  disturbance  ■.ill  have  a  real  factor 

e”''2^  and  the  motion  is  stable.  When  Vg  <  o  the  factor  e”''2''  ^rows 
boundlessly,  l.e. ,  the  basic  motion  Is  unstable. 

Applying  this  method  to  a  flov.  betv.een  two  parallel  planes 
shows  that  stability  depends  on  the  shape  of  the  nomal  velocity 
distribution.  When  It  Is  convex,  a,  (Fig.  2.6.5),  some  minimum  value 
Re  -  will  exist  and  the  dlstui’bance  will  be  Intensified  when 

this  value  Is  passed  through.  As  Re -*•  «  both  branches  (a)  of  the 
curve  determining  the  stability  limits  approach  the  abscissa  (v  —  O). 
The  presence  of  an  Inflection  point  In  the  normal  velocity  distribu¬ 
tion  (P)  reduces  an  r.'e  -•  »  the  two  branches  of  the  curve 

approach  different  limits,  .  =  j  and  v  >  0. 


Pig.  2.6.5.  The  region  of  undamped  frequencies  Is  shaded.  The  existence 
of  a  laminar  flov;  Is  connectcc  -..Ith  the  attenuation  of  dlsturlancec  of 

aroltrary  frequencies.  The  lo'.-.er  critical  numLer  Re,  for  convex  nor'- 

kr 

mal  velocity  distribution  (a)  Is  larger  than  fc-  the  noi,  i  ve¬ 

locity  distribution  with  an  Inflection  point  (0). 

We  notice  that  In  the  boundary  layer.  In  the  case  of  a  positive 
pressure  gradient  dp/dx  >  0,  the  normal  velocity  distribution  has  an 
Inflection  point. 

Figure  2.6.5  shows  the  region  of  undisturbed  oscillations 
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(•hadM)  in  tht  ooordinatei  disturbance  frequency  (v)  versus  Re  nun- 
ber.  It  Is  obvious  that  the  lanlnar  flow  will  be  everywhere  to  tSie 
left  of  the  line  taneantlal  to  this  region  and  parallel  to  the  fre* 
quency  axis,  so  that  for  any  Re  >  Roj^,  the  random  disturbances  with 
undamped  frequencies  cause  the  flow  to  become  turbulent.  In  the  case 
of  distributions  without  Inflection  points  the  frequency  region  for 
undamj>ed  oscillations  decreases  with  Increasing  Re  number. 

The  motion  of  an  Invlscld  fluid  as  a  limiting  case  of  turbulent 
motion  with  Re  m.  It  must  be  noticed  that  as  the  Re  number  Increases 
turbulent  flow  approaches  a  flow  of  an  Invlscld  fluid  and  the  limiting 
case  of  zero  viscosity  (p.  «  O)  corresponds  formally  to  Re  m.  Exper¬ 
iments  show  that  with  a  flow  in  a  round  tube  the  radial  velocity  dis¬ 
tribution  can  be  represented  by  a  power  function 

with  an  Increase  in  Re  the  exponent  j  diminishes  (see  Pig,  2.6.6) 
and  the  velocity  profile  in  the  tube  evens  out,  tending  In  the  limit 
case  (Re  -•  «)  to  uniformity.  In  the  case  of  turbulent  flow  the  transi¬ 
tion  from  layer  to  layer  because  of  pulsations  Is  achieved  In  large 
volumes  (moles)  of  fluid,  l.e.  ,  In  addition  to  molecular  momentum 

transfer  there  is  also  the  so-called  molar  exchange  which  leads  to  an 
Increase  in  internal  friction,  but  at  the  same  time  smoothes  out  the 
velocities  In  the  flow.  . 

The  statistical  method  of  investigating  turbulent  motion.  The 
entire  chaos  of  the  pulsation  of  both  the  magnitude  and  direction 
of  the  velocity  at  each  point  of  the  turbulent  flow  Justifies  the 
application  of  the  statistical  method  for  investigating  this  form  of- 
fluid  motion. 

We  represent  the  true  value  of  every  parameter  of  the  flow  as 
the  sum  of  the  mean  (u)  and  the  pulsating  (u')  values: 


(2.6. 11) 


i  Averaging  can  be  carried  out  over  s^^ace  and  time. 


42 


Pig.  2.6.6  with  inc  '  >  number  the  velocity  distribution  In 

the  tube  flattens;  It  1.  ’  described  by  the  equation  w  =  WQ(y/ 

/r)’,  where  q  *  f(Re).  l)  >.r  Inar. 

Time  averaging.  The  quantity  u  is  averaged  over  time  (Pig.  2.6.7) 
In  the  following  manner: 

M(x.y.  z.  /)  =  —  J  «(•*.  y>  *.  Orf'.  (2.6. 12) 

where  t^  Is  the  averaging  period,  which  must  I"  ’arg"  enough  compared 

with  the  pulsation  p.Jkj  t  make  the 
mean  value  u'  cf  p”l3at  'on,  us  a  mean 
rand*.  .  'Ity,  van.\...  i..  us  In¬ 
terval.  But  on  the  other  har.'  .  since 
the  averaged  function  In  the  'voragl.’g 
period  Is  a  straight  line  paiall*;i  to 
the  abscissa  (time  axis),  the  aver-  o - 
Ing  period  must  be  Gufflcl<  :iT  ly  small  to  indicate  correctly  the  v  .y 

A. 

In  which  the  function  u  varies  with  time.  It  can  be  shown  f 't  tj'.c 
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ftvtraclng  aintya  sIvm  tiM  ssm  valu*  of  tho  avoragM  quantitl«a» 

u  ■ 

The  properties  of  averaging  are  the  follotflng 

i*  *>  «.  *« 

s+e-a+a, 

(2-6-13) 

If  u  ■  u(t)  the  latter  property  la  postulated. 

Averaging  of  the  equations  of  hydromechanics.  We  average  the 
equation  of  motion  (2.2.5)  and  the  continuity  equation  (2.1.5)  of  a 
viscous  Incompressible  fluid 


,p/+*t£,+Jsz+ik, 
ar  <ar  ^  a*  • 


since  the  speed  and  the  other  quantities  vary  not  only  In  mag* 
nltude  but  also  In  direction,  averaging  is  carried  out  with  the 
projections  of  the  equation  of  motion. 

In  accoz*dance  with  (2.6.11)  we  put 

Noting  that  dlv  TT  «  0,  we  write 


a*  ay  ’’’  a* 


and,  by  virtue  of  (2.6.13),  ve  obtain 
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-^(SA+5::)+i(S^,+S3+-i(i.S.+25)- 

Averaging  the  continuity  equation  gives 

iSt  4.  + iSt  .iSt + +  i5l  »0 
4m  ^  ilf  ^  iM  4m  ^  4/  ^  4a 


(2. 6.14) 


and  the  first  trinomial  of  the  equation  previously  written  down 
vanishes;  therefore 


at 


^  +«'.  ^ 


4a  '  4m 


Since 


we  have  for  example 
Here 


”^+Tr4r* 

Tt^+>>,+*V  •»" 

2,*  2i.  - -7 +\ 


(^jr 


1  4vt 

i.;n, 

\  ay 

^  44  / 

.-'‘(¥+€)-'(4'+4)' 


Thus,  ”p  Is  made  up  with  respect  to  p  and  w  as  p_  with  respect 
to  the  true  £  and  w. 

Therefore  for  the  projection  of  the  kinetic  equation  onto  the 


x-axis  we  obtain 


-f/r— + 


(2.6, 15) 


and  analogous  ex|s:*esslon8  for  the  projections  on  the  ^  and  z  axes. 

Turbulent  stresses,  fiy  oonparlng  the  equations  of  motion  (2.6.15) 
and  (2.2.5)  It  oan  be  seen  that  velocity  pulsation  leads  to  the  ap- 
earanoe  of  additional  f turbulent)  streaaea. 


The  stresses  on  an  area  perpendicular  to  the  x-axls  we  equal  to 


Setting  up  analogous  expressions  for  the  other  axes,  we  oan 
write  down  the  matrix  of  the  turbulent  stresses: 


-Pir>; 

-P»;w; 

-K*  i 

(2.6.16) 


Decomposing  the  unknown  magnitude  of  speed  Into  an  unknown  averaged 
speed  and  an  unknown  pulsation  rate  Increases  the  number  of  unknowns 
whereas  the  number  of  equations  remains  unchanged.  As  a  result,  the 
system  of  equations  obtained  Is  not  closed.  In  order  to  solve  it  addi¬ 
tional  suppositions  must  be  made  as  to  the  Interrelation  of  the  un¬ 
knowns.  These  suppositions  are  often  made  on  the  basis  of  experimental 
data  In  what  are  called  the  semi -empirical  theories  of  turbulence. 

The  turbulence  characteristics  are  the  quantities  of  pulsatory 
speeds,  pulsation  frequency  and  turbulence  scale  which  are  defined 
as  shown  In  what  follows. 

The  pulsatory  speed  w'  (w^  ,  w^,  w^)  is  the  difference  between 


112 


the  true  speed  m  *nd  the  averaged  speed  m.  The 
amount  of  pulsation  Is  estimated  by  using  the 
root -mean-square  value 

|/ 

The  pulsation  frequency  Is  the  number  of 
pulsations  per  unit  time. 

Let  us  consider  two  points  In  a  flow  at  a 
distance  ^  apart.  Let  the  pulsation  velocities 
at  these  points  be  w^  and  (Fig.  2.6.8).  Re¬ 
gardless  of  the  random  character  of  the  pulsations,  the  quantities 
w£  and  w^  will  be  Interrelated  to  some  degree.  In  fact.  If  the 
distance  i  Is  very  smal.  particles  of  the  fluid  at  points  1  anc! 

2  In  general  participate  in  the  motion,  and  the  pulsations  wj  and 
will  differ  little  from  each  other;  In  the  limiting  case  of  l^cl 

As  the  distance  ^  Increases  this  Interrelation  will  weaken  an!, 
theoretically  at  Infinity,  but  In  practice  beyond  a  certain  distance. 
It  will  vanish  completely,  l.e.  ,  the  pulsation  at  point  1  becomes 
completely  Independent  of  the  pulsa* cn  at  pcint  2. 

This  kind  of  random  dependence  Is  dcteir  '  i  :  l  ly  urlnr  the  cor¬ 
relation  coefficient; 


Pig.  2.6.8.  The 
closer  the 
points  1  and  2 
are  located,  the 
closer  the  con¬ 
nection  between 
the  velocity 
pulsations  at 
these  points. 


(2.6.17) 

VWi,  _ 

with  4 /t-i 

Without  this  dependence  vjvj  — wj  iC— 0. 

The  turbulence  scale  Is  the  narnie  given  to  the  quantity  I  de¬ 
fined  by  the  equation  , 
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2.7.  SDiaOXAltZBBB  ZN  OASISIUNZOB 

Ttf  «yt—  of  equation*  or  detorlbli^  th*  flm  of 

tn  Invltold  (ti  ■  O)  and  ooaftreaalble  (p  /  const)  and  perfect  (p  ■ 

•  pRT)  gas«  when  mass  forces  (T  ■  O)  and  thermal  conductivity  (X  » 
-  0)  are  neglected,  can  be  given,  owli«  to  (2.4.1)  and  (2.3.6)  In 
the  form  ^  ^  « 


K,[^+(5*^r]+/^.mu.a  M 


(^l 

In  the  case  of  reversible  processes  for  continuous  flows 


(2.7.1) 


^.^+(5.^)s-a  (2*7.2) 

In  fact.  If  X  -  -  0,  by  virtue  of  (2. 3. 17), 

and,  since  accordint;  to  the  continuity  equation ^-5- -JL A.  we  have. 
In  view  of  (2.3.3)  and  (2.3.4), 

Equation  (2.7.2)  Indicates  that  the  entropy  of  each  particle 
of  the  gas  does  not  vaiy  when  It  moves.  For  different  particles  the 
entropy  can  be  different  and  In  this  case  the  entropy  field  will  be 
non-uniform  and  unsteady. 

Potential  flow.  In  the  case  of  a  continuous  steady  vortex -free 
motion  (curl  "w  -  0,  everywhere)  the  entropy  Is  constant  at  all  points 
of  the  flow. 

In  fact,  since 


and 

we  have 

and.  Instead  of  (2.7.1**),  we  shall  have 


(2.7.3) 


-  114  - 


MOV,  applying  the  Thomon  theorem  (2.2.15), 


i9s.<r. 


alnee,  by  virtue  of  the  continuity  of  enthalpy  variation,  •  rfUf 
According  to  the  Stokes  theorem  (1. 3*5)«  however. 


Therefore 


^-fe.iot(r.^5)rfA. 


Since  the  contour  1  and  the  surface  A  are  arbitrary  and  since 
at  any  point  of  the  flow*  curl  “w  «  0,  we  then  have 

Consequently 

t(r^5)«^rx^s-o. 

Thus,  the  conditions  fox*  the  existence  of  a  vortex-free  flow 
are:  T  ■  T(S)  and  TTIfTS;  T  and  ?  depend  on  only  one  coordinate,  1. 
e. ,  the  flow  Is  one-dlmerslonal  and  Vs  =  0  or  S  »  const,  l.e. ,  the 
flow  is  Isentroplc. 

In  the  case  Eq.  (2.  Y.  1***)  Is  exactly  satisfied  and  In  Eq. 
(2. 7.  !***•)  A  =  const  and  -const. 

The  boundary  conditions  In  'dynamics  art*  usually  given  In 
the  form: 

l)  speed,  density  and  pressure  at  Infinity: 


p|-- 


■A-: 


2)  the  normal  speed  component  at  the  boundary  of  solid  I  odles 
(when  the  body  Is  at  rest); 


3)  the  pressure  on  a  free  surface 
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Introduetion  »•  havt  BchMMitloally  detemlned  the  propagaticB  Wtl 
of  weak  dieturbaneee  In  a  barotropic  p  »  p(p)  ocmpreealble  aediiwi. 
A  more  exact  solution  to  this  problem  can  be  obtained  for  a  linear 
motion  by  solving  the  system  of  the  equation  of  motion  arxS  the  eon* 
tlnulty  eqnatloni 


ie.iL, 

«  «.  ,  i,  ,  4,  SM  ^2  ^ 

We  shall  consider  small  disturbances  when  the  density  and  preu< 
sure  vaorlatlons  are  very  small  and  It  can  be  assximed  that  p  ■  Pq  -t- 
P'#  P  ■  PQ  +  P'*  where  |p'l«  Pq,  ip'|«  Pq»  with  p^,  denotlnfj 
the  density  and  pressure  In  an  undisturbed  gas.  We  also  assume  that 
the  variation  of  the  ratio  dp/dp  is  so  sriall  that  this  quantity  can 
be  replaced  by  some  constant  value,  e.g. ,  Its  value  at  Infinity 
where  the  gas  Is  at  rest,  l.e. , 

When  the  disturbances  arise  in  a  quiescent  gas  and  moreover  do 
so  with  such  speed  that  no  great  change  In  parameters  Is  possible 
via  transport,  the  convective  terms  will  be  small  compared  with  the 
local  ones  here 

*  Z  (2- 7.6) 

«  Tin  ,,  u- 

Differentiating  the  first  equation  with  respect  to  t  and  the 
second  with  respect  to  x  in  order  to  eliminate  p’,  we  obtain  by 
subs  trac  ting  one  from  the  other  the  second -order  equation 


(2.7.6) 


_ « 
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*»> — w»infc^v«*<iyi^»*»  •*  «L*»  ^'ir^T 


Tab  •quatlona  for  determining  p*  and  p*  •  p'Eq  ar«  obtained 


analogous lyt . 


«t  ”•  All  *  «t  ^  #4r 


(2.7.7) 


An  equation  of  this  type 


i/— .#'•►'•  • 


(2.7.8) 


is  called  a  wave  equation.  To  solve  it  v.c  substitute  the  xarlablea 


Xt^x-aJ,  x,-x+aj 


(2.7.9) 


'■f 

+.  ... 


and,  using  the  rules  for  differentiating  functions  of  functions 

ili .  +  ia. + _*. 

4m  4m  4mi  ^  4m  4Mt  Sx,  ^  Sji,  * 

J»  J*_  I  At;  4 

('  O'  ex|  41  4Mt  *** 

Ji-  ^  ■  *  *»  ■  <* 

^ #j»f  #*i  <«}  ’ 

Jl.  «*/iL_2_iL.+iLi 

#<»  UMt4M,^4^}' 

we  obtain 

^/(*l.  ^l) 

4M,4Mt 

The  total  Integral  of  this  c-iuatlon  Is 

/(Jfi.  jr,)*./,(x,)+/,(jC:>-/.U-«V»+/;(Jc  +  tfcO.  (2,7.10) 

where  f^  and  fg  are  arbitrary  functions  of  (x  —  )  ar.d  {x  +  agt) 

respectively,  which  must  bo  defined  In  each  concrete  ^asc  from  the 
Initial  conditions. 

Let  us  trace  the  change  of  density  p*  with  fg  »  0,  l.o. ,  when 

Regardless  of  the  fom  of  the  function  f  the  density  will  bo 
the  same  for  the  Instants  of  time  t  and  for  the  sections  x  satisfy¬ 
ing  the  relation 

or  (2. 7.  H) 
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Fig.  2. 7. 1.  The  lines  MP  connect  the 
time  t  with  the  sections  x  In  which 
all  disturbance  parametei?  of  the 
gas  are  equal. 

Thus^  If  at  the  Instant  of  time  t  >  0  the  density  In  the  sec¬ 
tion  X  ■  4  &  certain  value ,  then  after  a  time  Interval  5t  this 

value  of  the  density  will  hold  for  the  section  x  >  ^  +  aQ5t«  and 
after  the  time  Interval  26t  It  will  hold  for  the  section  x  -  C  -f 
■¥  Za^dt,  etc. 

Let  us  represent  the  dependence  x  «  ^  +  a^t  and  x  «  In  a 

graph  (2. 7*l)*  The  straight  lines  MP  connect  -the  Instants  of  time  t 
with  the  passage  of  the  gas  through  those  sections  x  In  which  all 
disturbance  parameter  of  the  gas  will  have  the  same  values.  It 
should  be  noticed  that  the  straight  lines  MP  are  determined  by  two 
quantities:  the  section  4  on  the  x-axls  and  the  tangent  of  the  angle 
of  Inclination  of  the  straight  line  MP  to  the  x-axls  and  Is 

quite  Independent  of  the  form  of  f^  and  f^.  These  straight  lines 
are  called  characteristics.  For  them  the  Integral  of  Eq.  (2.7.8)  as¬ 
sumes  constant  values.  The  disturbances  are  therefore  said  to  be 
propagated  according  to  characteristics. 

Plane  waves.  Let,  for  example,  f^  »  0  with  t  ■  0  everywhere 
except  for  point  N  where  f]^(^)  «  A  »  const  In  the  Interval 
This  value  f^Cx-a^t)  *  A  >  const  will  hold  at  the  Instemt  of  time  t 
for  the  section  x  •  4  Thus,  If  the  density  distribution  at 

the  Instant  of  time  t  (Fig.  2.7*2}  Is  given  by  curve  (whose  shape 
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l8  determined  by  the  form  of  function  then  the  density  distribu¬ 
tion  After  the  time  Interval  6t  will  be  .'epresented  by  curve  by 
shifting  curve  Lq  to  the  right  by  an  amount  of  SQ^t  without  defoxmilng 
It.  The  Initial  curve  Itself  Is  shifted  without  any  distortion  at  a 
rate  of 


In  other  woi?ds,  the  disturbance  fj^(x-aQt)  having  a  constant  shape 

will  be  shifted  In  the  positive  di¬ 
rection  of  the  x-axls  at  the  rate  a^. 
Similarly,  the  second  component 
fgC  X  +  a^t)  represents  a  disturbance 

»  ^  ^  ^  ^  shifted  In  the  negative  direction  of 

Fig.  2. 7«  2.  The  change  ox' 

density  distribution  for  a  the  x-axls  at  the  same  rate  a«.  The 

small  (acoustic)  disturbano  ).  ® 

Curve  L  Is  shifted  to  the  disturbance  f(x-a,.t),  propagated  In 

right  at  the  rate  a^  and  is  ® 

not  distorted.  the  positive  x-dlrectlon  is  called 

the  direct  (right)  plane  > ive*,  and  the  disturbance  fg  (x  +  a^t) 

propagated  In  the  negative  x-dlrectlon  Is  called  reverse  (left)  plane 

wave. 

The  Cauchy  problem.  Solution  (2. 7. lo)  Is  -oncral  solution.  To 
obtain  a  particular  solution  It  Is  necessary  to  1  o  -  ^r'*^lal  con¬ 
ditions  (the  values  of  w  and  i^w/ot  or  p  and  op/ot,  etc.  -.i .  ,•  Initial 

Instant  of  time).  The  determ' nation  of  the  solution  ul:'  g’ v  n  Initial 
conditions  constitutes  the  Cauchy  problem. 

Let  It  be  given,  for  example,  that  at  t  »  0 

'Vo  “/<•») 

and 

dw\ 

Substituting  here  the  st  tlon  found,  (2.7. 10),  we  obtain 
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/iW+/»W-/tA  I 

-vjw+vjw-tw 

Integrating  the  latter  equation  with  respect  to  x  we  flnd« 
after  dividing  hy  a^* 


m 

-ft  Ul + AW-  ^ 


Combining  Eq.  (*)  and  Eq.  (**)  we  obtain 


/|W-Y|/W  +  ;j-J»W«  +  Cj- 

Now,  if  the  form  of  the  functions  f^  and  fg  Is  known,  the  In¬ 
tegral  of  our  equation  can  be  written  as 


.yj/(jr-V)+/(*  +  V>+^  J  sW^j- 


The  appearance  of  discontinuities.  In  the  case  of  weak  distur¬ 
bances  we  have  w  »  w(p).  We  assume  that  from  p  »  p(x,t)  and  w  • 

*  w(x,t)  we  can  derive  a  relation  w  =  w(p)  determining  the  speed  w 
as  a  function  of  p  In  the  general  case  as  well,  l.e. ,  when  the  dis¬ 
turbances  are  not  weak. 

Then  System  (2.7.'*)  has  the  following  form 

.£L  J!£-+.wiE  -JL  iL. 

«  «  *  **  •  (2.7.12) 

Derlvlna-^+»— —-p-— from  the  last  equation  and  substltut- 

^  M  4m  4$  4m 

Ing  this  value  in  the  first  one  we  find 


4t  ^  f  V  4t 


(2. 7. 13) 


For  deflnlty  we  take  the  positive  sign  before  the  root  and 
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80  find  the  rate  (u)  of  shift  of  the  state  for  the  Ins  cant  of  time 
considered  and  for  the  point  x  at  which  £,  p  and  w  remain  constant 
with  time.  Since  w  «  w(p)  and  p  =  p(p)  a  solution  for  w  amd  jg  will 
be  found  If  we  find  a  solution  for  the  density  p.  The  disturbances 
are  propagated  at  finite  velocity;  therefore,  if  at  the  Instant  of 
time  t  ■  tQ  In  the  section  x  the  density  Is  equal  to  p^  the  densi¬ 
ty  will  have  the  same  value  p^  In  the  section  x  +  ax  at  the  next 
Instant  of  time  t  =  t^  +  at  (Pig.  2.7.3).  This  leads  to  the  con¬ 
cept  of  a  propagation  rate  for  the  disturbance  (u  =  dx/dt),  the 
propagation  rate  of  the  state  of  a  gas  (e.g. ,  compression)  with 
respect  to  the  particles. 


For  determining  this  rate  we  have  the  condition 

«  (2.7.14) 

After  having  substituted  In  the  second  equation  of 

(2.7.12)  we  obtain 

and  comparing  this  expression  with  (2.7.14)  we  find 


Here  a  denotes  the  local  sonic  v<lccltv  n 
the  sonic  velocity  In  a  movlnr:  ‘’AS  v.hlch  would  1  ■  J  i,  he 

gas  were  at  rest,  having  th'-  pi’ossur-'  r  qnd  the  j  .  nc’ 

Pq*  ^0^*  local  sonic  velocity  depends  on  t;  soieJ  o.  ,c. 

Itself  and  varies  from  point  to  point  together  with  the  .pc-  ’  .,r  th- 
flow.  In  the  case  of  an  Isentropic  flow,  p  =  cp*^  we  havf  o  i  '- 
l.e. ,  the  local  velocity  Increases  proportlona. ,  *.o 

the- square  root  of  the  absolute  temperature. 

The  Integrals  of  the  differential  equations 


‘•(jr.  0 


determine  the  equations  of  the  characteristics.  In  the  general  case 
fi  ^  they  will  be  curvilinear  and  their  meaning 

^  _ .  will  be  elucidated  In  what  follows  tcf.  Part 

5*8).  If,  In  the  case  of  weak  disturbances, 
propagation  rate  of  the  disturbance  had 
one  and  the  same  value  a^,  independent  of  the 
Fig.  2.  7»3*  Changes  magnitude  of  the  disturbance,  then  it  Is  now 


Fig.  2. 7>  3>  Changes 
of  a  disturbance  . 

equal  to  w  +  a,  l.e. ,  those  sections  In  which 

of  time  In  the  sec¬ 
tions  X  and  X  +  fix.  the  speed  w  (and  also  the  density  p  and  the 

pressure  jj)  have  larger  values  will  move  more  rapidly;  the  velocity 

distribution  curve  will  be  defomed  during  this  movement.  In  fact, 

let  us  determine  the  propagation  rate  u  of  disturbances,  assuming 

that  the  motion  Is  Isentroplc,  1.  e. ,  p  »  const*  and  a^  ■  dp/dp  ■ 

const  p  ,  Still  taking  for  definiteness  the  (+)  sign  In  Expression 

(2. 7* 13)  for  w*,  we  obtain 


Therefore,  the  propagation  rate  of  the  right  wave  Is 
«  -  w + a  -  w + «•+ ^^ 

or.  Introducing  p'  ■  F~Pqj  the  density  Increment  In  the  wave 


The  right  branch  of  the  disturbance  curve  (Fig.  2.7.4)  will  become 
steeper  and  steeper  and  the  left  one,  conversely,  will  become  flat. 
At  the  moment  when  the  right  branch  of  the  curve  Is  normal  to  the 
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•xls,  the  physical  quantity  considered  displays  a  discontinuity.  A 
further  deformation  of  the  curve  cannot  take  place  (see  the  dashed 
curve  of  Pig.  2. 7«^/a),  since  It  Is  physically  Impossible  that  In 
one  and  the  same  section  there  exist  more  than  one  value  of  speed 
(density  or  pressure). 

The  process  of  compression  shock  formation.  This  process  can 
be  visualized  better  If  we  consider  the  change  of  state  of  a  qules> 
cent  gas  In  a  cylindrical  tube  In  which  an  accelerated  piston  Is 
■ovlng.  We  suppose  that  during  some  period  of  time  taken  as  a  unit 
the  piston  moves  uniformly,  that  Its  velocity  Is  Increased  in¬ 
stantaneously  by  a  small  amount,  and  that  during  the  subsequent  unit 
period  of  time  It  moves  uniformly  again.  Then  the  velocity  again  In¬ 
stantaneously  Increases  s  what  and  the  piston  once  more  moves  uni¬ 
formly,  etc. 

After  the  first  Impulse  of  acceleration  (at  t  *  1)  a  pressure 
wave  arises  In  the  gas.  c  tho  piston  there  will  be  a  small  mass 
a  of  gas  at  an  elevated  p.-cssure  moving  to  the  right.  At  the  Instant 
of  time  t  =  2  the  piston  r  celves  the  second  impulse  of  acceleration. 
A  second  wave  of  higher  pressure  :  ilch  affects  tho  mass  a  at 

a  time  when  the  first  pressure  wave  propagates  further  and  raises 
the  pressure  of  mass  b,  and  then  speed  and  pressure  rise  proceed  to 
sections  3j  ^,...  etc.  Th<’  pressur  wave  arising  each  time  will  be 
propagated  at  Its  (local)  sonlc  velc.lty  with  respect  to  the  gas. 

The  closer  the  gas  Is  to  the  piston  the  more  It  is  compressed  and 
the  higher  Is  Its  temperature,  and,  consequently,  the  higher  Is  the 
local  sonic  velocity 

Figure  2.7.4  shows  the  pressure  distribution  at  the  Ir. ,  ats  ol 
time  t  ■  0,  1,  2,...  The  poslt-lrn  of  the  ordinate  Indicates  ■ 


tion  of  the  piston  . 


b 


Pig.  2.7.4.  Deformation  of  the  density  dis¬ 
tribution  curve  and  the  formation  of  dis¬ 
continuities  (a).  Mechanism  of  formation  of 
Juap-llke  discontinuities  (b). 

Conditions  of  dynamic  consistency.  The  possible  discontinuities 
of  physlcsl  quantities f  on  both  sides  of  the  discontinuity  surface^ 
with  which  the  motion  does  not  contradict  the  fundamental  laws  of 
mass,  momentum  and  enei^gy  conservation,  are  determined  by  the  condi¬ 
tions  of  dynamic  consistency.  To  determine  these  conditions  It  Is 
necessary  to  apply  the  equations  of  mechanics  to  a  finite  volume  con¬ 
taining  a  discontinuity  surface,  1.  e. ,  to  consider  the  fundamental 
laws  of  energy  conservation  in  Integral  form. 

Let  us  consider  a  steady  one-dimensional  motion  (for  example. 

In  an  Infinitely  long  cylindrical  tube)  with  a  section  (AA)  in  which 
the  pressure,  speed,  density,  and  temperature  change  Jumpwlse  from 
the  values  p^,  w^,  p^,  T^  to  the  values  Pg,  Wg,  pg,  Tg  (Pig.  2.7.5). 
Let  u  be  the  rate  of  shift  of  the  discontinuity.  The  difference  c  - 
■  u-w  Is  the  rate  of  displacement  of  the  discontinuity  surface  with 
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rvtpect  to  the  moving  fluid  and  Is  known  as  the  propagation  of  the 
discontinuity;  when  the  speed  w  of  the  gas  undergoes  a  discontinuity, 
the  very  same  discontinuity  will  also  exist  for  the  speed  c  at  which 
the  discontinuity  Is  propagated.  With  u  «=  0  the  discontinuity  Is  said 
to  be  stationary. 

For  the  amount  of  the  dis¬ 
continuity  (Jump)  bg-bj  of  some 
quantity  b,  (b  ■  p,  w,...),  arising 
when  a  discontinuity  section  Is 
passed  through,  we  introduce  the 
designation 

Let  us  consider  a  volume  boun¬ 
ded  by  streamlines  and  the  sections 
1-1  and  3-2,  taken  on  both  sides  of 
a  discontinuity  plane  sufficiently  near  to  It  (cf.  Pig.  2.7.5).  We 
shall  consider  the  dlsplacer.icnt  of  this  volume  with  respect  to  the 
discontinuity  plane  during  the  time  fit  which  Is  so  small  that  the 
section  1-1  does  not  pass  throught  the  nir continuity  plane  but  reaches 
the  position  1'— 1*.  For  a  steady  motion,  the  mase  of  gas  enclosed 
between  the  sections  I'-l'  and  2-7  (containing  the  discontinue  ty  plane) 
Is  common  to  the  two  positions  of  the  mass  considered.  The  coiiservatlon 
laws  must  therefore  be  valid  lor  the  mas  of  gas  enclosea  between  the 
sections  1-1,  I'-l'  and  between  3-2,  2’— 2'.  Thus,  the  mass  cor.  erva- 
tlon  law  gives 

(W,  (tp,_  u)  H, 

where  A  Is  the  cross-sectional  area  of  the  flow.  The  mass  J  pas  :lng 
per  unit  time  through  a  unit  area  of  the  flow  cross  section  (mass 
flux  density)  Is  equal  to 


fig.  2.7.5.  For  the  determi¬ 
nation  of  the  conditions  v.  f 
dynamic  consistency  In  the 
range  of  a  direct  compresslc.i 
shock  (wavy  line),  l)  Streai..- 
llne. 
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(2.7.15) 

Noting  that  the  propagation  rate  of  the  discontinuity  is  c  « 


•  u  -  w.  Me  obtain 

since  and  Pg  cannot  become  less  than  zero,  the  signs  of 
and  Cg  must  be  the  same;  hence  either  the  discontinuity  surface  pre¬ 
cedes  the  moving  gas  (c^,  Cg  >  O)  -  and  In  this  case  the  motion  of 
the  gas  relative  to  the  discontinuity  surface  Is  directed  to  the  op¬ 
posite  side,  -  or  else  the  discontinuity  surface  lags  behind  the 
moving  gas  (c^,  Cg  <  O). 

Prom  this  follows  the  first  condition  of  dynamic  consistency: 

iKl-a  (2- 1- 16) 

The  equality  between  the  Impulse  of  the  forces  and  the  chauxge 
of  momenttim  during  the  time  6t  yields  the  second  condition  of  dynamic 
consistency;  (p^  -  P2)A  6t  is  the  impulse  of  the  forces  acting  on 
the  mass  of  gas  enclosed  between  the  chosen  sections  during  the  time 
6t  and  is  equal  to  the  change  In  momentum  of  the  mass  of  gas  enclosed 
between  the  sections  3-2,  2'— 2'  and  1-1,  1*— 1': 

A  'J  (/»,  -f|)  -  Ayl(w,-B)  -  (C-,  -  »)|», 

whence 

(2. 7. 17) 

follows.  Noting  that  /— and,  cons equently,p,-p, 
the  second  condition  of  dynamic  consistency  cam  be  rewritten: 

(PI-  -/(xPl  or  lp+K*I-0i  (2.  7. 18) 

The  energy  conservation  law  gives  us  the  third  condition  (after 
reducing  by  JA6t): 

(2.7.19) 
or 

(2.7.20) 
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As  the  fourth  additional  condition  we  take  the  fact  that  the 
gas  constant  remains  unchanged  when  passing  through  the  discontinuity 

surface,  l.e. , 

(2.7.21) 


Surfaces  at  which  physical  quantities  change  Jumpwise  when  pas¬ 
sing  through  are  called  surfaces  of  a  strong  discontinuity  for  these 
quantities. 

Surfaces  of  fundamental  significance  in  gasdynamlcs  are  those 
at  which  the  derivative  of  some  quantity  with  respect  to  some  coor¬ 
dinate  or  to  time  cha.Tge3  Jumpwlse  when  passing  through  whereas  the 
quantity  Itself  varies  continuously.  These  surfaces  are  termed  sur¬ 
faces  of  a  weak  dls  ont  iu t  •  of  this  quantity. 

The  Hugoniot  curve.  1  'he  previous  section  we  determined 
the  conditions  for  dynamic  consistency: 


Pi  — (^f — 


_fe  -ft. 


(2.7.22) 


Eliminating  the  temperature  T  from  the  third  equation  by  means 


of  the  fourth,  and  talking  — 


*  — 1 


.into  account,  we  obtain 


a  *-1  „  ^  2  e-i  n  » 

Substituting  here  the  values  for  and  Cg  determined  from  the 

first  and  second  equations,  we  obtain  a  relation  between  pre.  .ure 
and  density: 

— i  , 

h)  3  \tt  n/  3  • 


whence  we  have 


a+n 


(2.7.1 


-  127  - 


This  equation,  called  the  shock  adlabat  (or  Hugonlot  curve) 
establishes  the  connection  betineen  pressure  and  density  i'ov  the  two 
sides  of  the  discontinuity  surface. 

From  Relation  (2.7.23)  we  can  obtain 


Ji 

/I* 


fi —  and  _ iriiL 

*-i  h 


(2.7.24) 


Comparing  this  expression  of  Po/Pi  with  Expression  (2.3.6), 

A  A  “  • 


**  general  case  of  am  adiabatic  flow,  we  can  ascer* 

tain  ourselves  that  a  motion  with  a  discontinuity  Is  associated  with 


a  change  of  entropy. 

Plotting  the  dependence  of  the  ratio  on  P2/P2  logarithmic 

coordinates,  we  obtain  (Fig.  2.7.6)  for  the  Isentroplc  curve  ^2^^!  ” 
s  (P2/P]^)^  a  straight  line  with  the  slope  l/k.  To  determine  the  shape 
of  the  Hugonlot  curve  H  we  take  into  account  that  P2/P1  “  1  for  P2/ 

/pj  ■  1,  as  for  the  Isentroplc  curve. 

Denoting  P2/P1  i  ***0  arrive  at 

rft  '"U,; 


In  the  range  z  «  1  -f  e,  e  being  a  small  quantity,  we  have 

4  1  /  h  \  O  I 

**(2+*F-«*  *(>+•)  ■ 

with  e  -»  0  the  slope  angle  of  the  Hugonlot  curve  becomes  ex¬ 
actly  l/k,  1.  e. ,  the  Isentroplc  curve  at  the  point  (pg/p^  -  1,  Pg/ 
/p^  >  1)  Is  a  tangent  to  the  Hugonlot  curve. 

When  e  <  0,  the  slope  of  the  tangent  to  the  H-curve  Is  smaller 


than  the  slope  of  the  straight  line  P  whereas  when  e  >  0  the  slope 


of  the  tangent  to  the  H-curve  Is  greater.  Noting  that  as  pJpi-*oe, 
it  can  be  concluded  that  the  H-curve  will  have  the  ap- 
pearance  shown  In  Fig.  2.7.6. 
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Impossibility  of  f^r?factlon  shock 


I^t  us  conslde:-  the  cac  j  >  u;  It  then 
follows  from  tne  mass  conservation  law 


that  Wg  >  u.  In  this  case  the  discontinuity 

surface  moves  relative  to  the  gas  In  the 
Pig.  2.7.6.  Hugonlot  .. 

curve  H  and  Isentroplc  negative  direction  of  the  x-axls  at  a  speed 
curve  P.  -  .  . 

c  -  u-w.  Then,  If  >  pg  (Pig.  2. 7. 7,a) 

the  gas  passes  over  from  the  region  of  higher  density  to  the  region 

of  lower  density,  l.e. ,  a  rarefaction  shock  occurs.  If  however, 

p  ^  ^2  2.7.7,b)  the  density  sud- 

•*!  denly  Increases  on  passing  through  the  dls- 

0  P,>Pi  coT'tlnulty  surface  and  a  compression  shock 

y  iiiiW  nil  - 


Let  us  prove  the  Impossibility  of  a 
rarefaction  shock.  Por  tills  purpose  we 
notice  that  the  entropy  per  unit  mass  Is 


Pig.  2.7.7.  A  rarefac¬ 
tion  shock  (a)  Is  Im¬ 
possible  since  Its  ex-  _ 

Istence  would  be  con-  compa”  -  ■  n.  ^^ugonlot  curve  (H) 

nected  with  a  decrease  „  ^  .u  .  . 

In  entropy.  Only  a  Iserrroplc  cur..'  (F)  in  PI.-.  2.7.6, 

compression  shock  (b)  ^  „  / 

can  occur,  l)  Rarefac-  '-hat  if  Pg/p^  >  -j  >en 

IK;  If  P^/P;  ^  1. 

Therefore,  by  virtue  of  (2.7.25),  if -^>1.  then-'n  A>oand 

^  /I 

and  lfi<ri,  thcnl'**^*<OancJ 

/I  «. 

Owing  to  the  second  law  of  thermodynamics  the  entropy  n  .v.' 
decreases,  l.e.,  Sg  -  >  0,  therefore  the  case  ^-<1  (and  hen.c 

alsoil.<ij  cannot  occur;  a  rarefaction  shock  Is  Impossible;  tl  :• 


•»  Pi  fi 

-ncroplc  curve  Sg  ■  S^. 


(2.7.25) 
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case  of 


abatlc  flow  the  discontinuity  surface  always  reoresenta 


I 


a  compression  ihoek. 

Similar  conclusions  can  be  drawn  for  w^  <  u  too,  1.  e. ,  when  the 
discontinuity  surface  overtakes  the  moving  fluid.  Therefore,  when 


the  gas  passes  through  a  discontinuity  surface,  the  density  (and  also 


Apart  from  the  speed,  pressure  and  density,  the  entropy  also 
undergoes  a  discontinuity  when  passing  through  a  discontinuity  sur¬ 
face.  To  estimate  the  magnitude  of  this  entropy  difference  (per  unit 
mass  and  unit  time)  we  consider  a  weak  discontinuity,  l.e.  ,  the  case 
of  P2  “  Pi  ■  [plbelng  a  small  quantity.  Assuming  Pg  »  (1  +  e)p2, 
where  e  Is  a  small  quantity,  we  can  write 

,+*+la 

Pt  ft  Pt  .  H 

I  ^  »  .  . .  •+  j  +  .  ,  .  — 

urn  *  *  • 


Thus, 


-  U-7.26) 

l.e.,  the  entropy  Jump  Is  a  second-order  small  quantity  compared 
with  the  pressure  Jump.  Since  the  Increase  in  entropy,  characterizing 
the  Irreversibility  of  the  process,  takes  place  In  the  present  case 
with  no  viscosity  and  no  heat  conduction,  this  Indicated  an  energy 
dissipation  In  the  case  of  a  disturbed  flow,  even  In  a  perfect  fluid. 

Propagation  of  discontinuities.  Prom  the  two  first  equations  of 
dynamic  consistency 
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,  --  ?/,  M  -  pjc,  (e,  -  r, ) 


It  follows  that 


efy- 


.l>~  •  {- 

U~tl 


whence  we  obtain  for  the  propacatlon  rate  of  the  discontinuity 


u-v. 


f,  =  a-w, 


*i  ti-h  ' 


*l  Pi  — Pi 
h  H-h' 


(2. 7.27) 


where  the  plus  slcn  refer's  to  the  case  u  >  u  >  Wg  when  the  dis¬ 
continuity  surface  precedes  the  particles  of  the  fluid,  and  the  minus 
sign  to  the  case  where  the  fluid  precedes  the  discontinuity.  Usinc 
the  equation  of  the  Hur;on'.ot  curve,  we  obtain 


I- 


i_JLL!iL 
*-i  >1 


-ft  P>  —  f I  Pi _ fi_  _ fj..  ^  1 . 

’  fi**h 

t;  "" 

=  *£. - 


f! 


ft  (*  I-  I)»i  — 


li  =  A  ft 


(2.7.28) 


H  fi-(  fa  (*  f  Dfa  — 

Relation  (2.7.23)  indii^ut..  .  I  -  oat^atlon  r-ate  of  a 

strong  discontinuity  always  dlffo-'s  th"  ''ecal  sonic  speed 

«. “l/"*—  or  (/,«» v.l  !■'  ^  rapidly  incr>..s  1  ..creaslr^^ 

discontinuity  P2/P1  begiuninj  ihar,  Cj^  =  a  -  wltnout  disc,  .olnulty 
(Po  =  Pi)  to  Infinity  (wi;  .1 -'1=  f--’'  then  f,  •'1,  a.id  vice  ve. 

If  u  =  0  the  speed  w  will,  at  least  at  enf  side  ef  't  ■  stres.^, 
discontinuity,  exceed  tiie  local  conic  speed. 


For  weak  dlscontlnu .1 -s  we  my  assume  Pg  -  and 
Therefore 


Pf-  y. 


u  —  v.**u  -  w. 


>a. 


.  1.  e.  ,  weak  dlrconl  inultl.'.:  ^.-'e  prer.a -a*  ed  at  a  speed  >■ 
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Pig.  2.7.8.  Jiunp-llke  change  of 
speed,  pressure  and  entropy.  1) 
soeed;  2)  entropy;  3)  pressure; 

4)  (axis  for  w)» 

Thickness  of  a  shock  wave.  Mathematically,  a  discontinuity  la 
a  simplified  representation  of  a  region  In  which  physical  quantities 

undergo  a  very  sharp  change.  In  a  real 
viscous  and  heat  conducting  gas  the  thickness 
of  a  shock  wave  will  differ  from  zero. 

Figure  2.  7.  8  gives  us  a  graph  showing 
the  change  of  the  gas  parameters  In  the 
shock  wave.  It  can  be  seen  from  It  that 
the  entropy  S  at  first  Increases  sharply, 
then  starts  dropping.  This  entropy  decrease 

Fig.  2.  7.  9-  Aircraft 

model  In  supersonic  does  not  violate  the  second  law  because  the 

flow. 

enti’opy  of  the  system  as  a  vjhole  Increases.  ^ 


-  132  - 


I 


Pig.  2.7.10.  For  de¬ 
termining  the  shock 
wave  thickness. 


Prom  the  theoretical  standpoint  the  re¬ 
gion  of  change  c  '  the  gas  parameters  propagates 
to  Infinity.  In  fact,  as  can  be  seen  from  Pig. 
2.7.3,  all  changes  occur  In  a  very  narrow  re¬ 
gion  whose  width,  as  to  the  order  of  magnitude, 
corresponds  to  the  mean  free  path  of  a  molecule. 
The  exceedingly  small  thickness  of  a  shock 


wave  explains,  for  example,  the  sharp  lines  In  the  photograph  of  the 
supersonic  flow  (Pig.  2.7.9). 


Pig.  2.7.11.  De¬ 
pendence  of  the  re¬ 
lative  thickness  of 
a  shock  wave  t  = 

=  tp/l  {  -  mean 

free  path  of  mole¬ 
cules)  on  the  Mach 
"dumber  Mj  n  Is  the 
exponent  from  the 
'^formula  u/mq  =  (T/ 

/Tq)’’.  1)  Relative 

thickness  of  wave, 

ti. 


The  concept  of  the  shock  wave  thickness 
can  be  conditionally  determined. 

The  wave  thickness  Is  undei‘stood  by 
I  as  the  distance  between  the  points 
ot  I'section  of  the  tangent  to  the  velocity 
distribution  at  the  inflection  point  of  the 
v  ioclty  distribution  with  the  asympotlc 
11.. os  w  =  w^  and  w  =  w^. 

Fig.  2.  ■7.  11  Indicates  that  the  ratio 
between  v.avi  .  -.fj  the  mean  free  path 

of  molecules  di’ops  sh  y  is  ‘he  Haeh  number' 

M  inC”el;e‘S. 

It  sho'.iJ  also  be  not '.-d  the  esciiatlng 
the  lOck  i.avi.  .  ,  r’less  lndicui,oU  ■  neces¬ 
sity  of  using  the  mo'uhods  of  kinetic  s 


theory  to  Investigate  this  pi’oolem  In  more  detail. 
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Barotroplc  fluid  la  the  name  given  to  a  fluid  the  density 
of  which  depends  only  on  the  pressure  p  »  p  (p);  thus,  for 
example,  an  Incompressible  fluid  (p  *  const),  a  gas  during 
IsotherMc  (T  -  const)  and  adiabatic  (p  ^  cp^)  changes  of 
state  Is  barotroplc. 

In  foreign  literature  It  Is  called  Mach  number. 

Idem  (Latin)  -  the  same. 

If  Instead  of  (2.6.8)  we  determine —  — ^emd  He  ■ 

■  w^D/v  then  ^  =  64/Re.  When  reading  special  literature 

we  have  to  pay  attention  to  the  characterlstlcal  parameters 
applied  In  defining  the  similarity  criteria.  In  formulas, 
etc. 

The  region  of  the  flow  Is  assumed  to  be  singly  connected. 

Plane  wave  la  the  tern  applied  to  a  wave  whose  front  Is  a 
plane. 

It  should  be  kept  In  mind  that  w  is  the  speed  of  particle 
motion  of  the  gas  caused  by  the” disturbance  entering  It. 
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68  B  -  V  ■  vozdukh  =  air 

68  r  ■  g  ■  goryucheye  =  fuel 

69  H  *  n  *  nlz  *  bottom 

69  B  =  V  =  verkh  =  t> p 

71  BuxoA  *  vykhou  -  ::  od  *  outlet 

71  Bxofl  •  vkhod  »  v:  fX'J  =  inlet 

113  MCT  »  1st  *  Istlnnaya  *  true 
115  TB.T  *  tv.  t  =  t  /erdoyo  telo  =  solid 

115  CB.noB  «  sv. pov  svobodnaya  poverkhnost '  *  free  surface 
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Chapter  3 

POTENTIAL  PLOWS  OP  A  COMPLETELY  INCOMPRESSIBIE  PLUID 


3.1.  PLANE  PLOWS 

Definitions.  When  cylindrical  bodies  are  placed  In  a  transverse 
flow,  the  motion  In  the  synjnetry  plane  of  a  body  will  not  depart 
from  It,  l.e. ,  the  particle  trajectories  will  lie  entirely  In  this 
plane.  Here  the  motion  will  be  two-dimensional*,  l.e.,  plane  (Plg. 
3.1.1).  But  even  In  an  arbi'^rary  plane  lying  arbitrarily  close  to  the 

symmetry  plane,  the  motion  will  be  three- 
dimensional  and  only  In  the  case  of  an 
Infinitely  long  cylindrical  body  will 
the  motion  in  all  planes  parallel  to 
the  symmetiy  plane  be  the  same  as  In 
the  latter.  Nevertheless,  there  are 
many  .  r  In  aeromechanics  which 

Pig.  3. 1. !•  When  flow  oc¬ 
curs  around  a  symmetrical  arc  first  solved  i a  plane  flow  and 
cylindrical  body,  the  flow 

In  the  symmetry  plane  Is  tl'cn  corrected  for  the  •.  11  the 
two-dimensional.  The  ve¬ 
locity  vector  Is  assumed  body's  dimensions  ai  e  fin.  te  1.;  the 
to  He  in  the  sjnranetry 

plane,  l)  Symmetry  plane.  perpend!  ..ar  direction;  tnls  ..s  done 
because  It  Is  considerably  simpler  to  Investigate  plane  mot’  1  than 
a  three-dimensional  motion,  not  only  because  there  Is  one  va  lable 
less  but  also  since  It  Is  then  possible  to  apply  the  highly  ..,elc  .c‘ 
apparatus  of  the  theory  of  functions  of  a  complex  variable. 


Let  us  denote  as  a  plane  flow  one  In  which  all  partlclcn  m.  vc 


at  all  points  lying  on  one  perpendicular  to  this  plane.  Thus«  both 
velocity  components  depend  only  on  the  coorllnates  of  the  point  (z^ 
y)  In  the  guide  of  the  plane  (xOy)  and  are  Independent  of  the  coor¬ 
dinate  (z)  normal  to  this  plane. 

The  mathematical  formulation  of  this  fact  reads: 

yh  yh  0.  -0.  (3*  1*  i) 

In  order  to  maintain  the  dimensions  of  the  quantities  obtained, 
all  calculations  refer  to  a  fluid  layer  bounded  by  two  planes  which 
are  parallel  to  the  guide  of  the  plane  and  are  separated  by  a  distance 
equal  to  unity. 

The  basic  system  of  equations  of  a  plane  flow  of  an  Incompres¬ 
sible  invlscid  fluid  consists  of  the  continuity  equation  with  p  • 

«  const: 

^+—-0  (3.1.2) 

and  the  equation  of  motion  for  the  projections  onto  the  x  and  jjf  axeet 


^  T  *  Mj,  •  / 


/  •  it 


(3. 1.3) 


These  three  scalar  equations  serve  to  determine  the  three  func¬ 


tions  0.  O.P(J».y.  0  boundaxy  conditions  set  up  for 

plane  flows  In  the  same  way  as  this  has  been  done  In  the  case  of 
spatial  flow  (2.4.3).  We  notice  that  here  the  part  of  iche  surface  of 
the  solid  body  Is  played  by  a  solid  contour  (guide  of  the  cylindrical 
surface  of  the  solid  body). 

As  regards  the  equation  of  motion  (3. 1. 3)i  we  notice  that,  since 
the  motion  of  an  incompressible  fluid  Is  barotroplc  and  when  the 
volume  forces  f  have  a  potential,  it  can  be  Integrated  In  accordance 
with  (2.2.13): 

a)  If  curl  TJ  ■  0,  or,  for  a  plane  flow,-^;^^ - ^ 


I 
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(3. 1.4) 


Lagrange  integral  for  (3.1.3)  has  the  form 

as  this  follows  from  (2.2.14); 

b)  for  a  steady  motlon^-^  =0^along  the  streamline, when  the 
Bernoulli  Integral  (2.2.13)  reads 

+t/-ca).  (3.1.5) 

where  C(L)  Is  a  constant  that  Is  In  general  different  for  different 
streamlines. 

Thus,  for  plane  vortex-free  flows  w  and  w  are  determined 

X  y 

from  the  system 


(3. 1.6) 


and  the  pressure  Is  fou.  t'rom  (3.1.4);  In  the  case  of  a  steady 
motion  the  constant  C  In  th*  Integral  f(t)  Is  the  same  for  all 
streamlines. 

The  velocity  potential.  As  has  been  shown.  In  the  singly  con¬ 
nected  region  of  a  vortex-free  motion  the  value  of  the  Integral 
^  w.rfi  from  point  A  to  point  B  ’s  Independent  of  the  path  of  Inte¬ 
gration;  It  Is  a  point  function  and  can  be  written  (accurately  to 
within  an  arbitrary  constant) 


•it.fi 


Thus, 


(  1.7) 


The  function  <t(x,y)ls  called  the  velocity  potential. 

Relations  (3.1.7)  are  obtained  from  purely  kinematic  c 
tions  and  do  not  contain  the  density.  They  can  therefore  be  rppllc! 
likewise  to  vortex-free  flows  of  both  Incompressible  and  compressl’' 
fluids. 
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For  an  Incon^reaalble  fluid  the  continuity  Eq.  (3*  1*2)  with 

(3.1.7)  ylelda 

5+-^— (3.1.8) 

A  vortex-free  motion  of  an  incompressible  fluid  is  completely 
determined  by  one  scalar  function^  namely  the  velocity  potential, 
which  satisfies  Eq.  (3.1.8),  which  is  called  the  Laplace  equation. 

On  solid  contours  C,  the  boundary  condition  expressing  the 
vanishing  of  the  normal  velocity  component  must  be  fulfilled: 

•'•l-S-lc-*  ‘3.1.9) 

The  stream  function.  Considering  the  differential  equation  of 
the  streamlines  of  a  plane  flow 

or 

(3. 1. 10) 

and  the  continuity  Eq.  (3*1.2) 

It  can  be  shown  that  the  left-hand  side  of  Eq.  (3. 1.  lO)  la  the  total 
differential  of  a  certain  function  ?  (x,y): 

v^df—Wfdx’^dW.  (  3*  1*  11) 

Here,  If  ^  and  ^  belong  to  the  streamline,  dl  »  0,  1.  e. ,  the 
t -function  remains  constant  along  an  arbitrary  streamline.  Therefore 
the  equation 

r(x.y)-c  (3.1.12) 

is  the  equation  of  the  family  of  streamlines.  The  function  f  (x,y) 

Is  called  the  stream  function. 

Comparing  Eq.  (3.1. 11)  with  the  expression  of  the  total  dif¬ 
ferential  rfT— we  obtain 

$M  '  if 
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(3.1.13) 


i 

3 


'  •if 


_ _ iL 

»  •» 


Here 


(3. 1.1ft) 


#*•  •  if*}' 

For  a  vortex-free  flow  curl  “w  »  0,  A?  »  0,  1.  e. ,  the  stream 
function  as  well  as  the  velocity  potential,  satisfies  the  Laplace 
equation 

•iff  ^  #>* 

At  solid  walls  the  normal  velocity  component  of  the  flow  Is 
equal  to  zero,  so  the  walls  must  coincide  with  the  streamlines.  Prom 
this  follows  the  boundary  condition  at  the  walls,  'i  b  const. 

The  Kvdrodynaji.' c  meinln  of  the  streamfunctlon.  Let  us  consider 
the  volume  flow  rate  Q  of  fluid  through  a  plsuie  stream  tube  bounded 
by  the  streamlines  AB  and  CD,  on  which  the  values  of  the  stream 
function  are  and  'J',,  respectively  (Pig.  3.1.2).  This  flow  rate  Is 
equal  to  the  contour  Intefral  [  v-ndl  of  the  velocity  vector 

tM  im 

fluxTf.lt  with  respect  to  an  arbitrary  curve  connecting  two  arbitrary 
points,  M  and  N,  on  the  lines  Ar  ar  i  CD.  Let  dT  be  an  element  of  the 
curve  MN  and  1?  the  normal  to  It,  dlrecccd  such  that  the  vectors  If, 
dT,  Indlcatlonlng  the  direction  of  integration,  and  If,  the  unit 
vector  of  the  z-axls,  form  a  right-handed  system.  Then,  not!  Ing 
that  It'dl  =  dT  X  Tc,  we  can  ..rite 


w .«  dl  {dl  X  k)  =»  j  (* X  K  )  rf/  - 

M  M 

•  J  Vj,dy  —  K^dx==  ^  (/'r«»'r,  — T,. 


(3.1. 15) 


Thus,  the  flow  rate  through  any  contour  between  two  arblt;’ary 
points  In  the  flow  is  determined  by  the  difference  of  the  values  cf 
the  stream  function  at  these  points. 
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Pig.  3* !• 2.  The  amount 
of  fluid  streaming 
through  the  line  ele¬ 
ment  is  equal  to  the 
difference  of  the  val¬ 
ues  of  the  stream 
functions  ^(N)  -  'lf(M)  ■ 
=  i  —  'i'g  at  the  points 

N  and  N. 


It  should  be  noted  that  the  concept 
about  the  stream  function  Is  valid  only 
for  two-dimensional  flows,  for  example, 
as  has  been  shown,  for  plane  flows,  and 
also  for  axisymmetrlc  flows  when  consider, 
ing  the  flow  In  the  meridional  plane. 

Streamlines  and  equlpotentlal  lines. 
In  the  graphic  representation  of  a  plane 
flow,  a  decisive  part  is  played  by  the 
equlpotentlal  lines  whose  equations  are 
(x,y)  =  const,  and  especially  by  the 


streamlines  determined  by  the  condition  1'  (x,y)  =  const.  Hoieover 
these  systems  form  an  orthogonal  net.  1.  e.  ,  the  lines  <I>  =  const  are 
perpendicular  to  the  lines  i  =  const.  In  fact  (Pig.  3.1.3),  the 

gradient  of  the  C -function  Is  directed  nor¬ 
mally  to  the  lines  4>-=  const  and  the  gradient 
of  tlic  stream  function  Is  noimal  to  the  stream¬ 
lines  .  =  const;  calculating  we  obtain 


Pig.  3. 1.  3.  The  e- 
qulpotentlal  lines 
♦  =  const  are  per¬ 
pendicular  to  the 
streamlines  i  - 
B  const. 


_d*  an-  dT  , 

l.e.  ,  v.hcncc  follows  that  the  lines 

(i)  =  const  Intersect  the  lines  i  =  const  at 


right  angles. 

If  Is  a  streamline  element  and  ^  Is  an  element  of  an  equl¬ 
potentlal  line  at  some  arbitrary  point,  the  direction  of  the  fluid's 
velocity  at  this  point  will  coincide  with  the  element  dl  and 


Hence,  provided  the  Increments  of  the  functions  ♦  and  i'  are 
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equal,  the  secilone.  ^J.  mi  An  bct..<.'eri  t’..'o  nci  nboi’lnc  lines  will  be 
equal  too.  Such  a  net  le  called  an  Ic:  theitnal  net.  The  converse  of 
this  Is  also  traie,  l.e.  ,  an  ai'bltrai’y  Isothorr.al  net  can  he  recarded 
as  the  net  of  sti'canllnos  and  equlpotentlal  lines, 
jf  The  complex  potential.  From  Relations 

'3.1  .7)  and  (3.1.13)  the  Cauchy -Rlemann  con- 
dltlons 

*  “  <»  *  “  “  ix  ■  (3-l»l6) 

“Ij - - ^ 

follow,  expressinc  that  the  function 

tor  of  the  comple;:  +  (jr.  y)  (3.  1.  1^ ) 

conjugate  velocity  ,  ,  .  ... 

is  the  r.lr-  analytic  function  of  the  complex 

ror  Imace  of  tl,.  .  .  ,  .  #  x 

velocity  vecloi  z  =  x  +  ly.  The  function  ^  (z)  whose 

**~^*''  part  Is  the  velocity  potential  and  whose 


Imaginary  part  is  the  s  function,  is  called  the  complex  poten¬ 
tial  (a  charactorls Me  fu:  cf  ‘he  flov). 

It  can  easily  be  ;  ..  that  from  the  analysis  condition  of 

the  function,  l.o. ,  f;c.  the  fact  that  the  derivative  Is  Independent 
of  the  path  along  v.h’ :h  '  '  6y  tend-,  to  zero.  It  follows  that 


r=  _ 

dx  dx 


a  d  .  v'U). 

ffy  0y  ' 


(3.1.18) 


The  quantity”  (r)  =-  .  -..hlch  pla;..  „  •  Ic  larly  Im¬ 
portant  role  In  invecthyatin^  Mr-  flow  of  an  'r.  ompr-  .  fluid, 

represents  the  mirror  Im.^  .  of  the  v-  b.clty  vcc' or  a',  ut  ’  h"  real 
axis  w  (Fig.  3. 1.  and  1.  -ailed  thi  corripi'  -'  conjugate  ’  id*  •. 

X  >1  1  m.  ■  I  I  I  ■ 

The  single  complex  _.J.  )  ^  ^  f  1.  of  the  one  variable  z  =  x  + 

+  ly,  conslstinig  of  th-  .  tream  function  i  (x,y)  and  the  -/e  ity 
potential  4(x,y),  mala-s  It  ros.Mble  to  reduce  the  problem  <.  f  Lh-. 
flow  of  a  liquid  ‘o  the  d(  '.e;mlrr.ition  of  only  une  funotlor., 

This  considerably  fad  11 1 at-. r  ajii  'Impllfles  the  solutlor.  ■  f  :  r.  - 
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lems  on  the  flow  of  a  completely  incompressible  liquid  by  the  methods 
of  the  theory  of  functions  of  a  complex  variable. 

The  velocity  in  a  polar  coordinate  system.  If  we  take  into  con¬ 
sideration  that  in  the  case  of  a  potential  motion  and 

=  Vf  the  radial  and  the  tancontlal  components  will  be 


a.— 

'  if  •  •  /  TT 


(3. 1. 19) 


Prom  the  Cauchy -Rlemann  condition  the  expression 


a. 

'  f  4* 


*L 

dr 


(3. 1.^0) 


follows. 

3.2.  ADDITION  OF  THE  SIMPLEST  PLOW  flEOIMES 

parallel  flow.  The  simplest  case  of  a  plane  flow  is  a 
parallel  flow,  in  which  the  velocity  is  equal  in  its  ma^'nltude  and 


direction  at  all  points  (Fig.  3.2.1).  If  --.-a-.cos*.  we 

have 


Fig.  3. 2. 1.  Plane 
parallel  flow  at  the 
angle  a  to  the  x-axis. 


~  *  —  i sin  «)  =  (3.2.  l) 

The  complex  potential,  the  velocity 
potential  and  the  stream  function  will 
be 

Z(z)— w.f,  XK’.cosB+yw.rton,  , 

(3.2.2) 

f*=»ya-.co$a— xw.finn.  ' 

In  most  cases  the  x-axls  is  oriented 
along  the  velocity  w^,  l.e. ,  a  =  0,  so 
that  =  and  =  ♦=ip.x;  'Tnstp.jf. 


Souiocs  and  sinks.  A  stream  of  a 
fluid  flowing  continuously  and  unlfoi'mly  out  of  each  point  of  an 
infinite  straight  line  parallel  to  the  z-axls  at  a  rate  of  Q  unit 
volumes  per  unit  time  per  unit  length  [m^/sec-m],  is  called  a  flow 
from  a  plane  source.  The  straight  line  is  called  the  plane  source 
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and  Q  the  flow  rate  of  t!,.'  .’.ource  (Fic-  3.2.2).  Because  of  synunetry 
the  velocity  is  assumed  to  have  components  only  In  planes  normal  to 
I  the  z-cixls  and  to  bo  equal  to  Q/27ir,  where  2Trr<  1  Is  the  surfact  area 

enveloping  the  source  and  its  potential  will  be  a  function  of  . adlus 


Pig.  3.2.2.  A  pl^a  '  SO’  ’a)  Is  produced  by  the  steady  and  unifonn 
outflow  of  a  fluid  ft'/  point  of  the  z-axls.  Streamlines  and 

equlpotentlal  lines  fo;  •  source  (b). 

r  only.  Therefore, 


I 


rfr  3*r  ' 


whence 


I 


®-lnr  (3.2.3) 

The  equlpotentlal  lines  are  oircl.  .vil:  heir  centers  at  the 
source,  and  the  strcamllnec  ar<  llir  radii. 

To  determine  ttic  str-'ar.i  f'ji.f  '  ^n  we  wrll<' 


d'V’=Vfdy—'u^  4x  -  -  =  rf/arclg 

*  '  ’  3«  /•  *  / 


which  yleldi 


2»  *  M  it 


and 


Z(r)-  O-i-iT  ®  (lnr  +  ,8)=  9\nrc‘ 


it 


0  , 
2« 


n  z. 


(3.2  t; 
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The  complex  potential  of  k'  sink  Is  obtained  by  changing  the 
sign  of  the  floi*  of  a  source,  for  which  we  have  ^  • 

Z(,)=_-|.|B(*).  (3.2.6) 

The  plane  vortex.  Let  us  consider  the  plane  steady  motion  of 
an  Incompressible  fluid  whose  streamlines  are  circles  (Pig.  3.2.3a). 


I 


Fig.  3*2. 3"  Motion  of  particles  along  curvilinear  trajectories  (a). 
When  the  fluid  Is  rotating  like  a  solid  body,  a  particle  taken  near 
an  arbltraty  point  revolutes  with  the  same  angular  velocity  as  the 
whole  fluid;  the  motion  everywhere  Is  vilthout  exception  a  vortex 
motion  with  the  same  angular  velocity  (b).  The  fluid  elements  In 
the  vortex  field  are  subjected  only  to  shear  deformation,  the  motion 
Is  a  potential  one  (c). 


The  simplest  suppositions  about  the  velocity  distribution  Is  that 
the  velocity  Is  proportional  to  the  distance  from  the  center,  l.e. , 
the  fluid  rotates  like  a  solid  body: 

r.  (3.2.7) 

Such  a  motion  will  not  be  a  potential  motion.  In  fact,  cal¬ 
culating  the  circulation  with  respect  to  an  infinitely  small  contour 
abed  (cf.  Fig.  3.2.3a)  taken  at  an  arbitrary  point,  we  obtain 

+  ^  JL 4 A,  (  3.  2. 8) 

Where  dA—rd^dr  the  area  bounded  by  the  contour  abed.  As  we  have 
taken  w  ■  ua*  we  have  T  =  2u>  dA,  l.e.,  a  particle  rotates  at  any 
point  with  the  same  angular  velocity  as  the  whole  fluid  (cf.  Pig. 

3.  2. 3,b);  at  every  point  the  motion  Is  a  vortex  motion. 
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To  answer  the  quectlon  whether  a  j  atentlal  motion  could  exist 
whose  streamlines  were  circles,  we  wri‘  the  condition  for  absence 
of  vortices  at  each  point,  or,  what  Is  the  same,  we  put  expression 
(3.2.8)  equal  to  zero; 

1  ^«nr) 

r  4r 

Assuming  r  ^  0  we  obtain  the  condition 

iw=conit 


or 

(3.2.9) 

The  point  r  =  0  Is  a  slncularlty;  the  motion  near  It  must  be  studied 
separately. 

To  determine  the  oi-  mt  we  consider  some  arbitrary  contour 
around  the  singularity  .  '  ,  e.g.  ,  a  circle.  The  circulation  for 
It  Is  r-2*r‘®-2*/'-^2rC,  l.e.  ,  it  is  Independent  of  the  radius  and 

f 

equals  a  constant  quantity.  Thus,  the  r-osultant  motion 

s',-0,  (3.2.10) 


Is  everywhere  a  potential  motion  at  the  singularity. 

At  the  z-axls,  l.e.,  v.heie  ;•  .  i  i  •  'Melos  rotate;  con¬ 

sequently,  the  z-axls  forms  an  infinitely  ler  sti'ai'^ht  vortex  of 
Intensity  F-  Let  us  stress  <.  scf  m  i-e  that  the  vole ^  1  i  f'  ''d  pro¬ 
duced  by  the  rectilinear  vert.e:  ha..-  a  potential  whlcii  ';at.  ■  found 

from  the  system 


V. 


d< 

dr 


=  0,  W, 


i-i*  =  JL 

r  M  2*/  • 


whence  Immediately  follows  0=3® (»)  and 

8  — -^arc  Ig  i . 

2«  2«  ‘  Ji 

The  equlpotentlal  lln' s  are  spokes  emanating 
It  can  be  seen  that  tiie  velocity  potential  1^ 


ii.t.r) 
from  the  V'-rt 
a  many  -v  ■  \_v _ i 


-  145  - 


functlonj  with  every  circumscription  of  the  origin  (singular  point) 
its  value  increases  by  2k  P .  To  eliminate  the  many -valuedness «  thnjl''^ 
angle  O  is  assxuncd  to  vary  from  0  to  2n.  Writing  the  equation  that 
determines  the  stream  function  as 


we  find 


I  ar 


0: 


r  =  -  -^lo  r  =  -  In  Vj?+P. 


which  yields  the  complex  potential  as 

If  the  vortex  is  located  at  point  a,  the  complex  potential  at 
point  z  will  be 


(3.2,12) 

and  the  complex  conjugate  velocity  is 

(3.2.13) 

The  potential  motion  discussed  above  is  generated  by  a  vortex. 
This  is  not  in  the  least  contradictory  to  the  concept  of  potential 
motion  without  vortices.  In  fact,  potential  motion  requires  that 
the  rotation  of  each  particle  of  the  fluid  is  equal  to  zero  and 
this  is  satisfied  everywhere  (in  the  flow  considered),  with  the  only 
exception  of  the  singiilar  point  r  =  0  which  has  been  excluded  from 
consideration.  It  was  this  condition  from  which  the  motion  was  de¬ 
duced. 


Thus,  the  fluid  elements  in  the  flow  considered  are  subjected 
only  to  shear  deformation  as  this  is  shown  in  Pig,  3, 2,3,c,for 
example,  for  the  element  abed.  The  velocity  at  point  b  is  equal  to 
r/2rr,  and  at  point  C  the  velocity  amounts  to — — -DL 

2«  (r  T  tr)  !v  3wt ' 
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Therefore,  the  edge  be  turns  through  the  angle  —  —’  -  •  per  unit  time. 
During  the  same  time  the  edge  moving  -long  the  circle  of  radius 
f)  r  at  the  speed  r;2iir,  turns  through  the  a..gle  r:25;r*.  The  rate  of  change 

of  the  right  angle,  characterizing  shear,  will  thus  be - ^ - — 

2v« 

f  ' 

at  the  ssune  time  the  bisector  of  the  angle  abc  maintains  Its 
orltlentatlon  and  the  fluid  element  abed  does  not  rotate. 

Singularities.  Points  on  the  flow  plane  at  which  a  source  or 
a  vortex  are  located  are  singularities;  the  velocity  at  these  points 
becomes  Infinite.  Therefore  flows  which  are  generated  by  sources  and 
vortices  are  sometimes  called  flows  of  singularities. 

The  core  of  a  vortex.  Since  the  velocity  Increases  In  Inverse 
proportion  to  the  radius  ,  In  accordance  with  the  Bernoulli  equation 
the  pressure  near  the  vo,  •  Is  should  be  zero  or  even  negative, 
which  Is  physically  Impose'  ■.  Experience  (Fig.  3*2.4)  shows  that 
In  a  real  fluid  the  velocity  increases  with  decreasing  radius  only 

up  to  a  certain  limiting  value 
after  which  It  starts  to  drop 
llncai’ly  to  reach  zero  at  the 
vt .  u..  ochematlng  the  ef¬ 

fect,  It  Is  p<  slblc  to  single  out 
1  vortt,:--  core  Is.  ;  i  ,  like 
a  -olid  body,  w'th  11:  ear  'loclty 
dls  ■ '  Ion. 

The  superposition  mc‘th(jd.  It  follows  from  linearity  ‘  th-^' 
Laplace  equation  that  If  <I>j^  and  are  velocity  potential;  e  h  of 
which  satisfies  the  Laplace  equation,  their  sum  C  =  ,  t  4)  .  _i 

also  be  a  solution  to  this  equation  and  Is  the  velocity  pote..  '‘"i 
of  a  certain  plane  motion.  In  fact,  If  =  0  and  AOg  =  0,  •.’«  h.  ^ 


N 

ftCM/etn 

V 

0,» 

0.1  ' 

S  *  J  2 

S.  M  i  rCM 

1, 

i 

-  ^  - 

• 

0^ 

Pig.  3*2.4.  'Velocity  field  r:' 
a  real  vortex  (experiment). 
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Since  the  stream  Ainctlon  of  tho  potential  motion  exactly 
satisfies  the  Laplace  equation,  this  conclusion  holds  for  It  too. 

When  velocity  potentials  or  stream  functions  are  added,  their 
respective  velocity  fields  add  Geometrically. 

In  fact. 

Let  us  consider  the  streamlines  of  two  arbltraty  flows,  * 

=  const  and  i'g  =  const,  and  determine  the  conditions  under  which 
the  streamlines  of  the  resultant  flow  come  to  coincide  with  the 
diagonals  of  a  sufi’lclentXy  fine  net  of  the  two  families  of  the 
streamlines.  If  “wj^  and  "Wg.  are  the  velocity  vectors  of  the  first 
and  second  flows,  respectively,  the  condition  for  the  vector  "w  » 

=  "wj  +  TTg  of  the  resultant  flow  to  be  directed  along  the  diagonal 
of  the  parallelogram  Is  the  relation  6hj/6h2  =  w^/w^,  where  6hj  and 
fihg  are  the  normal  distances  between  each  pair  of  streeunllnes.  This 


Flc.  3.  2.  5»  For  geometrical 
addition  of  tv.o  flows  the 
flow  rates  between  each  pair 
of  streamlines  of  both  flows 
need  bo  equal:  6Cj  »-  fiCg. 


must  be  the  same  for  both  of  the 


follows  from  the  fact  (Pig.  3.2.5) 
that  the  area  of  the  elementary 
parallelogram  Aabc  Is  equal  to 

For  Ab  to  be  directed 
along  tho  diagonal  of  this  paral¬ 
lelogram  it  Is  necessary  that 
;Mi.  Hence 

-I  Mi-f,  6Aa‘'AQ»con>t.  follows,  1.  e.  , 
the  flow  rate  of  the  fluid  between 
each  pair  of  adjacent  streamlines 
flows. 


I 
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A  plane  dipole.  Thl.'  ccajlcto  of  a  plane  oomtcp  and  a  sink  with 
equal  flow  rates  Q,  v.hon  their  aeparat'i-  -,  21  ter/Js  to  zero  and  the 


flow  rate  to  Infinity,  so  that  the  product  of  the  distance  and  the 
flow  rate,  M  -  2Q1,  (the  dipole  moment),  remains  constant.  The  di¬ 
rection  from  the  sink  to  the  source  Is  called  the  dipole  axis.  The 
dipole  flow  plays  a  jrcat  part  In  classical  hydromechanics.  Its 
complex  potential  is  obtained  by  the  superposition  method: 


/  (^)  ~  llm—  In-^^  -  lini 

'  i-o  2t  t-i 


0  Ih|<  +  /)-  Inf*-/) 
2/ 


Al  d  ,  .tf 
- - — • 

?«  dt  "iK* 


(3.2.15) 


The  velocity  potential  and  the  stream  function  have  the  form 


The  streamline 


JU*  M  ,  _  tf  ,  » 

—  ^  cos»;  T  —-—sin*. 
2«r2  2v 

roads 


(3.2.16) 


(3.2.17) 


l.e. ,  the  streamlines  are  circles  of  radius  C/2,  centered  on  the 


y-axls  and  touchlnr*  the  .  at  the  oi-i-jln  (Fig.  3.2.6). 


Pig.  3.2.6.  The  dipole  v.’th 

the  moment  H  locat<;d  In  a 

parallel  flovj  movlnc  at  th', 

speed  w  deforms  It  in  the 
^  00 

same  vay  as  a  solid  .••Ir  ■  of 
X-adlUS  r,-/;M72rT,  V.O'Uld.  The 
streamlines  of  the  dipole 
alone  are  civen  by  the  dash¬ 
ed  lines  In  the  upper  part 
of  the  flcure. 


Takinc  Into  consideration  that 
*;■  equatlct  ol’  the  equlpotentlal 
iin  .  V.  ,1s  obtained  by 
sub 't-.’ tutii'<'  2  y  X  in  ‘.he  streamline 
.quueiotis  we  '^^’•rive  ..l  ■  suit  th.'' 

thw^,-  lines  will  .o  cl.cle.  hlch 
pass  ^.u  ■]  the  orl.ylr.  ■'•.•i.  ..aye 
their  center.,  on  ’he  x-ascls 

Flow  about  a  circular  e;.  i !  nd( 

Lot  US  place  a  dipole  in  a  . 
parallel  to  the  x-axls.  Tiie  <  ; 

potential  of  the  resultant  flow  w  '. 


(3.2. 18) 


or 


The  streamlines  are  determined  by  the  equation 


iL_^ 

2*  ^+J>» 


c 


y|ie.  (JcHi-*)— ^]-C(j«*+>*). 

They  are  third -order  curves  with  the  asymptotes  y  C/w  ,  with 
the  exception  of  the  case  C  *  0,  for  v/hlch  the  streamline  equation 
— ^j"0 disintegrates  Into  two  equations 

y=0C):  (-)  (3.2.19) 


l.e. ,  the  streamline  consists  of  the  x-axls  and  a  circle  centered 
In  the  origin,  having  the  radius  #»=  ^ . 

Thus,  a  flow  element,  coming  from  Infinity  along  the  x-axls, 
runs  against  the  circle  of  radius  r^  and  then  flows  above  and  below 
this  circle.  Joins  again  and  flows  off  along  the  axis  to  Infinity 
(cf.  Pig.  3.2.6).  Since  every  streamline  may  be  taken  as  a  solid 
boundary,  such  a  flow  can  be  considered  as  the  flow  about  a  cylinder 
of  radius  ^ dipole  moment  necessary  to  obtain  the  flow 
about  a  cylinder  of  given  radius  r^  will  be  M  =  2w^. 

Therefore,  the  function  describing  a  flow  parallel  to  the  x-axls 
and  flowing  around  a  circular  cylinder  of  radius  r^  at  the  given 
velocity  w^,  will  be 


T-  xr.^r— -yJilB#. 

In  a  polar  coordinate  eystcm  (r,  •) 


(3.2.20) 
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(3.2.21) 


On  the  cylinder  surface  r  =  r^  wo  have 

v,-0.  -2i-.sln#.  (3.2.22) 

The  minus  sign  Indicates  that  the  direction  of  the  velocity 
at  the  cylinder  surface  Is  opposite  to  the  positive  direction  of 
angle  reading. 

Stagnation  points  on  a  solid  body  Is  the  name  given  to  the  points 
at  which  the  velocity  becomes  zero.  In  the  case  of  the  circle  con¬ 
sidered  the  stagnation  points  will  lie  on  the  x-axls  at  =  0  and 

^  =  7t. 


Pressure  dlstrlbut.’ .  a\on.^  £  cylinder.  To  determine  the  pressure 
on  the  surface  of  the  cyll-i .r,  we  connect  the  point  at  infinity 
where  the  velocity  Is  and  the  pressure  is  p^  with  the  point  on 
the  cylinder  surface  wht  .’o  the  pressure  Is  ^  and  the  velocity  Is  w, 
by  the  Lagrange  equation: 


/- 


2 


Determining  the  pressure  cocmoJei.„ 
we  obtain  for  the  cylinder 

C,  =  l-4sln*». 


:  all on 


C.= 


5.2.23) 


Figure  3.2.7  gives  th.  l  .  c.  .  .  ■essu.  c  ox  u  '  i  i  curve. 

It  also  gives  the  experlmt.nlal  curves  as  funci_ons  of  the  ’’b  1 
traveled  by  the  cylinder  from  the  beginning  of  the  motion.  As  can  Le 
seen.  In  the  forward  region,  the  theoretical  and  the  expe;.'..  .  .a?, 
curves  lie  close  tc  each  other  throughout  the  duration  of  ts  :..stl.;n. 
From  an  angle  of  about  120-130*^  on  (5C-60°  from  the  forward  sUg..o‘i.  i 
point),  however,  the  divergence  becomes  greater  and  greater  ..rid  In  ,.hc 
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rear  region  rarefaction  arises  Instead  of  pressure.  This  Is  explained 
by  the  action  of  a  vortex  system  fomed  In  the  boundary  layer  and 
concentrated  In  the  wake  region  which  strongly  affects  the  motion 
pattern  and  the  pressure  distribution  as  well. 

Prom  the  symmetry  of  the  theoretical  pressure  distribution  curve 
with  respect  to  the  x  and  ^  axes  we  can  conclude  that  the  resulting 
force  acting  on  the  cylinder  Is  equal  to  zero  because  the  sum  of  the 
projections  of  all  pressure  foi'ces  onto  an  arbitrary  axis  Is  zero. 

In  fact,  finally,  the  drag  differs  from  zero;  this  can  be  seen  from 
the  asymmetry  of  the  experimental  pressure  distribution  curve. 

Circulatory  flow  about  a  circular  cylinder.  The  sti’oamllnes  of 
a  potential  motion  caused  by  a  single  vertex  are  circles.  Each  of 
them  can  be  taken  as  a  solid  boundary.  This  makes  It  possible  to 
superimpose  the  flow  from  a  vortex  onto  the  flow  from  a  dipole  In  a 
parallel  and  so  to  obtain  the  circulatory  flow  about  a  cylinder  of 
radius  rj«.  y m  : 2sWm»  For  such  a  flow,  the  complex  potential  Is 


and  correspondingly 


T  =--  w.  ^r—  -^Inr. 


(3.2.24) 


The  radial  and  tangential  velocity  components  at  an  arbitrary 
point  of  the  stream  will  be 


e* 

dr 


'  <>■'  '  r-  '  ^  Jr, 


(3.2.25) 


with  r  ■  r^,  l.e. ,  at  the  cylinder  surface. 


4 
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(3.2.26) 


c, 

V 


m 

LBU 


;s 

\ 

t'X 

Nf 

■J 


Pig.  3*  2. 7.  Change  of  pre.  .vu.:  dlcli-lbuiioii  on  a  cylinder  In  de¬ 
pendence  on  the  path  1  trav'-'led  (in  termn  of  djametcr  d);  the  figures 
on  the  pressure  dlstiTbuti.  r.  :  cerrespc-.d  to  the  numbers  of  the 

motion  picture  frames. 


The  stagnation  points  v.lll  nov.  be  shlftc.  ’..a  i..  -a:;!:'. Their 

position  is  determined  by  tiiC  -  jiiat  Ion  -w ,  =  0  that  ;■  value 

of  the  angle  determln',  hy  th--  o  fiatlon 

.ml.,.  3.?.?7) 

Since  sin  i>  =  sin  (a  -  ') ,  the  stagnation  points  foi- 
will  bo  symmetrical  with  :p!  ct  to  the  y-axis.  For  f^  irr  - 

.ao  stagnation  points  fus<  ‘o  oiic^»,,-  V.'hen  r>4--u:'-r,  pa 

stream  circulates  about  the  rylindei-  and  does  not  flow  off  tog..  ,i... 
with  the  remaining  fluid  to  infinity.  The  forms  of  motion  1  t  .o 
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r<«ic«ur« 


r>4ntiu'« 


Fig.  3<2. 8.  Plow  about  a  cylinder  with  circulation.  The  stagnation 
points  are  determined  by  the  equation  sin  C. 

ivZ 

Forces  on  a  circular  cylinder.  The  presence  of  a  circulatory 
motion  violates  the  symmetry  of  motion  and  the  pressure  distribution 
with  respect  to  the  x-axls.  This  leads  to  the  appearance  of  non- 
vanishing  resulting  pressure  forces  of  the  fluid  acting  on  the  cyl¬ 
inder  In  the  direction  of  the  y-axls.  Since  the  symmetry  with  res¬ 
pect  to  the  y-axls  Is  conserved,  the  reaction  as  to  the  x-axls  will 
be  zero,  as  before.  In  fact,  determining  the  pressure  at  some  ar¬ 
bitrary  point  of  the  cylinder  surface  from  the  Bernoulli  equation. 


we  have 


However,  (Pig.  3*2.9)j  we  also  have 

dX=  — ^r,cos*yO;  rfK— — ^,iln •rf*. 

Integrating  over  the  whole  surface  of  the  cylinder,  we  obtain 


-X-  't'-jj’co 


cos  #(/•  — 


(3.2.28) 


For  the  y-component  of  the  reaction  we  obtain 

Si  s« 


-K-J;»r,co8»</9=.ro(p.+ 

Si 


cosl<fl-> 
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(3.2.29) 


Thus,  when  a  purali'  1 


Pic.  3«2.9*  Dctci'mination 
of  the  forces  acting  on 
the  cylinder  in  a  circula¬ 
tory  flow,  a)  Pi'  ur . - 

glon;  b)  rarefaction  . 

a  special  case  of  paiaic 

of  N.  Ye.  Zhukovskiy  v.hc  f: 

culatlon  and  llf't. 


■'lov.  (>!'  V  lojlty  w  and  of  circulation  f 
00 

sti'oams  round  a  cylinder,  a  force 
acts  pel  unit  lent.'th  of  the  circular 
cylinder  that  is  equal  to  the  pioduct 
of  the  density  p,  the  velocity  w 

OS 

and  the  cli-culation  f  ;  the  direction 
of  the  force  is  obtained  by  turning 
the  velocity  vector  90°  In  the  direc¬ 
tion  opposite  to  that  of  the  circula¬ 
tion  (Fig.  3.2.10).  We  shall  show  in 
what  follows  that  this  conclusion 
remains  valid  for  a  cylinder  of  an:/ 
other  cross  section.  This  result  Is 
■  Importance  for  the  aeromechanlcal  theorem 
'St  established  th^  relation  between  clr- 


Th-j  flo..  about  bodies  of  arbitrary  shape. 
The  fi'iv.  regin.-  about  bodli-s  of  varlou.s  shapes 
can  be  u.  .t-  is  l.'i  j  the  appropriate  oin- 

guiarit.j  J is ti’i  1  ut it, .  .  ' .!  .'Ii  .  way  that  one  of 


Pig.  3.2.10. 
Force  vector’  R 
acting  per  unit 
length  of  the 
cylinder  Is 
equal  tc  the 
modulus  pv.T  and 
coincides  v.'lth 
the  direction 
of  the  speed 
vector  turned 
throuf-h  90“  in 
the  -direction 
eppoGj  te  to 
tnat  e.'  thi 
circulation. 


the  3ti  -.>a.mil  .n<,  s  oomes  to  -roin.  l-  j  wi  he  body 
contour.  The.:  v  ■■  Lnrulai’l tli  ire  *  .'mi  rd  Jac'-nt . 
It  shot  i.i  ;  e  :  e'  '  'v.-.ev’c  ,  th  '  ales  ef 

a  glveii  s.iape  the  solutlc  -d'-pends  on  cht  '  ce 
of  tills  dlsti-lbution  being  more  or-  less  fur  tuna' < 
Adjacent  sources  and  sinks  which  a. 
dlctoi-t  a  parallel  stream  in  such  a  way  ,  if 
it  '.-.ere  a  'f-  mod  by  the  budy  considered,  in  th 
region  of  v.hlcl  they  must  be  arranged,  '.  .Ve  t. 
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satisfy  the  condition  that  the  sum  of  the  flow  rates  vanishes  for 
closed  bodies,  namely 


(3.2.30) 

A  circulatory  flow  about  a  body  can  be  obtained  If  not  only 
sources,  sinks  (and  dipoles),  but  also  vortices  are  located  inside 
the  contour;  the  total  vortlclty  of  the  adjacent  vortices  must  be 
equal  to  the  total  circulation  about  the  body. 

_Flow  near  plane  walls  (fictitious  slnKularltles).  Let  us  first 
consider  the  form  of  flow  from  two  sources  with  equal  flow  rates.  It 
can  be  seen  from  Pig.  3.2.11  that  the  normal  passing  through  the 
midpoint  of  the  line  section  connecting  the  two  sources  will  be  a 
streamline;  the  velocity  component  normal  to  it  is  equal  to  zero. 

It  Is  therefore  possible  to  regard  It  as  a  solid  wall  and  to  suppose 
that  one  of  the  sources  distorts  the  flow  from  the  other  source  In 

the  same  way  as  a  solid  wall  passing 
perpendicularly  through  the  line 
section  connecting  the  sources 
would. 

To  construct  the  flow  pattern 
of  a  source  near  a  solid  plane 
wall,  the  wall  should,  therefore, 
be  taken  as  the  symmetry  axis  and 
a  fictitious  source  should  be 
placed  at  the  symmetrical  point.  The  flow  produced  be  these  two 


Pig.  3.2.11.  In  the  flow  from 
two  equal  scurces  the  normal 
passing  through!  the  midpoint 
of  the  straight  line  connec¬ 
ting  the  sources  Is  a  stream¬ 
line. 


sources  In  the  semi -plane  of  the  true  source  will  be  the  very  same 
as  that  of  the  true  source  near  the  plane  wall.  The  flow  pattern 
of  a  vortex  near  a  wall  is  constructed  analogously. 

This  result  can  be  generalized  to  any  form  and  any  number  of 


t 


-  156  - 


singularities  tc  obtain  the  about  b  dies  near*  a  plane  wall;  this 

method  Is  also  called  the  method  of  the  ftctitlous  singularities . 

Approximate  methods.  The  net  of  sti  _-amllnes  and  equlpotont’al 
lines  constitutes  an  Isothermal  net;  when  one  streamline,  namely  the 
body  contour.  Is  known.  It  Is  therefore  possible  to  construct  the 
corresponding  net  which,  in  first  approximation,  yields  the  stream¬ 
lines  and  equipotentlal  line  sections. 

The  net  of  streamlines  and  equipotentlal  lines  obtained  is  cor¬ 
rected  by  the  method  of  successive  approximations.  It  can  be  shown 

that  if  abed  is  a  small  square  of  the  net  and  If  i  ,  and 

a  b  e  d 

are  the  respective  values  of  the  stream  function  at  the  corners 
and  the  center  m  of  the  net  square,  we  have 

•  +  +  (3.2.31) 

This  relation  can  used  for  Improving  the  net.  The  .cor¬ 

rection  process  is  continued  until  there  is  virtually  no  difference 
between  the  res'ilts  of  £  icoc'clve  c  ilculal  lon.s. 

Simulation  of  a  flo.  :  y  moans  of  air  lo-~y  conslderatlor".  The 
tediousness  of  the  calcule  Ion.'  and  th-.  considerable  errors  In  the 
region  of  the  stagnation  poii...  a.*  e  r  .'.In  it 'advantages  of  the 
calculation  method.-;  for  constructing  flow  pc  *.1  r,.''  cf  the  given  bod¬ 

ies,  If  we  ignore  physical  i:"ilati<n  .’.Irh  cons'st'  ■  ' '1  ohy.slcal 
nature  of  the  effects  belr  g  maintained  and  the  e.\}  ci-lm*  .  l  esulto 

obtained  with  the  models  bt  r.  •;  transf’  ’  ''d  to  nature  I  a..;  of  iho- 

calculatlon  methods  of  simii-.rlty  theory,  ..hen  :.he  flow  is  ’die', 
then  what  we  are  cons.lderlng  is  analo.g  simulation  using  the  analogy 
between  the  differential  e.n;atlons  desci'lblng  the  model  a-  1  ..  p.  s* 

to  be  represented. 

The  electrohydrodynamlc  analogy  (EHDA)  Is  based  on  the  fonwa: 
similarity  of  the  equations  of  electric  current  and  potentla  me  ,1..  , 
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of  an  Inviscld  fluid;  the  EHDA  is  very  often  used  for  constructing 
plane  flow  patterns.  Since  both  the  electrical  field  and  the  elec¬ 
trical  potential  in  a  plate  are  characterized  by  a  stream  function 
i  satisfying  the  Laplace  equation,  the  potential  field  (field  A)  and 
the  stream  function  (field  B)  can  be  analogous  to  each  other.  In 
system  A  the  model  contour  is  made  up  of  an  Insulator,  since  it  must 
represent  the  streamline.  In  system  B  the  model  contour  must  be  the 
equlp)otentlal  line  and  Is  made  of  a  conductor.  By  the  analogy  of 
system  B,  it  is  possible  to  construct  the  streamline  field  about  the 
body. 

Since  in  system  A  a  sufficiently  small  electrode  corresponds 
to  a  point  source  (or  sink),  and  in  the  analogous  system  B  to  a 
vortex  (the  streamlines,  represented  by  equlpotentlal  lines,  enclose 
the  electrode  as  circles),  in  the  system  B  the  current  carrying  bound¬ 
ing  bars  can  be  considered  as  the  total  of  the  vortices.  Consequently, 
this  system  permits  of  a  model  representation  of  a  vortex  field  which 
is  Important  in  representing  a  circulatory  contour  flow  about  bodies. 

In  this  case  we  make  use  of  the  many -valuedness  of  the  vortex  poten¬ 
tial.  This  is  done  by  cutting  apart  the  field  in  system  B  at  a  known 
electrical  equlpotentlal  line  and  a  potential  Jump  corresponding  to 
the  given  circulation  is  obtained 

r-  9,  (a)  -  ?,  (fl)  =*  *  |b,  (0)  -  B,  (a)).  ( 3. 2.  31 ) 

Singularity  flow  about  a  circle.  For  the  following  considera¬ 
tions  it  is  of  Importance  to  note  that  streamlines  in  the  form  of 
circles  can  be  obtained  not  only  in  a  parallel  stream  but  also  in 
a  singularity  field.  Let  us  consider,  for  example,  a  sink  at  the 
coordinate  origin  and  two  sources  of  equal  intensity  Q  at  the  points 
X  =  a  and  X  »  1,  satisfying  the  equation  al  =  r^  (Pig.  3.2.12).  In 
this  case  the  stream  function  will  be 


-  158  - 


(3.  2.  32) 


fg  i  +  arctg +arclg  - 

_ ??_  ,  •y 

0 

Obviously,  If  jrHj-*-  I'-O  ar.d  this  sii-jamllne  f  =  0  will 
be  a  circle.  Seme  of  the  streamlines  of  the  flow  pattern  obtained 
are  given  In  Pig.  3.2.12. 

In  the  general  cast  .  In  order  to  maintain  the  streamline  as  a 
circle  of  radius  in  the  flow  of  sources  (sinks)  and  vortices  out¬ 
side  It  at  the  distance  r  from  the  center,  like  singularities  must 

Cb 

be  placed  Inside  the  cii  sle  but  at  the  distances 

^“1=%  (3.2.33) 

the  sign  of  vortex  clr.  • Ion  at  the  corresponding  prongs  being 
changed. 

',s  may  be  seen,  each  of  these  singularities  introduced  can  bo 
considered  as  a  mirror  Ir.uge  of  a  given  singularity  reflected  in 
the  circle. 


Fig.  3.2.12.  A  rio.  about  i  c'rcle  of  radius  r^  from  a  pi  .’\e  Sv,. 

0  at  point  X  =  1  cm  be  talned  by  introducing  into  the  .w  f, 
this  source  a  sink  at  the  ccordlnate  oi-igin  and  a  source  l’  the 
intensity,  Q,  on  tt"  x-txl  at  the  point  r2/j[. 
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A  parallel  flow  can  be  considered  as  a  flow  from  a  dipole  located 

at  Infinity  •  and  having  an  arbitrarily  large  dipole  moment.  The 

parallel  flow  about  a  circle  considered  above  Is  thus  equal  to  the 

flow  about  It  from  this  dipole.  For  this  reason  a  dipole  Is  placed  In 

the  origin  of  the  coordinates,  r^^  ->0,  at  a  distance  satisfying  the 

condition  *  r^.  To  solve  the  problem  of  the  values  of  the  dipole 

moments  the  problem  has  to  be  considered  in  greater  detail. 

Let  a  source  be  placed  at  the  point  x  =  a  -  e  and  a  sink  of 

equal  Intensity  at  the  point  x  »  a  +  e.  To  obt£d.n  circular  stream* 

lines  It  Is  necessary  to  place  the  same  source  and  sink  at  the  points 
2  2 

*  “  ^  respectively.  The  complex  poten¬ 

tial  will  be 

X(-*)““{lnIc-(a-*)]-lnI;-- («+!))  + 

(3.2.34) 

As  e  -•  0  so  that  2Qe  =  M  ■  const,  then,  noticing  that 


we  obtain 


x (f)-^ Mm +  ^ 


la  »  — t) 

|-.|a 

\ 

»  1 

(3.2. 35) 


l.e. ,  the  moment  of  the  external  dipole  Is  larger  than  the  moment 
of  the  dipole  placed  Inside  the  circle  by  a  factor  of  (r^/a^)  and 
the  dipole  axes  run  In  opposite  directions. 
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3. 3.  the  method  op  coi;FO:-.:iAL  MAPpir.'o 


The  Reometrloal  moarii!: :  or  a  dr:'!  ,.  Ivc.  Lot  us  consider  the 
I  analytic  function  +  of  the  .v,i:!i;le.x  variable  z  =  x  +  ly. 


Pie*  3*3*1*  In  conformal  mapping  of  In¬ 
finitesimal  figures  they  remain  similar 
(extended  or  shrunk)  at  the  respective 
points  of  the  plane  and  are  rotated. 


If  v;s  choose  some  region  D  in  the  (x,  y) -plane,  the  function  x(z) 
maps  (transforms)  t  region  A  of  the  plane  x  =  <t>  +  1-  The 

properties  of  this  trans  .tlon  (Pig.  3*  3*  l)  are  very  Important 

for  aerohydromechanlcs.  Let  a  be  some  point  on  the  curve  _lj  In  the 
region  D  In  v;hlch  the  derive*  i  v.  ... '(s)  =  f  0,  and  let  a  bo  the 

corresponding  point  in  t  .e  r-ejlon  A  on  the  curve  which  is  a  model 
of  curve  .1^^,  Moreover,  lei.  ^  and  be  cori’cspondlng  variable  points 
on  the  curves  _lj^  and  Xy 

We  set  up  the  derivative 


d: 


and  obtain 


V/.I  'V*,.  argi/'  ari»</c-f«.  (3.3.1) 

l.e.  ,  the  modulus  of  the  i  ■ -Ivative  is  'oual  e  th--  linea’  file 
of  mapplnr:  and  the  ar.":urner.’  of  the  derivative  -Ives  us  the  nn-le  ■  f 
turn  of  the  linear  clemcm.  in  the  vicinity  of  ‘h>-  point  v .  I  :  i . 
Both  a  and  to  are  Independent  of  the  choice  of  curve  Ij^;  thi  y  a*,  e 
equal  for  all  curves  passing  through  the  chosen  point  but  JI1T1.1  : 
at  different  points  of  the  plane.  Therefore  the  infinitely  .al^ 
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figure  iriei|ri-|the  point  considered  Is  transformed  to  a  similar  figure 
turned  thj^^h  the  angle  uj#  its  linear  parameters  being  enlarged  by 
•the  factor  o.  Such  a  trans format! on j  in  which  the  magnitudes  and 
reading  directions  of  the  angles  ara  maintained.  Is  teiTned  conformal. 

The  hydrodynamic  significance  of  conformal  mapping.  Let  us  con¬ 
sider  an  arbitrary  flow  in  the  z-plane 

X  (-)=•♦  (-v.y)  +  ir  (*,>). 

The  streamlines  and  the  equlpotentlal  lines  constitute  an 
orthogonal  net  of  curves.  If  we  now  choose  an  arbitrary  analytic 
function  I take  Its  Independent  variable  as  ^-/(C).  and  sub¬ 
stitute  this  value  in  x(2)*  we  obtain  the  new  analytic  function 

n).  y(t  n)I+iVl*({,  iji.  .  The  lines  I'  =  const  and  the  lines 

♦  “  const  In  the  C -plane  will  also  be  orthogonal,  1.  e. ,  this  new 
function  will  represent  the  complex  potential  (stream  function)  of 
some  new  flow  which  Is  obtained  by  deforming  and  rotating  the  ele¬ 
ments  of  the  primary  flow.  In  tnls  case  the  function  f(C)  Is  said 
to  perform  conformal  mapping  of  the  flow  In  the  z-plane  to  a  flow 
In  the  C -plane.  The  flow  about  the  given  body  can  be  obtained  by 
choosing  the  transforming  function  properly. 

Let  us  consider  the  physical  conditions  of  correspondence  for 
these  flows.  Since  the  Indices  of  0  and  "i  are  equal  at  points  which 
correspond  to  each  other  In  the  two  flows,  their  differences  for 
corresponding  lines  will  also  be  equal,  1.  e. ,  the  flow  rate  (Pig. 

3.  3*2)  of  a  fluid  between  two  streamlines  will  be  equal: 

In  the  limiting  case,  when  the  net  Is  diminished  without  res- 
«  6z,  ad  >  6C,  we  obtain 


trlctlon,  a^dj 


where  w((|)  and  v{z)  a:  e  the  velocitl 'o  at  coi  responding  points  of 
the  planes  ^  and  z. 


Pig.  3«3*2.  In  confoi-mal  mapping  = 

w^dC  and  therefore  the  vortlclty  remains 
inch"nget 


- - ^ 


I^t  us  consider  il  closed  contour  C  In  the  z-plane  and 
the  corresponding  contou!'  o  in  the  C -plane  around  a  singular  point, 
namely  a  vortex.  We  ret  up  the  expression  for  the  clrcu''  xtlon  ar  d 

obtain 


r  (z)  ^  - 1  ? .  ^  (ri-,  +  = 


-  Re  f  (U-,  -  ii-,)  (dx  +  i  rfj-)  1  ==  Re '  dc ' . 

t  ^  It  ^ 


(3. 3.3) 


l.e.  ,  mapping  loaves  the  vertlclt:,  chai.,;*^':’. 

Flow  about  a  corner.  Let  us  consider  a  flov;  pa’-allei  to  the 
x-axls  In  the  upper  semi  plane  (the  x-axls  Is  this  bounda;„),  X 


*  tt.>aZ 


and  study  the  transformation  aMhls  flow  with  th  •  help  c 


the  function  C  =  z^,  (n  >  C)  (Fig.  3.3.3).  We  put  -a  =  re'",  C 


then  *  l.e.  , 
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(3.3.4) 


a— — . 

^  * 

This  transformation  Is  conformal  everywhere  except  at  the  point 

z  =  0  where  Is  equal  to  zero  (n  >  l)  or  to  Infinity  (n  <  l). 

(The  case  n  *  1  Is  without  Interest  since  It  does  not  Influence  the 
flow).  The  right-hand  semlaxls  x,  l.e.  ,  the  stresimllne  a  =  0,  goes 


/»<ii  w(rm0)-^0  r«f, 


«>!; 


Pig.  3.3.3.  With  n  <  1  the  function  C  ■  r” 
ti-anofoiins  the  parallel  flow  z  In  the  up¬ 
per  scmlplane  _z  to  a  flow  Inside  the  corner 
on  the  C -plane”  and  for  n  >  1  It  gives  the 
flow  outside  the  comer. 


over  to  the  right-hand  semlaxls  ^  for  which  a  =  0.  The  left-hand 
semlaxls  x,  for  which  a  *  tt.  Is  transformed  to  a  straight  line 
forming  the  £uigle  o  «  nn.  Thus,  the  v;hole  x-axJ.3  Is  transformed  to 
the  angle  rn  formed  by  the  4 -axis  and  the  straight  line  of  the  angle 
Tin.  Hence  n  <  2.  Since  the  complex  velocity  on  the  C -plane  Is 


w— tPi— iw. 


«  - a  - 

4m  r.  u 


It  vanishes  In  the  corner  Itself  (C  =  0,  z  =  O)  when  n  <  1  (flow 
Inside  the  comer),  and  when  n  >  1  It  becomes  Infinite  (flow  out¬ 
side  the  corner). 

p 

Assuming  n  «  2  (C  ■  z  )  we  obtain  the  flow  about  the  edge  of 
a  plane  plate  positioned  on  the  positive  semlsocls  x.  Let  us  note 
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that  in  this  case.  If  ^  —  0,  the  velocity  te  ids  t<'  iMflnity  as  I^F;. 
The  flow  patterns  for  various  values  of  ^  -.a'c  oho  .n  In  Fig.  3.  3*  3* 
Plow  about  an  arblti-a ry  :ontour.  The  method  of  conformal  map¬ 
ping  makes  It  possible  to  solve  the  problem  of  the  flow  about  an 
arbitrary  contour  provided  we  knov;  Its  confoimal  mapping  to  some 
other  contour,  the  flow  about  which  la  known;  for  the  latter  a 
circle  Is  usually  chosen.  Since  In  this  case  we  are  interested  In 
both  the  region  outside  the  given  contour  and  that  outside  the 
circle,  we  consider  the  general  fem  of  the  function  performing  the 
conformal  mapping  of  the  region  outside  this  contour  to  the  region 
outside  the  circle.  However,  sometimes  the  flow  region  outside  the 
body  is  mapped  to  the  region  inside  the  circle  In  the  T-planc;  this 
transition  Is  porforned  'aclng  C  by  1/t. 


Pig.  3.3.^.  Cori-espoi.^  ;i.  fee  re¬ 

gions  outside  the  circle  r.  a.  i  he  con¬ 
tour  L. 


Let  the  C-pl<tno  be  the  plane  o-'  the  circle  K  of  radiv-  .  with 
its  center  at  the  origin  and  ie*  ic -I'^r  A  outside  che  '  -cl:  con¬ 
tains  an  Infinitely  distant  t  int.  The  contour  ^  of  the  reg’  a  D 
Is  given  on  the  z-plane;  Its  infinitely  distant  point  lies  In  the 
region  outside  the  contour  I.  (Plg.  3.3.^). 

The  unique  mutual  correspondence  bet\ieen  these  regions  i.-  for¬ 
mulated  with  the  help  of  the  analytic  functions 
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We  represent  z  ■  f(0  as  a  Loran  series 

If  we  require  that  the  points  z  ~  eo  and  =  •§  correspond  to 
each  other  and  that  the  derivative  dz/d^  is  positive  at  infinity 

that  the  velocity  does  not  change  its  direction  at  infinity)^ 
we  can  show  that  the  mapping  function  must  have  the  form 


+  +  .  .  . 

(3. 3.5) 

or,  with 

(3. 3.6) 

Conversely, 

C-f_,c+f,+  ^  +  ^+  .... 

(3. 3.7) 

The  coefficients  b^  and  c^  are  linked  by  relations, 
of  which  have  the  form 

the  first 

(3. 3.8) 

If  the  conqplex  potential  of  the  flow  about  the  contour  L  being 
x(2)— «  +  and  the  velocity  at  infinity  w.  =  then  sub- 

\l-m 

stltuting  z  =  f(0  in  x(z)  yields  the  stream  function /(’.)■= 

+  ‘'I',  in  the  C -plane,  and  the  velocity  at  infinity  is 


Wm 


*■!  (0  I  ^ 


s.  i- 


l.e.  ,  the  circle  is  placed  in  a  flow  whose  velocity  at  infinity  is 
larger  by  the  factor  b_j. 

Moreover,  by  convention  we  have /.U)^ZUU)|:  ♦  —  V=‘*’|.  for 

corresponding  points  on  the  planes  z  and  C. 

For  the  circle 


(3.3*9) 

and  for  the  contour,  if  ^  *  g(z),  the  solution  to  the  equation 
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z  -  f(0  is 


Z (01-  (*')  +  In  a:)  (  3.  3.  10) 

These  expressions  contain  an  arbitrary  constant,  r  ,  determining 
the  circulation  with  respect  to  the  contour  L,  which  has  to  bo  given 
for  a  smooth  contour  having  no  corner  points  (thus  also  for  a  circle). 

A  wing  profile  has  a  round  leading  edge  and  a  sharp  trailing 
edge.  When  a  flow  with  an  arbitrary  circulation  streams  around  the 
sharp  edge,  as  In  the  case  of  a  flow  about  a  corner  (cf.  p.  163  ), 
the  velocity  will  become  Infinitely  large.  N.Ye.  Zhukovskiy  and  S.  A. 
Chaplygin  suggested  determining  the  value  of  the  circulation  In  such 
a  way  that  the  velocity  at  the  trailing  edge  remains  finite.  This 
suggestion  Is  call'  .  t--  -ovskly-Chaplygln  postulate  or  the  con¬ 
dition  of  smooth  flov;  ain  .  trailing  edge.  This  will  be  elucida¬ 
ted  In  what  follows. 

The  hodograph  methed.  In  a  number  of  cases  the  determination  of 
the  stream  function  x  (-)  simplified  if  It  is  possible  to  make  some 
suppositions  as  to  the  nal  ire  cf  the  velocity  distribution  of  the 


Pig.  3.3.5.  Plow  at  the  Inlet  and  Its  hodo¬ 
graph. 

flow  considered.  Thus,  If”  dx/d^.  It  can  be  proved  that  x  >'111 
be  also  an  analytic  functlci,  1.  e.  ,  the  mapping  of  the  pla;.'.'  v;  to 
the  plane  x  will  be  conformal.  Hence,  If  the  relation  betwee.  w  and 
X  can  be  more  or  less  simply  established  In  the  form  w  =  f(x)  .  tre 
relation  between  x  ^>^<3  z  Is  found  by  Integrating; 
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*— J^+conit— J^+OoniL  (3*3.  H) 

This  method  of  determining  the  streaun  function  Is  called  the 
hodograph  method. 

We  consider  as  an  example  a  fluid  coming  from  Infinity  and 
flowing  Into  the  opening  of  a  gap  In  which,  at  a  sufficient  distance 
from  the  Inlet,  the  velocity  has  assumed  a  constant  value  w^  ■  Wq 
(Plg. 3»3*5)»  I<et  us  construct  the  velocity  hodograph  for  this  flow. 
Since  inside  the  gap  the  velocity  decreases  with  the  distances  as 
l/r  it  will  tend  to  zero  at  Infinity;  at  the  edges  of  the  opening, 
as  has  been  shown  In  the  case  of  the  flow  about  the  edge  of  a  plate 
(cf.  Pig.  3* 3* 3)  It  is  Infinitely  large.  Therefore,  the  Inlflnlty  A 
In  the  plane  of  flow  will  correspond  to  the  origin  of  the  coordinates 
of  the  hodograph  plane.  The  middle  streamline  AC  will  correspond  to 
the  straight  line  section  between  origin  and  point  C,  where  OC  »  Wq, 
since  the  velocity  In  It  Increases  from  zero  at  Inl  nlty  to  ■  Wq 
without  changing  its  direction. 

The  streamline  for  the  lower  boundary  of  the  opening  will  be¬ 
gin  (as  all  the  streamline.*^  of  the  z-plane)  at  Infinity  A,  l.e. , 
for  the  w-plane  at  the  origin  of  the  coordinates,  and,  without  chan¬ 
ging  Its  direction.  It  will  Increase  to  Infinity  at  point  B;here  the 
velocity,  reversing  Its  direction,  will  start  dropping  to  the  value 
Wq.  In  the  w-plane  this  will  be  a  straight  line  from  zero  to  minus 
Infinity  on  the  left  and  then  from  plus  Infinity  to  the  point  C, 
where  w^  »  Wq.  The  other  streamlines  will  begin  at  the  origin  and 
end  at  point  C,  their  form  resembling  the  flow  from  a  source  (at 
point  0)  to  a  sink  (at  point  C). 

We  assume  that  there  Is  In  fact  a  source  at  point  0  and  a  sink 
at  point  C,  and  we  Investigate  whether  In  this  case  the  boundary 


conditions  are  satlji';  ]  l;;  the  phyrt.  ai  plane  of  flow.  If  they  are, 
the  solution  found  .111  be  unique  anci  'nerefor..-  regular.  The  '‘omplox 
potential  of  thl.o  flow  In  the  hodoyraph  plane  •..111  be 


i((i:')  =  C|ln  :.*-ln(::.-rr*)]r=Cln 

»  —  -.1 

whence 


When  Integratlnc  this  and  Ignoring  the  unimportant  constant 

we  find 

'“f  ■  +  ^3.3- 1?) 

J  «•  J  IT#  r» 

separating  the  .  al  ]  'linary  parts  we  obtain 

^*=-*+0  f  C/  ^(cos  -1  -is,n  -1)  . 

..a(»+c/''co,.s). 

,.a(, 

We  check  whether  the  fut‘-t  'en.s  found  satisfy  the  boundary 
condition  that  the  •.vall.s  must  bo  yor  ■  =  0  we  have 

w^y  =  0,  l.e.  ,  the  lo'wer  '..all  ;•  streamlit.-  For  tb.o  streamline 
'i  =  2iC  we  obtain  tiu;  ci]  ;,.  .  Tb  ’  •  *  .•  ;  ..st  colnclu  ■ 

with  the  upper  wall  of  '  oper.i:;^  and  so  the  enstar  .  C  Is  deter¬ 
mined  by  the  condition  C-  . 

2« 

The  boundary  conditions  are  thus  satlsid  d.  .Since  the  ..olutton 
Is  unique  It  Is  the  only  one.  The  central  line  wIH  lie  at  ,/  =  d/d; 

Its  equation  reads  '■.  =  vC  ■-  const.  The  explicit  solution  Is  :as  iy 
found  for  the  streamline  =  ,tC/2  as  well,  namely 

♦ 

xc»T«=®, 

2  » 
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OEtlmum  shape  of  a  plane  air  Intake.  In  the  subsonic  flow  of 
an  invlscld  gas  the  thrust  of  an  Infinitely  long  air  Intake  Is  In¬ 
dependent  of  the  shape  of  the  outer  contour  CJKIW  (Pig.  3.3.6)  as 
will  be  shown  in  detail  in  Chapter  8.  It  Is  exactly  equal  to  the 
drag  of  the  Inner  contour  (CDE),  which  depends  only  on  the  ratio 
between  the  speed  Wj^  li,  the  tube  and  the  speed  of  the  undisturbed 
flow,  w^.  The  pressure  distribution,  however,  depends  on  the  shape 
of  the  air  Intake;  when  viscosity  and  compressibility  of  the  gas 
and  the  strength  of  the  air  intake  are  teiken  Into  account.  It  is 
expeditious  to  construct  It  in  such  a  way  that  the  pressure  on  the 
outer  surface  Is  uniformly  distributed.  An  air  Intake  having  such 
a  form  will  be  referred  to  as  optimum. 

Let  us  construct  an  exemplary  velocity  hodograph  for  a  plane 
air  Intake  whose  inner  tube  is  of  constant  width  h,  and  let  us 
assume  that  the  pressure  £  and  the  speed  w  are  constant  on  its 

cuter  contour  (Pig.  3.3*6).  We  consider  the  streamline  through  the 
stagnation  point  C. 

The  velocity  that  is  constant  at  Infinity  A  Is  mapped  in  the 
hodograph  by  the  line  section  Oa  =  w^.  When  approaching  point  C, 
the  velocity  along  the  streamline  will  drop  to  zero  at  point  C  and 
deviate  a  little  from  the  x-dlrectlon;  let  it  be  given  by  the  curve 
abc.  On  the  streamline  branching  at  point  C,  the  inner  speed  contour 
fairly  quickly  reaches  the  given  finite  value  Wj^  somewhere  at  point 
D.  The  part  of  the  streamline  parallel  to  the  x-axls  transforms  to 


the  section  cd.  The  other  stroamlinej  Inside  the  channel,  AFO,  etc.  , 
correspond  to  the  dashed  curves  afd,...  in  the  hodograph.  The  stream¬ 
line  from  the  branching  point  C  on  the  outer  contour  CJKL  will  be  the 
section  cj  of  the  w^-axls  of  the  hodograph  on  which  the  velocity 
reaches  Its  maximum  value  the  velocity  vector  then  rotates 
through  180°  keeping  Its  magnitude  constant  -  In  the  hodograph  this 
will  correspond  to  the  semicircle  Jkl,  and,  beginning  at  a  certain 
point  L  It  will  decrease,  keeping  the  x-dlrectlon,  until,  at  some 
point  M,  It  becomes  equal  to  the  velocity  w  of  the  undisturbed 

OB 

flow  at  point  A.  The  outer  streamlines  APQR  outside  the  contour  ar>. 


given  as  dashed  lines  In  the  hodograph. 


Fig.  3*3«6.  Speed  hodo¬ 
graph  of  a  plane  air  In¬ 
take.  It  can  be  consider¬ 
ed  as  the  flow  from  a 
source  (intensity  Q) ,  a 
dipole  at  the  point  =  1 

with  the  moment  M  and  a 
sink  at  point  Wj^  (of  the 

same  Intensity  Q  as  the 
source). 


Completing  the  hodograph  to  a  full 

circle  by  reflecting  It  from  the  real 

aols,  we  may  assuiiie  that  the  flow  In 

the  hodograph  plane  can  be  realized 

by  a  dipole  and  a  source  at  point  a 

and  a  sink  at  point  d  with  an  Intensity 

equal  to  that  of  the  source  at  point  a. 

F(  r  the  circle  of  radius  w  to 

m 

be  a  streamline  1  Is  ncjessar/  that 
at  points  reflected  with  ;t  to  the 

circle,  there  exist  a  sou  'ce  ..d  a  sink 
of  equal  Intensity  and  r  '.po'.a  with  a 

moment  gi-catei  by  a  factor  of  w^/w 
.  .  .  ni'  m 

[cf.  (3.2.35)]. 

Assuming  w^  =  1  In  (3.2.35)  we 
obtain  the  complex  potential  in  he  I .  n;; 


+ 


I 

m-l 


ln(»  —  »,)4-ln 
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(3. 3.13} 


**  /  \l  2«U-*  »-<)’  (3»3»13) 


Introducing  the  denotation  M/Q  =  «  and  differentiating  xC*) 
with  respect  to  w  we  obtain  the  velocity  In  the  hodograph  planet 


_ «  ,  »  1  I 

Q  •— 1  w—1^  *1^  ' 


(3.3.14) 


For  determining  the  ratio  M/Q  we  have  the  condition  that  the 


point  w  =  0  Is  a  stagnation  point.  This  yields 

■  I  ■  I  ■  . 


Here 


(3.3. 15) 


•^2— (l+«)ln  (v-l) 


(3.3.16) 


This  equation  Is  very  Inconvenient  to  apply  In  practice.  In¬ 
troducing  the  parameter  t  lying  between  the  values 


,  _(*i +  »<••  +  •■,}>  {r»+l)(^«fcF  .  . 


the  following  approximate  relations  can  be  Introduced  (3,  2] 


4  (I,  +>,|.cclf  j/ 


(3. 3.18) 
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To  determine  the  length  of  the  curvllLn.ar  part  of  the  outer 
surface  (Pig.  3.3.7)  with  given  an  i  the  following  relation  can 
be  used: 


(3.3. 19) 


The  results  of  checking  optimum  plane  air  Intakes  show  good 
agreement  with  the  calculation  (cf.  Pig,  3.3.7).  It  should  be 


“1 

r 

4^^  1 

Li-r- - 

n 


Pig*  3«3-7.  Pressure 
distribution  over 
the  contour  of  the 
air  Intake  as  a  func¬ 
tion  of  x/h  from  ex¬ 
periment  Wj^/w^  =  0, 

0.4l,  0.73.  The  cal¬ 
culated  ratio  Is  Wj^/ 

/w  =  0. 40. 

vature  of  the  entry  part. 


noticed  here  that  a  very  small  radius  of 
curvature  of  the  Intake  edge  leads  to  the 
appearance  of  a  sharp  peak  In  the  pressure 
distribution  at  the  Intake  when  the  veloclt./ 
In  the  tube  deviates  from  the  calculated 
value  (cf.  curves  a  and  b  In  Fig.  3.3.7). 

An  especially  sharp  rarefaction  peak  arises 
If  the  velocity  In  the  tube  Is  smaller 
than  the  calculated  value;  In  the  case  of 
a  flow  of  a  real  fluid  this  will  cause 
stall.  The  range  of  operation  of  an  air 
Intake  can  be  extended  by  designing  It 
v.'lth  nonunlfor-m  ^  ssure  distribution  at 
the  Input  but  with  larger  radius  of  cur- 


3.4.  PORCES  AI®  MOI-IEIITS  OF  FORCEIj  ACTING  Of  THE  BODY  lN  A  i  LAIJE  FLOV, 
The  Chaplygin  formul..s.  Let  uj  Ider  a  steady  flow  of  an 
Incompressible  fluid  (not  necessarily  a  potential  flow)  lOut 
volume  forces,  flowing  without  stall  about  the  contour  L.  At  each 
point  of  the  streamline  contour  the  pressure  can  be  express,  i  In 
terms  of  the  velocity  with  the  help  of  the  Bernoulli  equati.;n  p  - 
=  H  -  p\i^/2. 
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Pig.  3*  !•  For  the  determination  of 

force  Interaction  between  a  solid  body 
and  a  flow. 


The  force  components  acting  on  the  element  with  respect  to  the 
coordinate  axes  will  be 

where  dl  Is  the  contour  element  (Fig.  3* ^. !)•  Integrating  over  the 
whole  contour  we  can  fonnulate  the  complex  quantity  of  the  force 
vector  reflected  In  the  real  axis: 

(dX —idY)=-  — 

(cost  — I  Sint)  ^1. 

but 

dx^e^di:  dz^e~*dl^{cc*^  —  i%\n^)dt, 

and  therefore 

H^X-iY^-i^pd7. 

Substituting  the  expression  for  from  the  Bernoulli  equation 
we  obtain 


since 


■«  e  *  ‘  r  r '*<//»  r  rfx. 


-  17^  - 


This  expression  represents  the  first  Chaplyi-ln  formula; 


J(=X-(Y=^ 


7*. 


Further,  calculatlni3  the  moment  of  the  forces  acting  on  the 


contour  L  we  obtain 

M^<^xdY  —  y  dX^ ^ p(kco%  3  sin  9)dl^» 

t  -l  -^*^(.xdx-\-ydy)  = 

“ 

O.'t.s 

Let  us  remember  that  the  sign  of  Re  designates  the  real  part 


of  the  expression  following  It.  This  formula  Is  called  the  second 
Chaplygin  formula. 

The  Zhukovskiy  formiil  for  the  lift.  Let  a  contour  located  In 


a  flow  be  replaced  by  the  totality  of  correspondingly  arranged 
singularities  In  a  parallel  flow  (Fig.  3- ^*2):  l)  n  soui'ces  (sinks) 


at  the  points  a,,  a^. 


with  the  Intensities  Q^,  t..  0^^, 


satisfying  the  condition  that  the 

contij"'  le  wlos«-J,  i:q,«0,  2) 

*•1 

m  vortlccG  at  points  b,  ,  b^,  ...  b 
—  i  c  m 

with  the  voi’tlclties  1 I 1’  . 
and  i’=  I  f* 

Tnw  v'^inplex  potential  of  the 


Pig.  3*  ^*2.  The  reaction  of 
a  fluid  on  a  body  Is  equal 
to  the  product  of  fluid  den¬ 
sity,  circulation  about  the 
body  and  speed  at  Infinity. 
The  direction  of  reaction  Is 
obtained  by  turning  the^ 
speed  vector  through  90°  In 
the  direction  opposite  to 
that  of  circulation. 


resulting  flow  will  then  be 


•  -I 


•  -I 


and  the  complex  velocity 
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V 


(3.4.4) 


^  J«  ^ '  2«i -iJ  *— •*’ 

*  I  **l 

where  ».=•»«<?-'•  is  the  complex  velocity  of  the  flow  at  Infinity, 
enclosing  the  angle  a  with  the  x-semlaxls.  Since  dx/dz  Is  an  analytic 
function  In  the  whole  region  outside  the  contour  considered.  In¬ 
cluding  the  point  z  =  00,  the  calculation  of  the  Integrals  can  be 
reduced  to  determining  the  residues  of  the  Integrand  for  the  point 
z  =  00,  But,  as  may  be  seen  from  Formula  In  the  vicinity 

of  z  =  00  we  have 


4,  •  ^  ^  ^  •  •  • 


it 


/rfl  \t  — ,  ,  —  t  . 

“  +  — - - +  •  • 

When  calculating  the  coefficients  A^,  A^,, 
count  that  In  the  vicinity  of  z  =  oo 

*  ^  '  1  •*  1  I 

•  •• 

_JL_-JL+??s+ 

jt  ^  j*  ^  •  •  *  • 


(3.  5) 


we  take  Into  ac- 


Thus, 


•-I  *-l 


J  dz  =  2ri2A^w^  «  2ri.; 

J  c  Jz  =  2r/  +  2\w,)  . 

„  f  I  «.<?*  2  r,»,  \1 

+  - I 

4»*  \  2«  2iU  /J 

and,  by  virtue  of  (3.4.1)  and  (3.4.2),  we  have 


(3.4.6) 


X — iY=  iprw, 
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(3.4.7) 


M  -  Rc  j  -  iy^'-  ^  y  ( 3.  h.  8) 

•  iTi  t-x  I 

Since 

ir«=  ziv—  -  \  .  (cos  »  — I  sin  a). 

we  have 

X—  />'=/iu’.r  (cos  a  —  i  sin  T  sin  ]  +  Tcos  a.  (  3«  9) 

This  formula  Is  named  after  N.Ye.  Zhukovskiy.  It  expresses  that 
the  pressure  force  R  of  a  flow  of  speed  streaming  about  a  contour 
with  the  circulation  f  Is  equal  to  the  product  of  fluid  density  p, 

circulation  f  and  flovj  speed  w^;  the  direction  of  the  force  Is 
obtained  by  rotatln:^  the  veloctly  vector  at  Infinity  through  90°  In 

direction  opposite  to  that  of  the  circulation  (cf.  Fig.  3* ^*2). 

The  force  dii  )C  .  pr-’  endlcularly  to  the  velocity  Is  called 
the  lift,  and  the  force  .  ..tie  direction  of  the  velocity  is  called 
the  drag.  Thus,  In  the  case  of  a  plane  flow  of  an  Invlscld  Incompres¬ 
sible  fluid  about  a  body  the  drag  is  equal  to  zero  and  a  lift  will 
arise  only  If  a  circulation  exists  about  the  body. 

Drag.  When  a  real  vl'cous  fluid  actually  flows  around  a  body 
the  latter  Is  subject  to  tl  •  ti.  of  a  drag.  The  Influence  of  the 
viscosity  manifests  Itself  not  only  in  ho  fom  of  a  direct  action 
of  tangential  stresses  but  also  In  a  change  of  ^h'-  pressure  distribu¬ 
tion  about  the  body  caused  by  the  change  of  the  1  low  [  under 

tne  action  of  the  viscosity.  This  difference  bet-.e^;  i  t  o  components 
of  the  total  drag  Is  best  elucidated  by  the  example  of  the  flow  about 
a  plane  plate.  When  the  plate  moves  In  a  direction  perpend' cular  to 
Its  plane,  the  total  drag  (Fig.  3-^.3)  Is  due  to  normal  strorres 
(pressure  £)•  But  when  the  plate  Is  displaced  in  Its  plane  in<_  dr  • 
will  arise  only  due  to  tangential  stresses  (friction  t). 

Observation  shows  that  when  a  fluid  streams  round  a  clidal: r 
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Pig.  3. 4.  3.  The  drag  of  a  plane  plate  arises 
In  case  (b)  mainly  on  the  expense  of  the  nor¬ 
mal  pressure  and  In  case  (a )  on  the  expense 
of  friction;  (c)  photograph  of  the  flow  about 
a  sharp  edge.  1)  Rarefaction  zone. 


cylinder.  Its  motion  In  the  first  Instant  of  time  after  leaving  the 
state  of  rest  has  a  character  that  deviates  little  from  potential 
flow  (Pig.  3.2.7;  1/d  =  1.17).  At  this  Instant  of  *  ^  the  pressure 
distribution  Is  very  similar  to  a  distribution  t  -»uld  correspond 

to  potential  flow.  The  adhesion  of  the  fluid  to  the  body  surface  in 
Its  Immediate  proximity  causes  the  formation  of  a  boundary  layer 
which  represents  an  entirely  turbulent  region.  The  fluid  particles 
Inside  the  bovindary  layer  lose  kinetic  energy  In  overc  mlng  the 
friction  and  are  no  longer  able  to  enter  the  region  of  higher  pres¬ 
sure;  what  Is  more,  they  start  moving  In  the  opposite  direction 
under  the  action  of  the  Increased  pressure  In  the  walce  zone,  thus 
giving  rise  to  the  formation  of  a  vortex  pair  that  changes  the  ve¬ 
locity  field  and  hence  the  pressure  distribution  (later  on.  In 
Chapter  6,  this  effect  will  be  discussed  In  greater  detail  (cf. 

Pig.  6.1.5)).  As  already  Indicated,  Pig.  3.2.7  gives  the  pressure 
distributions  for  a  cylinder  with  respect  to  the  path  It  travels 
after  the  motion  starts.  As  can  be  seen  from  these  curves,  the 
pressure  distribution  Is  changed  mainly  In  the  wake  region.  The 
vortices  arising  In  this  region  change  the  form  of  motion  (cf.  Pig. 
3.2.7);  a  rarefaction  zone  Is  formed  behind  the  cylinder  and  the 
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asymmetry  in  the  pressure  distribution  with  respect  to  the  y-axls 
causes  a  drag  force  to  arise  (from  normal  stresses.').  This  is  how 
drag  forces  (pressure)  appear  on  a  plate  positioned  normally  to  the 
stream  (cf.  Fig.  3. 4.3,b).  In  the  first  Instant  the  motion  is  a 
potential  one;  then,  at  the  plate  edges  where  the  speed  is  theore¬ 
tically  Infinite,  vortices  arise  under  the  action  of  the  viscosity 
(cf.  Pig.  3. 4. 3,c)  which  alter  the  form  of  motion,  and  behind  the 
plate  a  vortex  zone  forms  with  lowered  pressure  and  hence  a  drag 
force  arises  at  the  expense  of  the  normal  stresses. 

Applying  the  lavj  of  momentum  conservation, Newton  obtained  the 

2 

formula  for  the  drag  of  a  body;  it  reads  X  CApw  ,  where  C  Is  a 
coefficient  taking  the  degree  of  elasticity  of  the  Impact  into  ac¬ 
count  and  A  is  the  are.-  c  .  middle  cross  section.  Thus,  according 
to  Newton's  theory,  the  rg  is  independent  of  the  shape  of  the  body. 
This  can  be  explained  by  the  fact  that  Newton  considered  In  his 
studies  a  hypothetical  i  .i'-n  consisting  of  a  very  large  number  of 
very  small  substantial  p  rticles  of  definite  mass  which  are  not  In¬ 
terrelated.  When  a  body  moves  In  such  a  medium.  It  collides  with  all 
the  particles  positioned  along  its  r-u.  “  j  i>:'chanc^3  momenta  with 
them.  Since  the  mass  of  fluid  colliding  per  s.  :  '  -Ith  th*.  body  Is 
equal  to  pAw,  then,  assuming  that  a  velocity  w',  p^-v  per-tic..  .1  to 
the  velocity  w  of  the  body,  is  imparted  to  them,  we  ob-a'r  tne  above- 
expression  for  the  drag  of  a  body. 

Newton's  theory  is  not  confirmed  by  experiment.  The  dl  vt- r-ger.ee 
can  be  explained  by  the  fact  that  the  particles  postulated  by 
Newton  in  his  theory  do  not  Interact  with  each  other  and  t-  ’.‘cre.-s 
acting  on  the  body  were  taken  as  solely  due  to  effects  occur  r It. j  cn 
the  front,  the  sides  and  back  being  disregarded.  In  fact,  hc.c\:., 
they  are  of  great  importance.  This  is  because  the  mean  free  path 
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the  molecules  is  mall  compared  with  the  linear  dimensions  of  the 
body  and  because  a  whole  group  of  fluid  particles  comes  Into  motion 
In  the  flow  about  a  body.  Owing  to  the  particle  Interaction,  the  ac¬ 
tion  of  forces  on  the  body  cannot  be  determined  by  adding  up  the 
single  actions  as  If  parts  of  its  surface  could  be  separated  from 
the  body.  As  will  be  shown  In  Part  10.  3#  the  drag  model  suggested 
by  Newton  corresponds  to  the  motion  of  a  body  In  a  highly  rarefied 
gas. 

3.5.  WING  PROFTIi  THEORY 

Wing  profile.  The  profiles  of  wings  and  vanes  used  In  aircraft 
and  turbine  construction  usually  have  a  fom  that  Is  considerably 
elongated  In  the  direction  of  motion.  Their  front  edges  (or  leading 
edges)  differ  from  the  rear  edges  (or  trailing  edges).  The  wing 
shape  Is  determined  by  taking  the  wing  choixl  as  the  first  aols  (x) 
and  the  normal  to  It  (usually  at  the  leading  edge  or  In  the  middle 
of  the  chord)  as  the  second  axis  (y-axls).  The  wing  chord  Is  de¬ 
termined  as  the  projection  of  the  profile  on  a  certain  straight  line 


Pig*  3.5.1.  The  geometrical  parameters  of  the  proflle.b  —  chord  *3  ■ 

*=  d/b  —  thickness /chord  ratio  T  =  f/b  -  maximum  camber;  *" 

position  of  maximum  thickness;  =  b^/b  —  position  of  maximum  cam¬ 
ber;  and  ©2  are  the  angles  of  direction  of  the  leading  (trailing) 

edges;  B  Is  the  angle  of  bend  of  the  profile.  The  chord  position  Is 
conventional,  l)  Camber  line  of  profile. 

along  the  profile,  the  position  of  w’llch  has  to  be  exactly  fixed 
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For  excunple,  the  tangent  to  the  lov;er  contour  is  taken  as  this 
straight  line,  provided  It  can  be  drawn.  Frequently  this  strralght 
line  Is  drawn  from  the  cusp  of  the  trailing  edge  to  the  most  distant 
point  of  the  leading  edge  (Fig.  3*5*l)«  The  position  of  the  profile 
with  respect  to  the  direction  of  motion  Is  determined  by  the  geome¬ 
trical  angle  of  attack,  l.e. ,  by  the  angle  between  speed  vector  and 
wing  chord.  The  line  passing  through  the  centers  of  the  circles 
drawn  In  the  profile  Is  called  the  camber  line.  In  Pig.  3*  5«  1  the 
profile  chord  Is  determined  by  the  straight  line  Joining  the  ends 
of  the  camber  line. 

The  profiles  are  chai*acterized  by  the  maximum  bend  of  the 

camber  line,  T  =  f/b,  and  by  the  position  of  this  maximum,  =  ^^/b. 

The  profile  thickness  i  d  i-mlned  by  the  maximum  diameter  d  of  a 

circle  Inscribed  In  the  p  ‘  le  (thickness/chord  ratio  "3  =  d/b);  It 

Is  often  essential  to  know  i.he  position  of  the  maximum  thickness, 

“5,  =  b,/b.  The  curve  plo^'ted  '‘rom  Mie  carrier  line  of  the  pi\  file 
d  d 

In  order  to  obtain  a  prof  le  of  finite  thickness  -  what  Is  called 
a  body  profile  —  Is  called  the  thickness  curve.  It  also  deterr.J.nes 
the  angle  cu  between  the  tangc.iv^  ’  r'll'r.g  edge. 

Aerodynamic  profile  characteristics.  V.'hen  a  wing  moves  In  a 
fluid  It  Is  subjected  to  the  fluid's  reaction  wL  c  •  ' iy  con¬ 
sists  of  the  lift  y  (normal  to  the  speed)  and  th  Irag  K.  .  ..ides 
these,  a  force  moment  M  act.  on  the  wi'^-.  Usually  thos  qua  .titles 
are  characterized  by  the  dimensionless  coerfici''nts  of  lif'  ,  caag 
and  moment  defined  by  the  r*olatlons 

A'=CA^.  =  ^3.5.1} 

9  2  '2  2 

2 

Here  A  Is  the  wing  area  In  the  diagram,  q  =  pw  /2  Is  th>-  Jy- 
nam-ic  (speed -Induced)  load,  b  is  the  choixi  of  the  wing  at  an:,  -i" 
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section  when  the  wing  chord  vatrles  along  the  span. 

In  the  case  of  a  steady  motion  these  coefficients  mainly  de¬ 
pend  on  the  numbers  Re  =  wb/v  and  M  **  w/a. 

The  essential  characteristic  of  a  wing  profile  is  its  lift/ 
drag  ratio, 

(3.5.2) 

Cm 

which  is  called  the  quality  of  the  wing.  The  Inverse  quantity, 

C  /C  =  l/k  Is  called  the  r.lldlnr:  characteristic  (or  Inverse  quality). 

X  y 

Fig.  3.5.2  shows  typical  characteristics  for  three  profiles.  The 
distinguishing  features  of  the  profiles  for  low  speed  of  flight  are 
the  rounded  leading  edge  and  the  sharp  training  edge.  The  profiles 
used  for  transsonic  and  supersonic  speeds  (Fig.  3.5.3)  ai*e  charac¬ 
terized  by  sharp  leading  and  trailing  edges. 

The  quantities  C^,  and  are  given  In  tables  or  graphs. 

The  graph  that  directly  links  and  Is  called  the  polar 
L  of  first  kind  —  on  which  we  plot  the  angles  of  attack  or  the 
curve  Cy  as  a  function  of  the  angles  of  attack,  01.  On  the  same 
graph  usually  =  T  (Cy)  and  the  profile  quality  Cy/C^  are  given. 

Mechanism  of  viscous  fluid  flow  about  a  profile.  Using  the 
example  of  a  cylinder  (cf.  Fig.  3.2.7)#  It  has  been  shown  that 
at  the  initial  Instant  when  a  solid  body  begins  to  move  In  a  real 
fluid  the  flow  Is  potential  In  character  and  free  from  circulation  . 

If  a  wing  profile  is  located  In  the  fluid  stream,  then,  when  the 
angle  of  attack  is  large  enough  (exactly  with  Cy  >  O),  the  forward 
stagnation  point  will  lie  on  the  lower  surface  near  the  leading 
edge  and  the  rear  stagnation  point  will  be  on  the  upper  surface 
of  the  wing  profile  near  the  trailing  edge  (cf.  Fig.  3.5*3#^).  The 
sketch  In  Fig.  3.5.3  shows  the  streamlines  drawn  after  the  photograph 
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of  a  flow  about  a  v.-ing  profile  at  the  Initial  Instant  of  motion.  As 
has  been  shown  (cf.  Fig.  3* 5. 3) >  in  *  e  flow  about  a  sharp  corner 
the  speed  at  the  sharp  edge  of  the  profile  S  reaches  very  high  values, 
which  are,  theoretically.  Infinitely  high.  If  we  choose  at  this 
Instant  a  certain  contour  C  enclosing  the  wing  profile  and  formulate 
the  expression  for  the  circulation  with  respect  to  this 

contour,  then,  as  the  motion  Is  a  potential  one  everywhere,  the 
circulation  vanishes. 


3* 5* 2.  Typical  profile  characteris¬ 
tics.  a)  For  low  speed  of  flow;  b)  for 
supersonic 

By  virtue  of  the  Bernoullll  equation,  i..e  pi-ossure  at  the  polrt 
S  will  be  minimum  and  since  at  the  point  R  the  specc  .a  ^ro  and 
therefore  the  pressure  Is  highest,  a  pressui-c  'radlent  .  ii  exist 
In  the  direction  from  R  to  S. 

If  a  fluid  streaming  about  a  profile  Is  Invlscld,  klnecic 

energy  of  an  arbitrary  particle,  and  hence  of  those  passlrg  throug' 
near  the  point  S  will  be  high  enough  for  such  a  particle  lo  '  .i  -  . 
the  point  R.  But  owing  to  the  presence  of  friction,  how  ^vci  t.r.cLll 
It  may  be,  the  kinetic  energy  of  the  particles  passing  near  S  v.  •  ' 
be  Insufficient  for  them  to  enter  the  region  of  higher  - 
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to  rtooh  point  R.  Their  motion  becomes  frozen,  and,  what  Is  more, 
the  fluid  In  this  zone  displays  a  reverse  motion,  which,  owing  to 


j  & - - ^  Pig.  3«5«3*  Appearance  of  circulation 

]  _ -rru  about  a  wing.  At  the  very  beginning  o^* 

I  f  L  the  motion  the  flow  is  potential  In 

L  _  j|  character  (photogi’aph  a  and  sketch  I). 

^  I  Under  the  Influence  of^ viscosity  and 

pressure  difference  (the  pressure  Is  higher 
at  point  R  than  at  point  S)  a  reverse  no¬ 
tion  arises  In  the  boundary  layer  (sketch 
II),  the  Initial  vortex  Is  formed  )photograph  b)  and  Is  carried 
downstream  with  the  flowj  photograph  c  shows  the  formation  of  the 
vortex  In  the  case  of  a  large  angle  o7  attack  (the  camera  Is  at 
rest  with  respect  to  the  undisturbed  fluid);  photograph  d  shows,  the 
motion  when  the  wing  was  stopped  right  after  the  startliig  vortex  had 
formed  (photograidi  c)  and  the  second  stratlng  vortex  of  opposite  sign 
appeared.  The  process  of  growth  of  the  starting  vortices  takes  until 
(sketch  III)  the  partition  point  R  coincides  with  the  trailing  edge 
S.  The  starting  vortex  formed  alters  the  velocity  field  about  the 
wing  In  such  a  way  that  the  circulation  with  respect  to  the  contour 
enclosing  the  wing  becomes  different  from  zero,  and,  at  any  Instant 
of  time,  equal  to  the  circulation  of  the  starting  vortex,  but  with 
the  opposite  sign  (sketch  IV). 


the  great  difference  of  pressures  at  R  and  S  (cf.  Pig.  3»5»3*  II), 
leads  to  the  formation  of  what  Is  called  the  Initial  (starting) 
vortex  whose  strength  will  Increase  with  time.  Since  this  vortex 
Is  located  In  the  fluid  stream  moving  from  S  to  R,  a  Zhukovskiy  force 
will  arise  In  It,  directed  away  from  the  profile,  under  the  action 
of  which  the  vortex  will  be  carried  along  by  the  main  flow.  Since 
the  circulation  with  respect  to  a  sufficiently  large  contour  AFBCEDA 

would  be  equal  to  zero  at  the  origin  of  motion,  the  formation  of 
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the  starting  vortex  must  lead  to  a  change  of  the  velocity  field  on 
the  wing  that  Is  equivalent  to  the  application  of  a  circulatory  mo¬ 
tion  about  the  profile  with  a  circulation  equal  In  magnitude  and 
opposite  In  sign  to  the  circulation  of  the  starting  vortex;  (eg. 
Pig.  3.5.3,  IV).  The  Intensity  of  the  starting  vortex  Increases  as 
long  as  the  speeds  at  the  trailing  edge  from  the  upper  and  lower 
surfaces  differ  (Zhukovskiy -Chaplygin  condition),  l.e. ,  until  the 
point  R  where  the  flow  parts  coincides  with  the  trailing  edge  S. 

In  other  words,  the  circulation  about  the  wing  must  be  so  chosen 
that  the  Infinitely  large  speed  at  the  sharp  trailing  edge  of  the 
wing  profile  Is  eliminated.  The  vortex  producing  such  a  circulatory 
motion  as  the  wing  does  and  which,  consequently,  can  replace  the 
wing.  Is,  according  to  N.  Ye.  Zhukovskiy,  termed  the  adjacent  vor* 


Pig.  3. 5-^.  Vortex  system  of  a  finite  wing;  the  system  of  adjacent 
and  free  vortices  produces  at  the  wing  the  velocity  u  in  the  direc¬ 
tion  opposite  to  that  in  v.hich  the  lift  acts;  the  llTt  ==  pw^f  and 

an  Induced  drag  act  In  each  wing  cross  section  (per  unit  length  of 
the  wing  span). 

Induced  drag  of  a  wing  of  finite  span.  As  early  as  1913  S.  A. 
Chaplygin  considered  a  scheme  in  which  an  adjacent  vortex  of  con¬ 
stant  strength  at  the  tips  of  a  finite-span  wing  goes  over  Into 
free  vortices,  which  are  carried  along  by  the  main  flow  and  driven 
towards  the  rear.  This  Is  the  slmpicst  scheme  of  a  wing  of  finite 
span  (Fig.  3.5.^)  and  Is  termed  n-shaped. 


In  fact «  owing  to  the  pressure  compensation  at  the  tips  of  the 
wing,  the  circulation  with  respect  to  the  wing  span  varies  fx*om 

section  to  section  and  vortices  with  the 
strength  fir  separate  from  each  section  of 
the  wing  and  they  form  the  vortex  shroud 
behind  the  wing.  This  shroud  is  unstable  and 
yet  at  a  relatively  short  distance  from  the 
wing  It  disintegrates  Into  a  series  of  dis¬ 
crete  vortices  which  are  especially  Intense 
at  the  tips  -  the  vortex  "whiskers. " 

The  system  of  adjacent  and  free  vortices, 
the  theory  of  which  has  recently  been  de¬ 
veloped  In  the  papers  of  L.  Prandtl  produce 
at  the  wing  the  velocity  u  In  the  direction 
opposite  to  that  In  which  the  lift  Is  acting. 
The  interaction  between  vortices  and^the  Aow 
causes  in  accordance  with  Zhukovskiy's  theory, 
a  drag  force  to  arise  which  Is  equal  to  puf  per  unit  length  and 
which  Is  called  the  Induced  drag  Xj^. 

An  expression  for  the  Induced  drag  can  be  obtained  also  from 
purely  mechanical  considerations.  Let  us  assume  (Pig.  3.5.5)  that 
tne  action  of  the  wing  on  the  air  Is  limited  by  the  mass  of  air 
passing  through  a  certain  area  Ajj  perpendicular  to  the  direction 
of  motion.  The  mass  of  air  passing  through  A^^  per  second  receives 
from  the  wing  a  momentum  directed  downwards  which  Is  equal  to  the 
lift: 

The  kinetic  energy  of  this  mass  of  fluid 
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Pig.  3.5.5.  To  the 
mass  passing 

per  second  through 
the  section  Aj^ 

wing  linpujrts  the 
velocity  u  directed 
downwards"  which 
changes  the  momen¬ 
tum  of  this  mass. 

The  force  Ry  arises 

acting  on  the  wing 
In  upward  direction. 


must  be  equal  to  the  work  of  moving  the  wing,  Thus, 

c, 

a ^*\Ah  4  A» 

In  the  theory  of  a  wing  of  finite  span  It  will  be  shown  that 
when  the  load  Is  so  distributed  over  the  span  that  the  drag  Is 
minimum,  the  area  Aj^  Is  the  area  of  a  circle  constructed  with  the 
wing  span  1  as  the  diameter  (A^  =  7t1^/4), 


(3.5.3) 


The  ratio  A  =  1  /A  Is  called  the  aspect  ratio. 


The  Induced  drag  represented  In  a  first-order  plot  of  the  co¬ 
ordinates  C  ,  C  Is,  as  can  be  seen  from  the  latter  relation,  a 
A  y 

second-order  parabola  (cf.  Pig.  3.  5. 2, a).  The  additional  motion  of 
fluid  arising  about  the  finite  wing  and  having  a  velocity  directed 
normally  to  the  velocity  of  the  main  flow  leads  to  the  actual  angle 
(cf.  Pig.  3.5.^) 


I»=arcfg  (3.5.^) 

A  more  detailed  analysis  of  the  operation  of  a  finite  wing 
will  be  given  later  on,  l.e. ,  In  Chapter  7,  Right  now  we  want  to 
point  out  that  even  in  an  Invlscid  fluid  a  drag  force  arises, a 
force  that  Is  directed  along  the  flow  velocity.  This  Induced  draig 
force  Is  proportional  to  the  lift  squared. 

The  Infinite-span  wing.  When  considering  a  cylindrical  wing 
whose  span  reaches  to  Infinity  on  both  sides  (l.e.,  Ac®),  the  mass 
of  the  downwash  will  also  tend  to  Infinity,  (as  the  square  of  the 
span)  and  the  speed  of  the  mass  of  the  downwash  will  tend  to  zero. 
The  Induced  drag,  proportional  to  l/A,  will  at  the  same  time  also 
tend  to  zero. 

In  the  n-shaped  vortex  system  of  a  finite  wing  the  circulation 
of  the  adjacent  vortex  for  a  cylindrical  wing  and  the  circulation 
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the  free  trailing  vortices  at  the  tips  are  constant  and  Identical. 
In  the  case  of  a  wing  of  infinite  span  the  distance  between  the  free 
vortices  of  finite  strength  r  generated  at  the  wing  tips  becomes  ln« 
finitely  large,  while  at  the  same  time  the  speed  and  the  force  of  the 
Induced  drag  due  to  these  vortices  vanish. 

The  case  of  the  infinite  cylindrical  wing  considered  Is  a  case 
of  plane  notion. 

Flow  about  an  arbitrarily  positioned  disk.  To  develop  the  theory 
of  a  body  profile  of  arbitrary  shape  we  start  by  considering  a  stream 
with  the  circulation  r  flowing  about  a  circle  of  radius  r^  In  the 
plane  with  the  center  at  the  point  Cq.  If  the  direction  of 

the  velocity  w^  at  infinity  Includes  the  angle  a  with  the  x>axls, 
then,  transposing  the  center  of  the  circle  to  the  point  Cq  and  turn¬ 
ing  the  plane  through  the  angle  a  we  obtain  from  Expression  (3.2.23) 
the  complex  potential  (the  additive  consteuit  being  dlsregaixled) 

x(C)=.»-e-''(C-g  +  -!^  +  £.|n(C-g.  (3.5.5) 

Here  the  clockwise  direction  of  circulation  is  taken  as  the 
positive  one.  The  complex  velocity  Is 


IT 


(3. 5.6) 


(t-W*  2>(C-U 

Circulation  atout  a  profile.  As  has  been  already  shown,  a 
function  z  =  f(^)  can  be  set  up  that  conformally  transforms  the  re¬ 
gion  outside  the  circle  —  this  circle  is  denoted  as  the  generatrix  — 


to  the  region  outside  some  arbitrary  contour  L  in  the  plane  z  «  x  + 
+  ly.  Here,  if  we  demand  that  the  infinity  points  and  the  speeds  at 
them  should  coincide,  (bp  =  0;  =  l),  the  function  must  have  the 
form  of  a  series 


•  •  (3.5.7) 

The  characteristic  stream  function  for  the  flow  about  the  con- 
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tour  L  Is  found  by  substituting  the  value  ^  »  0(2)  In  (3.5.5)  and 
will  read  xC^)  *  X(s(z)],  where  C  *  g(z)  Is  the  solution  to  the  e- 
quatlon  z  »  f(0-  The  complex  velocity  In  the  z-plane  Is 


(3. 5.8) 

The  determination  of  the  circulation  F  for  the  general  case 
of  a  cylindrical  body  Is  an  Indefinite  problem  as  the  magnitude  of 
the  circulation  depends  on  the  viscosity  of  the  fluid  and  Is  con¬ 
nected  with  the  formation  of  vortices  on  the  body  surface.  For  con¬ 
tours  of  small  curvature  and  thickness  having  a  sharp  trailing  edge 
with  small  angles  of  attack  the  magnitude  of  the  circulation  can  be 
determined  Independently  of  the  viscosity  from  the  Zhukovskiy -Chaply¬ 
gin  condition. 

The  fact  that  the  piofile  has  a  sharp  trailing  edge  disturbs 
the  conformal  mapping  at  this  point.  In  fact,  the  angle  n  at  point 
0  on  the  circle  corresponding  to  the  trailing  edge  S  of  the  profile 
will  correspond  to  the  angle  27t  -  oo  on  the  profile  (Plg.  3.5.6). 
Therefore,  the  mapping  function  In  the  vicinity  of  this  point  must 
read 


C,)  •  (3. 5-9) 

where  #(C)  Is  a  function  that  Is  analytic  at  this  point  and  dif¬ 
ferent  from  zero.  Since  oj  <  n,  we  have  for  this  point 

(S’),  ~  ®  ~  ^  ° 

Comparing  this  result  with  (3*5'>8)  we  come  to  the  conclusion 
that  the  Zhukovskly-Chaplygin  condition  of  finite  speed  at  the 
trailing  edge  requires  that  d  /d^  =  0  at  this  point  of  the  circle, 
l.e.  ,  that  the  rear  separation  point  (stagnation  point)  of  the  circle 
is  transformed  to  the  trailing  edge  of  the  profile. 

To  determine  the  position  of  the  stagnation  points  on  the 
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circle  Me  use  Eq.  (3.5*6).  Let  (Pig.  3-5.7)  be  the  angle  between 


Pig.  3.5.6.  Mapping  in 
the  tred.ling  edge  re¬ 
gion;  according  to  the 
Zhukovskiy -Chaplygin 
condition  the  trailing 
edge  must  be  mapped  to 
the  separation  point 
of  the  circle. 


^  ■  a  -»•  we  find  the  position  of  the  forward  stagnation  point  for 
the  angle  (Pig.  3.5.7). 


Pig-  3-5-7.  Correspondence  of  the  stagnation 
points  on  the  circle  and  on  the  profile. 

Thus,  since  (3.5.10)  is  fulfilled  I’cr  the  angle  •—(0+0*).  as 

well,  the  second  point  will  lie  on  the  circle  In  such  a  way  that 

the  chord  Joining  the  stagnation  points  on  the  circle  will  be 

parallel  to  the  velocity  at  Infinity. 

The  lift  and  the  first  axis.  Substituting  the  expression 

r  ■>  lev.r,  iJa  (e-f 

In  the  Zhukovskiy  formula  for  the  lift  we  find  (per  unit  length) 


the  radius  drawn  from  the  center  of  the 
circle  to  the  rear  separation  point  of 
the  stream  and  the  (-axis,  so  that(^  ■ 

«  ^0  +  e3tp(-iaQ).  Then  from  Expression 

(3.5.6) 

we  obtain 

r  M  4itr,w.  sin  (■  4-1^.  (3.5.10) 

Assuming  r:4nt0»r«<l  and  denoting  the 
angle  between  the  radius  vector  OS  and 
the  direction  of  the  velocity  w^  by 
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K-4*pr.f,t«n(«  +  iJ.  (3. 5.11) 

In  what  follows  It  is  more  convenient  to  consider  that  the  z- 
plane  (wing  profile)  and  the  ^ -plane  (generating  circle)  are  super¬ 
imposed  In  such  a  way  that  the  x-axls  coincides  with  the  |-axls  pas¬ 
sing  through  the  forward  stagnation  point,  and  the  y-axls  with  the 
Tj-axls  (Fig.  3.3.8). 


Pig-  3.5.8.  Superposition  of  the 
z-plane  (profile)  and  the  ^ -plane 
(circle). 

Taking  the  direction  of  reading  the  angles  a  and  Into  ac¬ 
count  we  notice  that  the  lift  becomes  zero  'when  the  speed  Is  di¬ 
rected  along  the  radius  Joining  the  center  of  the  circle  with  the 
backward  stagnation  point  on  the  circle.  This  direction  defines 
the  first  axis  of  the  profile.  The  angle  a  +  a^,  l.e,  ,  the  angle 
enclosed  by  the  speed  direction  and  the  first  axis  of  the  profile 
is  called  the  aerodynamic  angle  of  attack. 

The  aerodynamic  properties  of  the  profile  are  of  course  not 
determined  by  the  geometrical  angle  of  attack,  at,  which  depends  on 
the  choice  of  the  direction  of  the  x-axls,  but  by  the  aerodynamic 
angle  of  attack  =  a  +  which  Is  Independent  of  the  coordinate 
system. 

Moment  and  the  second  axis  of  the  profile.  To  determine  the 
moment  with  respect  to  the  coordinate  origin  the  second  Chaplygin 
formula  (3.^-3)  must  be  used.  Noticing  that  bj^  in  (3.5.7)  has  the 
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dimension  of  length  squared  and  therefore  supposing 

It  can  be  shown  that 

jMe  —  {<«<***” (3*5»  12) 

If  the  flow  is  directed  at  the  angle  a  =  p,  the  moment  with 
respect  to  the  center  of  the  transforming  circle  will  be  equal  to 
zero,  l.e. ,  In  this  case  the  lift  vector  will  pass  through  the 
center  of  the  circle.  The  straight  line  passing  through  the  generat¬ 
ing  circle  and  Including  the  angle  P  with  the  ^“S^xls  Is  called  the 
second  axis  of  the  profile. 

The  Zhukovskiy  profile.  If  Series  (3«5*7)  Is  broken  off  after 

2 

the  fli*st  two  terms  and  we  put  =  c  where  £  is  a  real  number,  1.  e.  , 
we  take 

(3.5.13) 

then,  depending  on  the  position  and  the  radius  of  the  generating 
circle  passing  through  point  C  =  c  contours  will  be  obtained  which 
have  the  form  of  a  wing  profile  with  a  sharp  trailing  edge  at  the 
point  z  =  2c.  Such  prcflles  have  been  Investigated  by  N.Ye.  Zhukovs¬ 
kiy  and  are  named  after  him. 

Writing  (3.5.13)  In  the  form 

and  comparing  It  with  (3*5.9),  we  rind  that  the  trailing  edge  angle, 
namely  the  angle  between  the  tangents  drawn  at  the  training  edge  to 
the  upper  and  the  lower  profile  contours,  is  ou  =  0  for  such  profiles. 

A  plane  plate.  It  is  obtained  when  the  center  of  the  generating 
circle  Is  taken  In  the  coordinate  origin  (Plg.  3. 5.9#a).  Then 

+  2cco$»;  X— 2ccoil:  >a0. 

Here  «  0,  c  =  r^,  the  choi-d  of  the  plate  Is  b  *  and, 
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owing  to  (3*5*ll)»  we  have 


C,-  2«  »in  •  a:  2e«.  (  3. 5.  i4 ) 

The  arc  of  the  circle  (Pig.  3- 5* 9)-  If  we  place  the  center 
of  the  generating  circle  at  the  point  we  obtain  the  arc  of  the 

circle. 

Writing  (3* 5* 13)  In  the  form 

•— »\« 

riTrKn^)'  (3.5.15) 

we  obtain  2ln^^  l.e. , 

«+J«  C+«  ' 


If  the  point  4  runs  over  the  upper  arc  of  the  Initial  circle 


from  c  to  — c,  arg  Jr:!-  will  be  equal  to  the  angle  6  adjacent  to  the 
chord  (+c,  — c).  The  chord  (+c,  — c)  is  said  to  be  seen  from  any  point 


of  the  circle  at  the  angle  of  0.  This  angle  will  be  the  same  for  all 


points  of  the  upper  arc  of  the  circle.  Thus,  passing  around  the  up¬ 
per  arc  of  the  Initial  circle  In  the  C -plane  will  correspond  to 
leasing  along  a  certain  path  on  the  z -plane,  the  chord  of  which  Is 
(-2c,  +2c);  the  angle  at  which  this  chord  Is  seen  from  any  point  of 
the  arc  Is  20. 


For  the  lower  part  of  the  Initial  circle  this  angle  will  be 
equal  to  n  — 0.  The  corresponding  angle  on  the  z -plane  will  be 
2(7t  —  0);  traveling  round  the  lower  part  of  the  circle  K  will  cor¬ 
respond  to  traveling  In  the  opposite  direction  round  the  same  arc 
of  the  circle  In  the  z -plane.  The  circle  K  Is  thus  transformed  to 
an  arc  which  must  be  run  through  twice.  The  maximum  camber  f  of  this 


arc  Is  obtained  by  substituting  C  =  l(rQ  +  h)  In  (3.5.13)  where  h 


is  the  ordinate  of  the  center  of  the  circle: 


(3.5. 16) 
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Fig.  3*5«9»  Zhukovslcly  profiles  obtained  by  a  transformation  of  the 

form  /•t+'Y. change  their  shape  in  dependence  on  the  position  of  the 

center  and  the  size  of  the  transforming  circle,  a)  Plane  plate  with 
a  midpoint  coinciding  'with  the  cooixllnate  origin  amd  r-j  ■  c;  b)  arc 
of  circle,  its  center  shifted  along  the  imaginary  axls'^  by  f/2, 

cj  ellipse  with  the  semiaxes  a  4  c^/a  and  a  -  c^/a,  its 
center  at  the  coordinate  origin  r^  =»  a;  d)  synnnetrlcal  profile,  its 

center  shifted  along  the  real  axis  —  mapping  of  the  ellipse  (Kg 
transformation)  in  the  leading  edge  zone  and  of  a  plate  (Kj  transfor¬ 
mation)  in  the  trailing  edge  zone;  e)  general  case  of  a  solid 
Zhukovskiy  oroflle,  its  center  shifted  along  both  the  Imaginary  axis 
(for  camber)  and  the  real  axis  (for  thickness);  f)  a  very  strongly 
bent  profile  can  be  obtained  if  the  circle  Is  replaced  by  another 
closed  curve,  for  example,  an  ellipse  positioned  as  is  shown  in  the 
figure.  1)  First  axis. 


The  symmetrical  profile.  To  obteiln  profiles  with  rounded  lead¬ 
ing  edges  we  first  conslde"  the  transformation  *»C+ i  of  a  circle 
with  the  center  at  the  coordinate  origin  and  a  radius  a  greater 
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than  c: 


+  y)cc«  •  +  J 

l.e. ,  z  described  an  ellipse  (cf.  Pig.  3*5*9*c)  with  the  aesd^axes 
a  +  c®/a  and  a  -  c^/a. 

Thus,  If  we  take  a  circle  of  radius  r^  -  c(l  +  e)  with  the 
center  on  the  real  axis  and  passing  through  the  points  C  *  c  and 
^"“*(1+2*)  (cf.  Pig.  3*5*9»d)  and  transform  It  to  the  z-plane. 

In  the  region  of  point  z  «  2c  we  shall  obtain  an  element  of  the 
plane  plate  and  In  the  region  of  z  -  -2c  an  element  of  the  ellipse, 
and  the  whole  circle  K  Is  transformed  to  a  symmetrical  profile.  Hence, 
to  obtain  profiles  with  rounded  leading  edges,  the  center  of  the 
generating  circle  needs  to  be  shifted  so  that,  as  before,  this  circle 
passes  through  the  backward  singular  point  and  the  forward  one  should 
He  within  It.  The  equation  of  the  generating  circle  Is 
Introducing  this  expression  for  C  Into  the  transformation  Formula 
(3*3«13)  and  expanding  It  into  a  power  series  In  e  we  find 

•i2rcoif+ft(coi2t-l)+irt(2.  '  ^ -iln2»)+ . . . 

Here  the  chord  of  the  wing  Is  equal  to  «(v)ai4c.  (to 

within  e  )  and  the  greatest  thickness  of  the  profile,  d.  Is  determined 
from  the  equation 

-J-  -f*  (2$ln  •-  iln  2*)^. 

Thus, 

(3.5.17) 

•  4t 

The  lift  coefficient  Is 


C*-2*(I+«)iln«*2*(l  +  0.7ry)iln«.  (3.5. 18) 

The  solid  Zhukovskiy  profile  with  rounded  leading  edge  and 
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with  a  frame*  In  the  fom  of  circular  arcs  .'.s  obtained  if  the  center 

of  the  generating  circle  Is  shifted  In  such  a  way  that  the  point  c 

comes  to  lie  within  it.  To  render  the  analysis  more  convenient  the 

center  of  the  circle  Is  shifted  by  ea  along  the  first  axis,  with 

(cf.  Pig.  3.5. 9, e),  l.e.  ,  the  position  of  the  center  of 

the  generating  circle  will  be  +c)r’^  and  Its  radius  ri* 

the  lift  will  therefore  be  equal  to 

P«:4npc^a(l-f  (3.  5*  19) 

In  the  general  case  the  calculation  of  the  lift  coefficient 

C  Is  very  complicated  because  the  wing  chord  b  Is  a  function  of 

y 

its  thickness  (connected  with  the  parameter  e)  and  of  the  camber 
f  (connected  with  h).  But  within  the  limits  of  small  quantities 
these  parameterr  can  be  assumed  to  be  approximately  the  same  as 
those  for  a  symmetrical  profile 

l.e.  where 

w  w 

C,-2«(l+0.77.J)(.+^).  (3.5.20) 

where  f  Is  the  maximum  camber  of  the  center  line  of  the  profile. 

The  trams  formation  of  an  ellipse.  We  notice  that  the  N.Ye. 
Zhukovskiy  transformation  can  also  be  applied  to  other  smooth  con¬ 
tours  that  pass  through  the  point  C  =  c,  the  flow  about  which  la 
known,  e.g.  ,to  an  ellipse.  This  yields  a  still  greater  variety  of 
profile  shapes  (cf.  Fig.  3. 5.9»f). 

Qenerallzed  Zhukovskiy  profiles.  To  obtain  profiles  with  a 
nonvanishing  trailing  edge  angle  u>,  N.Ye.  Zhukovskiy  has  applied 
to  the  circle  the  general  transformation 


M  —  tt ^lK  —  € 


(3.  5.21) 


The  frame  of  these  profiles  ccrslsts  of  two  circular  arcs  in¬ 
tersecting  at  the  trailing  edge  at  an  angle  co  (Fig.  3.5.10).  The 


profile  shape  is  chanced  by  chanclnc  the  position  of  the  center  of 
the  circle  and  of  its  size.  The  chord  of  these  profiles  is  equal  to 
I  2kc.  The  lift  coefficient  is 

C,  “-7*1"  (•+?).  (3.5.2^) 

Roundinc  of  the  profile  at  the  leadinr;  odee.  If  the  ceneratinc 
circle  is  so  chosen  that  it  enclosed  both  the  points  then, 

using  Transformation  (3*5.  13),  we  obtain  a  profile  without  corner 
points.  For  such  profiles  the  determination  of  the  circulation 
becomes  an  indefinite  problem. 


Pig*  3-  5* 10.  Generalized  Zhukovskiy 
profile  (nonvanl shine  trallinc  edge 
angle).  The  circle  is  transformed 

to  two  Intersecting  arcs  (the  profile 
frame). 

Comparison  with  experiment.  Pic,  3.5.11  shows  the  polars  of 
one  and  the  same  Zhuvskly  profile  for  various  decrees  of  roughness 
of  the  surface.  The  points  on  the  polars  corresponding  to  one  and 
the  same  angle  of  attack  lie  on  straight  lines  whose  sections  with 
the  C  -axis  give  the  C  values  holding  for  zero  profile  losses.  It 
can  be  shown  that  those  C  values  that  correspond  to  zero  drag  are 
in  very  good  agreement  with  the  theoretical  values*.  It  follows  from 
these  experiments  that  for  a  well  polished  surface,  such  as  is  com¬ 
monly  used  in  laboratory  practice,  the  value  dC^lda^iA  is  virtually 
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Independent  of  the  Re  nunber. 

*  > 

Systematic  Investigations  show  that  the  values  off  dCJd^/^^  Sj  ' 
retains  Its  significance  for  other  Zhukovskiy  profiled  too,  j 

less  of  their  thickness,  and  also  for  profiles  with  other  coniourt 
but  with  zero  trailing  edge  angle;  (Pig.  3.  5. 12).  However,  dC^/da 
decreases  with  Increasing  trailing  edge  angle  u).  This  is  seen  from 
Pig.  3»  3<  12  whei^  the  values  of  dC  /dot  are  given  for  a  series  of 
profiles  whose  trailing  edge  angles  vary  proportional  to  the  pro¬ 
file  thickness.  This  result  disagrees  with  Relations  {3.5. 18)  and 
(3.5.20),  after  which  dC^/da  increases  with  the  profile  thickness 
and  the  trailing  edge  angle. 


Pig.  3.5.11.  Experimental  polars  of 
a  Zhukovskiy  profile  with  various 
degrees  of  roughness  of  the  surface 
and  the  extrapolation  of  the  lift 
to  zero  profile  drag,  l)  Theory. 


These  results  show  that  the  appearance  of  a  circulation  about 
the  wing  Is  determined  by  the  conditions  under  which  the  starting 
vortex  forms.  Obviously,  this  process  is  connected  with  the  effect 
of  viscosity;  not  directly,  as  would  be  expressed  In  the  dependence 
dCy/da  on  the  Re  number,  but  Indirectly,  due  to  a  change  of  the 
form  of  the  motion. 
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Pig.  3. 5* 12.  Experimental  results 
of  a  series  of  profiles  with  var¬ 
ious  trailing  edge  angles. 


However,  this  complication  considerably  encumbers  the  whole  in¬ 
vestigation  of  the  Influence  of  each  pai’ameter  on  the  pro¬ 

file  shape  and  its  aerodynamic  characteristics. 

The  transforming  Chaplygin  Function  (3- 5- 24)  has  its  simplest 
form  with  k  »  0  (zero  trailing  edge  angle); 


t-*.  ‘ 

Figure  3.5.13  shows  two  Chaplygin  profiles. 


(3.5.26) 


3.  6.  SOLUTION  OF  THE  PROBLEM  OF  THE  PLOW  ABOUT  A  BODY  BY  THE  METHOD 
OP  CONTINUOUSLY  DISTRIBUTED  SINGULARITIES 

Method  of  vortex  sheets.  As  it  has  been  shown  above  (cf.  Section 
2.6)  in  the  case  of  a  velocity  potential  the  viscosity  at  a  distant 
from  the  body  does  not  affect  the  motion  of  the  fluid  and  the  pres¬ 


sure  distribution  in  it.  But  from  the  boundary  conditions  it  fol¬ 
lows  that  the  supposition  on  a  motion  potential  cannot  hold  near 
the  boundary  of  the  body.  Certainly  there  must  exist  here  a  region 
of  vortex  motion  -  a  "vortlclty  layer"  as  it  was  called  by  N.Ye. 
Zhukovskiy. 


In  this  very  thin  boundary  layer,  whose  thickness  is  equal  to 


for  a  plate  of  length  1,  the  speed  changes  from  zero  at  the  bound¬ 


ary  to  Wq  corresponding  to  potential  flow.  This  sharp  change  of 
speed  Involves  the  formation  of  high  Intensity  vortices. 

If  is  an  element  noimal  to  the  body  lying  in  the  boundary 
layer,  dA^  =  w^dy  will  be  the  area  of  vortex  formation  per  second. 
In  the  case  of  a  plane  flow  the  angular  rate  of  rotation  of  par¬ 
ticles  is  equal  to  ±  ±  in  ^  since  the  velocity  w 

7  \  djt  4jf  /  3  ‘  y 

varies  only  little  in  the  x-dlrection  and  the  total  velocity  of  the 
boundary  layer  vortices  formed  per  second  is  equal  to 
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It  follows  from  this  expression  that  the  vortex  flux  per  unit 
time  does  not  depend  on  the  thickness  of  the  vortical  boundary 
layer;  It  Is  mainly  determined  by  the  shape  of  the  body.  Therefore, 
In  the  limiting  case  of  viscosity  v  0,  corresponding  to  Roic/; v-»ae, 
suid,  therefore,  6  -♦  0,  the  boundary  layer  goes  over  to  an  Infinitely 
thin  vortex  sheet  with  the  same  vortex  Intensity.  This  establishes 
the  correspondence  between  the  velocity  Jump  (its  discontinuity)  In 
an  Invlscld  fluid,  formally  Introduced  at  the  boundary  of  a  solid 
body,  and  the  limiting  case  of  a  vortical  boundary  layer  that  really 
exists. 

Vortlclty  of  a  vort'  x  sheet.  If  the  tangential  velocity  on  a 
vortex  sheet  Is  w^  and  under  It  w^  (Fig.  3.6.1),  then,  calculating 
the  circulation  SPof  the  vortex  sheet  element  (5jl,  the  local  vortlclty 
per  unit  length  can  be  determined: 

7 (/)  =  lim  ^ (3.6.2) 

In  the  case  of  a  real  flow  the  vortex  sheet  does  not  remain 
localized  but  Is  entrained  by  the  streaun  and  enters  the  trailing 

zone  of  potential  flow  In  the  form  of  a 
free  vortex  sheet,  which  Immediately  dis¬ 
integrates,  however.  Into  single  vortices 
of  finite  size  and  Intensity, 

During  the  flow  around  a  body,  at 
the  place  where  the  vortices  are  down- 
washed  by  the  stream,  new  vortices  of  the 
saime  Intensity  are  Immediately  formed 
■Ince  they  are  determined  by  the  speed  of 


Pig.  3.6.1.  The  line 
of  speed  discontinui¬ 
ty  is  equivalent  to  a 
vortex  sheet  with  the 

circulation  per 

unit  length,  equal  to 

Wy  -  Wn* 
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the  potential  flow.  The  vortex  sheet  can  therefore  be  regarded  as 
adjacent  vortex  sheet  the  total  vortlclty  of  which  determines 
tiie  vortlclty  of  the  adjacent  Zhukovskiy  vortex. 

The  vortex  system  of  a  w5 nr:  prof‘lle.  Let  us  apply  a  vortex 
layer  of  the  vortlclty  y{s)  to  a  profile  contour  (s  Is  the  leading 
edge  angle  referred  to  the  camber  line).  For  convenience  we  shall 
take  the  clockwise  circulation  as  positive  (in  order  that  the  lift 
Is  directed  upward  along  the  y-axls). 

To  develop  a  theory  of  a  none  too  thick  and  none  too  strongly 
bent  profile  the  vortlclty  can  be  considered  and  determined  sepa¬ 
rately  for  the  camber  line  of  the  profile  (l.e.  ,  for  an  Infinitely 
thin  profile)  and  for  a  symmetrical  prof  le  at  zero  angle  of  attack 
(Pig.  3.6.2). 

In  fact,  since  for  reasons  of  symmetry  the  vortlclty  ^^^(b) 
on  the  upper  contour  of  a  symmetrical  pr’ofile  Is  equal  but  of 
opposite  sign  to  y^As)  on  the  lower  contour,  l.e.,  v  (s)  »  -  v  (s) 
then,  writing  down  the  total  vortlclty  of  the  vortex  sheet  on  the 
upper  and  lower  profile  contours 


we  obtadn 


T?  +  T. 


2 


(3.6.3) 


Camber  line  equation.  We  place  the  coordinate  origin  In  the 
middle  of  the  chord.  Bearing  in  mind  the  application  of  trigonometric 
series,  we  assume  (Pig.  3.6.3) 

(3.6.4) 

where  the  angle  i5  Is  measured  clockwise  from  the  negative  x-seml- 


axls  and 


(3.6.5) 


m 


I 


i) 


Pig.  3.6.2.  Vortex  system  of  a  profile  in  a  flow  at  an  angle  of 
attack  a,  (a)  can  be  built  up  from  the  camber  line  vortex  system 
of  the  profile  with  the  angle  of  attack  a  (b)  and  the  vortex  sys¬ 
tem  for  a  symmetric  profile  with  zero  angle  of  attack  (c). 

If  the  profile  equation  is  given  in  the  form  y  =  f(x)  the 
coefficients  g^  are  determined,  as  is  well  known,  by  formula 

f,— (3.6.6) 

If  the  form  of  the  camber  line  is  given  graphically  we  apply 
the  trapezoidal  rule  and,  t':Jd.ng  into  consideration  that  at  the 
ends  of  the  section  the  oi'dlnatcs  are  equal  to  zero  and  replacing 
the  Integrals  by  sums,  wc  shall  have 

r.— 

I 

Subdividing  the  whole  Interval  (0,7i)  into  k  equal  parts,  1.  e.  , 
assuming  5^^  =  Ti/k  and  0^  =  Im/k,  we  obtain 

(3.6.7) 

t-f  <-«  '  *-« 

In  explicit  form  we  have 

f.— j|yi«»*^+>»co»2^  +  yiCO»3.^+ .  •  +y»-ico»a«J. 

where  the  quantity  ^  must  be  taken  in  terms  of  the  semi -chord  of 
the  wing. 
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Furthermore,  a  more  accurate 


Pig.  3*  6. 3.  Scheme  for  calcula 
ting  the  induced  speeds  of  a 
vortex  sheet  positioned  on  the 
slightly  curved  camber  line, 
exactly  (a)  and  approximately 
(b). 


formula,  such  as  Simpson's  rule, 
can  also  be  used. 

Speed  determination  for  the 
points  of  the  camber  line.  Hie 
complex  conjugate  speed  Induced 
at  the  point  z  =  x  +  iy  by  the 
vortex  sheet  placed  along  the 
camber  line,  is,  owing  to  (3*2.13), 
equal  to 


J.  I  .-.W 

Assuming  the  profile  to  be 
slightly  curved,  we  may  replace 
the  integration  along  the  camber 
line  by  integration  along  the  chord 


(cf.  Pig.  3*6. 3, b).  Then 


T 


* 

r 


» 

T 


The  speed  components  on  the  chord  are 

"f 


•T 


(3.6.8) 


Speed  on  the  axis.  The  integral  determining  the  x-component 
of  the  speed  (y  -►  O)  is  an  Improper  one.  To  detemine  it  the  whole 
path  of  integration  must  be  divided  into  sections  . t).  |jr— f, 
yj  and  the  limit  be  found  of  the  expression  obtained  for 
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e  -•  0  and  y  0. 

It  Is,  however,  simpler  to  find  the  speed  of  the  vortex  sheet 
by  using  Relation  (3.6.2)  and  writing  It  In  the  form 

+0)-»,(x.  -0)x>i(x).  (*) 

&t,  since  we  are  considering  speeds  Induced  only  by  the  vortex  sheet 
lying  on  a  straight  line,  their  components  along  the  x-axls  are  equal 
and  opposite. 

Thus, 

+0)= -0). 

Taking  Pormula(*)  Into  account  we  obtain 

+0)=!^;  -.0)--!^.  (3-6.9) 

l.e.  ,  the  speed  discontinuity  Is  equal  to  the  vortlclty  of  the 
vortex  sheet  at  this  point. 

Thus,  the  total  speed  above  and  below  the  camber  line  and  ar¬ 
bitrarily  close  to  It  will  te 


(3.6.10) 

Integral  equation  of  the  theory  of  thin  profiles.  At  the  points 
of  the  camber  line  the  speed  Is  equal  to  With  a  small  angle  of 
attack  a  wc  have 


— ir.t. 

Therefore,  by  virtue  of  (3.6.8), 


(3.6.11) 


tr_»ir.a  — I  - :  v,  w. 

»  2«  J  jr— I  ' 


* 

-T 


and  the  boundary  condition  rf;/ :  .  yields  the  basic  equation 

of  the  theory  of  thin  profiles 


T 

&„_L_  f 

3ir.  J  4r-( 

-f 


(3.6.12) 


The  Integral  entering  this  equation  Is  termed  singular  since 
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its  Integrand  tends  to  Infinity  as  x-»  When  calculating  it  wa 
have  to  take  the  main  value  (denoted  by  f  )  which  Is  determined 
by  the  equality 


■A  'j' 


(3.6. 13) 


The  determination  of  the  vortlclty  'y(^)  for  a  given  profile  la 
called  the  dlrecc  problem.  The  determination  of  the  profile  shape 
for  an  assumed  >( 4) "distribution  is  called  the  Inverse  problem. 

In  the  first  case  of  the  direct  problem  the  solution  Is  reduced  to 
solving  the  Integral  Eq.  (3.6.12);  with  the  help  of  Its  rlgh.-hand 
side  which  is  known,  the  Integral  function  >(0  Is  found.  The  Inverse 
problem  Is  solved  by  a  quadrature. 

Choice  of  a  suitable  vortlclty  distribution  In  the  vortex 
sheet.  To  solve  Eq.  (3.6.12)  It  is  convenient  to  make  use  of  a 


I 


geometrical  progression  by  representing  the  function  y(4)  In  the 
form  of  a  suitable  trigonometric  series.  In  order  to  properly  bplld 
up  the  series  expressing  7(4)  we  consider  the  flow  about  the  profile 
edges.  The  leading  edge  behaves  in  the  flow  as  the  edge  of  an  Infinite 
plane.  We  have  shown  above  (cf.  Part  3.3)  that  at  the  plate  edge. 

In  our  case  as  the  velocity  tends  to  Infinity  as  I :  ^  y+t 

The  vortlclty  of  the  vortex  layer  also  tends  to  infinity  at  this 
point. 


According  to  the  Zhukovskiy -Chaplygin  condition  the  velocity 
at  the  trailing  edge  Is  the  same  above  and  below  the  profile;  owing 
to  (3.6.2)  the  vortlclty  of  the  layer  Is  equal  to  zero.  Hence  In  a 


trigonometric  series  we  must  have  for  the  vortlclty  a  term  which  Is 
proportional  t6 


9 
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(3.6.14) 


which  takes  the  flow  conditions  at  the  ends  into  account  (remember 
that  ^  ■  — -l-cose).  Within  the  Interval  (0<d^*)  the  remaining  part  of 
the  vortlclty  can  be  assumed  to  be  expressed  by  a  sine  series  since 
at  the  ends  of  the  Interval  (0,[7rl)  this  series  vanishes  and  does  not 
violate  the  boundary  conditions  described  by  Function  (3.6.14). 

Thus,  the  series  must  read 


i(»)-2®-kc«g-|-+2  (3.6.15) 

*  Ml  ^ 

(0  <•<«). 

where  the  factor  w  is  Introduced  to  make  the  coefficient  a  dl- 

«  n 

menslonless. 

Velocity  at  the  axis  (y  =  O).  Assuming  |_ _ tcosy  and  substitu- 

3 

ting  the  value  of  7(9)  in  the  second  integral  of  (3.6.8)  we  find 


_ I  r  I  I  *  i 

••  J  I—*  c  I  cost— < 

.  -T  y 


flHftff  . 


*off)+y  ^  •■(cos(N  — |)v-cM(a-f  l)f| 


.df. 


(3.6.16) 


For  calculating  the  Integrals  of  the  form 

(3.6.17) 

•  •  • 

entering  (3. 6. 16)  we  assume  e^^  =  z  and  denote  by  C  the  circum¬ 
ference  of  the  unit  circle  and  so  we  find  first 


iC  mm  ^  r«  *  V  » 

•  J  CMl  — C04f  3  Jco»9  —  to*f 
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(3.6. 18) 


Here 


j  '*[-(*+ y)+2«»*J  J  **-2*eo.«^r“ 


r  1  11 

^  a**-*-*  J 

1 

(3.6.18) 


K, 


•f*  dfJ\ 

^  COtl-CMf  ^  1 


*cotf-  to»»4-tatt 
to*e— cMf 


rff— 


Multiplying  the  Identity 


cos  (^4-  0  f  +  COI  (^  —  1)  2 COS^-CM  t 

by  dq)/(cos  i5  -  cos  (p)  and  Integrating  the  expression  obtained  from 
0  to  71  we  arrive  at  the  recurrence  fomnila 

and,  knowing  Kq  and  we  can  use  it  to  successively  calculate 

etc.  By  direct  substitution  In  the  recurrence  fcmula  Me 
can  satisfy  ourselves  that 


a;--..—-. 


(3.6.19) 

Therefore  Expression  (3.6.16)  now  assumes  the  following  fora: 


_ L.  f  TCt)« 

-T 

-i±‘.  I- 

a-l  * 

(3.6.20) 

Connection  with  profile  geometry.  Determining 

••I 

from  (3.6.4)  and  {3.6.5),  and  taking  (3.6.20)  Into  account,  we  ob- 
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taln^  by  virtue  of  (3.6. 12) 


III! 


Hence,  as  also  In  (3-6.6),  we  have 


•-I  • 


^ _ LVn^  rfn 

*  ^  ^*1  *“* 


(3.6.21) 


However,  since 


we  have 


ifa  ml  sin  (m  —  2)  •  ar  2  tin  9  •  cos  (m  —  I )  • . 


« 

I 


i^'i/9r^2  fcot(m-l)9</9  4> 

sis#  J 


Thus,  applying  the  recurrence  formula,  we  obtain 


! 


»liiw9 

Ml 


rf9  = 


0,  foiM  m»2s 
c,  ecJiH  ma.2s— 1 
(s-1.2.3..  .  .). 


Therefore, 


»•! 


Mmi 


(3.6.22) 


(n  Is  an  odd  number). 

tijsumlng  that  n  +  k  (  and  n  —  k)  are  odd  numbers,  we  obtain 


«•!  • 


••*>1  • 


tf9. 


-  2"^* +!!''«•“  2  2  "*• 


••I 
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Putting  n  —  k  -  2b  —  1.  we  finally  arrive  at 


(B»  1.2.3.  .  .). 

m 

+  V(2»— , 


(3.6.23) 


Lift.  To  determine  the  lift  arising  at  the  wing  profile  the 

V 

Zhukovskiy  fomula  can  be  applied,  where  standa 

for  the  circulation  of  the  vortex  sheet  replacing  the  wing.  This 
gives  ua 

*  ***  *  1 


and 


+ 2"*  )'f  * 

I  «  *  ? 


(3.6.24) 


Moment.  Calculating  the  moment  necessitates  determining  the 
pressure  distribution.  Since  outside  the  profile  (the  camber  line) 
the  motion  Is  a  potential  one,  we  have,  accoixllng  to  the  Bernoulli 
equation 

+— -ewut 


TSierefore 


_  _ _ (B-,4- vwXri  — 

Fm  J  “P  j - * 


pWcT* 


(3.6.25) 


This  relation  Is  called  the  local  Zhukovskiy  theorem. 

The  velocity  composed  of  the  velocity  of  the 

parallel  undisturbed  flow  and  the  velocity  Induced  by  all  singulari¬ 
ties  located  at  finite  distances  from  the  wing,  without  the  velocity 


from  the  singularity  at  the  point  considered.  For  a  slightly  curved 
profile  the  longitudinal  component  Is  very  small  and  will  be  neg¬ 
lected  In  all  our  calculations;  therefore 

(3*6.26) 

This  yields,  by  virtue  of  (3*6.25),  the  pressure  coefficient 

(3*6.27) 

7»^.  - 

Now  the  moment  with  respect  to  the  leading  edge  Is 


«•! 


(3*6.28) 

Hence  the  coefficient  of  the  trailing  edge  moment  is  obtained 


as 


C. - 


hfn 


(3*6.29) 


The  position  of  the  pressure  center  e  In  terms  of  the  wing 
chord  Is  found  from  the  relation  M  =  eY,  namely 


i  .  ■(•■-*>)  ■  (3*6.30) 

*  C,  4  ^  4»,  ' 

whence  for  a^  =  ag  the  position  of  the  pressure  center  does  not 
vary  with  the  angle  of  attack. 

Approximate  relations.  A  good  approximation  for  the  camber 
line  of  profiles  actually  used  Is  obtained  by  adding  the  ordinates 
of  two  parabola  curves  (Pig.  3*6.4)  -  or  curve  P  described  by  e- 

o 

quatlon  y  =  p(l  -  x  )  and  curve  S  (cubic  parabola)  described  by 
equation  y.  =  sx(x‘^  —  l)^  (the  chord  Is  b  =  2,-1  <  x  <  l).  These 
curves  have  maxima  equal  to  yp  =  p  and  y^  »  at  0  ■  90° 


-  211 


Pig.  3«6.4.  The  P  and  S  curves. 

and  0  »  5^°50',  respectively.  Since  b  «  2,  x  =-cos  0  and  the  transi¬ 
tion  to  the  variable  0  gives 

— fcoiS*. 

2  4  2  4 

Whence 

ft— ft=*y«.  (3.6.31) 

and 

^»“^(ft+Y)*2*(«+^-y)*'2«(«+S):  S-P-j. 

where  la  the  angle  of  the  first  profile  axis.  As  can  be  seen> 
the  straight  line  connecting  the  ordinate  of  the  camber  line  at 
the  midpoint  of  Its  chord  and  the  trailing  edge  gives  the  first 
profile  axis  (Fig.  3.6.5).  If  a^^  =  ag,  l.e.  ,  ^p  ■  3s,  then,  owing 
to  (3.6.30),  we  obtain  profiles  with  a  constant  pressure  center; 
for  these  e  »  1/4  and  Is  Independent  of  the  angle  of  attack. 

It  has  to  be  noticed  that  the  theory  of  thin  profiles  yields 
better  agreement  between  calculated  data  auid  experiment  for  profiles 
of  small  thickness  than  for  what  are  literally  thin  profiles  In  the 
form  of  a  very  thin  bent  leaf.  This  is  explained  by  the  more  regular 
flow  about  them  In  the  trailing  edge  zone. 

To  draw  a  profile  with  a  rounded  leading  edge,  the  ordinates 
of  the  thickness  curve  are  plotted  at  the  corresponding  abscissas 
onto  both  sides  from  the  camber  line.  The  thickness  curves,  e. g. , 
those  suggested  by  Munk,  have  the  equation  (Pig.  3.6.6) 


The  maximum  ordinate  t 


(3.6.32) 


Pig.  3.6.5.  Graphical 
method  for  an  approx¬ 
imate  detennlnatlon 
of  the  first  axis. 


'max  first  curve  Is  equal  to  1,09 

for  X  =-1/3,  and  that  of  the  second  curve  Is  equal  to  1.  30  for 

X  *0.5.  The  angle  between  the  trailing 

edge  tangents  Is  equal  to  2. 60  x  /2 

max 

for  the  first  curve  and  zero  for  the  second 
curve. 

Circulation-free  flow  about  a  sym¬ 
metrical  profile.  This  can  be  found  by 
the  method  of  vortex  sheets.  If  the  angle 
of  attack  Is  equal  to  zero,  then  for  reasons  of  symmetry  this  problem 
Is  more  easily  solved  by  the  method  of  sources  distributed  on  the 

profile  axis. 

Let  us  assume  plane  sources  (and 
sinks)  be  continuously  distributed  on  the 
5-axI;'. .  so  that  6q(0  Is  the  flow  rate  of 
the  sources  at  the  rectlon  6^  near  point 
h  (Plg.  3.6.7).  Let  us  denote  by 

(3.6.33) 


Pig.  3.6.6.  Thickness 
curves. 


M 


the  flow  rate  from  the  sources  at  point  ^  referred  to  the  unit 
length  of  the  axis  (source  density).  The  problem  Is  to  determine 
the  source  distribution  characterized  by  the  function  q(0  1^  such 
a  way  that  if  a  parallel  flow  Is  superimposed  on  the  flow  generated 
by  the  sources  we  obtain  a  closed  line  with  the  form  of  the  profile 
contour  given,  l.e. ,  that  the  profile  contour  given  Is  a  streamline 
for  which  dy/dx  =  w  /w  . 

y  ^ 

The  condition  that  the  contour  be  closed  requires 
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T*ft)^-ot  (3.6.34) 

•m 

The  profil*  equation.  Let  us  bring  the  equation  of  the  upper 
part  of  the  profile  (y„  >  O)  to  the  fora 

■*= - l-COI*.  (3.6.35) 

•  •I 

If  the  profile  equation  Is  given  In  the  form  y  »  f(x)  we  have 

(3.6.36) 

and  if  the  profile  la  given  graphically,  then,  as  In  (3.6.7),  we 
divide  the  Interval  (0,  -  71)  Into  k  parts  and,  since  =  yj^  .  0, 
we  can  write 

*.“-7[yi*«ny+y|fln2y  +  .  .  . 


Assuming,  for  example,  k  »  4  (cf.  Pig.  3.6.7),  we  obtain  hence 


*i-^(yi+yiK3+y,): 

*»=^Cyi-y»V?+yA. 

Velocity  at  the  points  of  the  profile.  The  complex  conjugate 
velocity  at  the  point  2  =  x  +  iy  from  sources  distributed  along 
the  chord  will  be  (due  to  3.2.5) 


This  yields 


J-T 

'.H  i 
At 


fWst 


(*  +  </)-!■ 


7,^  • 


(3.6.37) 


We  shall  consider  a  thin  profile  wl r.h  I.  Then,  when  cal¬ 
culating  the  velocities  at  the  points  of  the  contour  which  are  ge¬ 
nerated  by  the  sources,  we  may  assume 
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Comparing  (3.6.37)  and  (3.6.8),  and 
repeating  the  considerations  made  on  de¬ 
riving  (3.6.8)  and  (3.6.9),  we  can  write 


Pig.  3.6.7.  Source- 
sink  distribution  on 
the  axis  of  a  symme¬ 
trical  profile. 


(3.6.38) 

(3.6. 39) 


where  the  sign  (+)  applies  to  >  0  and  (-)  to  y  <  0. 

zn  '  '  m 


The  integral  equation.  Prom  the  boun¬ 
dary  condition  that  the  profile  contour 
has  to  be  a  streamline. 


At  «> 


"  ,  *  X  7  .1 


Wg.  3.6.8.  The  upper  we  obtain  the  Integral  function  for  de¬ 
half  of  a  symmetrical 

profile.  termlnlng  function  q(x): 


(3.6.40) 

In  the  case  of  a  sufficiently  thin  profile  we  may  neglect  the 

additional  Induced  velocity  as  compared  with  the  velocity  of  the 

undisturbed  flow  w  and  then 

00 

♦  (x)=2ir.t.  (3.6.41) 

This  equation  can  be  used  for  approximately  determining  the 
function  q(x). 

If *=-1-2  have 

•-I  £ 

S  aAgCMNl 

- .  (3.6.42) 

Here 
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(3.6.  J) 


cotw»‘ 

CMV— cm! 


-=«•.  |l  — VC.coiiilJ, 
where,  as  on  deriving  (3.6.23)« 


*•1 


■la  I 


(3.6.4K) 


(3.6.45) 


Vortlcity  of  a  vortex  shield.  If  the  contour  of  a  synmetrlcal 
profile  Is  replaced  by  a  vortex  sheet,  the  vortlcity  of  the  sheet 
can  be  found  from  (3.6.41),  calculating  (by  3.6.2)  7(0)  •  '•y  - 
at  the  speed  discontinuity  surface.  This  yields  (with  3.6.43) 

(3.6.46) 

Radii  of  curvature  of  the  profile  edges.  If  It  Is  required 
that  the  radii  of  curvature  of  the  leading  and  trailing  edges  of 
the  profile  should  have  given  values,  R  and  r,  respectively,  l.e.  , 
that  at  the  points  d  »  0  and  0  =  n  the  y^^pcurve  touches  the  circles 
of  radii  R  and  r,  then,  as  may  be  shown,  the  coefficients  h^  will 
satisfy  the  condition 


^i-u**.* — 

mmt 

2*-- 


(3.6.47) 


Example.  If  the  trailing  edge  angle  Is  put  equal  to  zero  and 
If  we  break  off  after  the  second  term,  we  obtain  a  profile  which 
Is  similar  to  the  Zhukovskiy  profile  for  which 


I 


\ 


I 
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I 


1.  e.  ,  hj  =  2hg 

•^^iiBl(l  -i-  COilX  (3*6*^8) 

Comparing  (3.6.48)  with  the  equation  of  the  symmetrical  profile 
found  In  (3.5)  we  see  that  they  agree,  with  •_ 

•  Th^vortlclty  of  the  vortex  layer  Is  t<»)  - -2»,(2*tcoi»  + 

+  1^— (2coi*  +  fos2i) ,  Therefore,  (2 coi»  + cob 3»>.  we 

note  also  that  for  two  profiles,  1  and  2,  with  the  relative  thicknes¬ 
ses  d,  and  d„ 


^#t  Si 


(3.6.49) 


3.7.  JET  PLOW  ABOUT  A  BODY 

The  form  of  motion.  The  viscosity  proves  to  exert  a  great  ef¬ 
fect  on  the  form  of  motion.  The  boundary  layer  separated  from  the 
body  disintegrates  Into  single  vortices  which  fill  the  entire  zone 
behind  the  body  (Pig.  3.7.1).  The  continuously  forming  vortical  reg¬ 
ion  has  a  relatively  small  speed  of  motion  and  Is  separated  from  the 
rest  of  the  fluid  by  a  rather  sharply  marked  discontinuity  line.  This 
makes  it  possible  to  schematically  represent  the  plane  flow  of  an 
Invlscld  fluid  In  the  following  manner:  the  streamline  impinging 
upon  the  profile  at  point  0  Is  split  up  Into  two  lines  running  along 
the  profile  to  points  Aj^  and  Ag.  Here  they  become  separated  from  the 
contour,  and  together  with  the  section  A^BAg  bound  the  contour  of 
region  II  where  the  vortex  motion  Is  observed.  The  motion  In  region 
I  may  be  considered  as  a  potential  one. 

The  resting  body  represents  an  obstacle  for  the  fluid  and  in 
first  approximation  we  may  regard  the  fluid  In  region  II,  extending 
to  Infinity,  as  being  at  rest.  Thus  the  speed  changes  Jumplike  along 
the  lines  A^^C^^  and  AgCg. 
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Fig.  3.7.1.  Photograph  (a)  and  scheme  (b) 
of  a  Jet  flow  about  a  body,  l)  Vortex 
(stagnant)  field. 

Since  the  pressure  in  the  stagnant  region  is  constant  and  equal 
to  the  pressure  at  infinity,  p^,  it  follows  from  the  Bernoulli  e- 
quation  that  the  speed  along  the  discontinuity  lines  is  constant. 

This  fora  of  motion  has  been  studied  by  0.  Kirchhoff  and  N. 

Ye.  Zhukovskiy. 

A  plane  plate.  Let  us  place  the  coordinate  origin  at  the  stag* 
nation  point  of  a  plane  plate  arranged  at  the  angle  of  attack,  o, 
with  a  stream  of  incompressible  fluid  of  speed  w^  flowing  around 
it.  The  x-axis  is  directed  along  the  plate.  (Fig.  3*7.2). 

Solving  the  problem  by  the  hodograph  method  we  assume 
to  be  the  complex  potential  in  the  P-reglon  of  the  flow  (outside 
the  stagnant  region)  ,;?-;r,—i-,-^the  complex  conjugate  velocity  and 

(3-7.1) 

Therefore,  if  x  1®  determined  as  a  function  of  w,  then,  re¬ 
placing  dx  by  its  T?-expresslon  and  integrating  in  (3«7*l)* 
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find  the  solution  z  -  P(w)  of  this  problem. 


Pig.  3.7.2.  Jet  flow  about  a 
plane  with  an  angle  of  attack. 

Let  us  Investigate  those  regions  which  contain  the  points  w 
and  X  I'*'  their  planes  when  z  varies  in  the  P-reglon  of  the  flow. 

Let  us  begin  with  the  variable  w  (Plg.  3. 7. 3>a).  At  the  point 
0  of  the  P-reglon  the  speed  is  equal  to  zero  (w  =  O),  along  the 
line  OAg  the  variable  Is  positive  and  Increases  from  0  to  w^;  along 
the  line  OA,  the  variable  w  drops  from  0  to  — w  and  over  the  free 
Jets  AjBj^  and  AgBg  and  B  lie  at  Infinity)  the  velocity  is 

equal  In  magnitude  to  w^  and  Is  thus  represented  by  a  point 
on  the  circle  of  radius  w  .  Thus,  the  function  w  =  w(z)  trsmsforms 
the  boundary  of  the  P-reglon  to  a  line  consisting  of  half  the  circle 
of  radius  and  Its  horizontal  diameter.  Since  the  speed  In  the  P- 
reglon  Is  finite,  the  region  of  change  of  the  quemtlty  w  we  obtain 
In  the  w-plane  Is  the  Interior  of  the  above  semicircle.  Furthermore, 
since  the  P-reglon  Is  always  to  the  left  of  the  path  O/l|0|Bj.4:O  the 
lower  semicircle  will  correspond  to  the  region  Q  in  the  w-plane. 

The  corresponding  boundary  points  of  the  regions  P  and  are  de¬ 
signated  by  the  same  letters.  At  Infinity  cosa, tina. 

c.  f-'".  therefore,  one  point  B  In  the  w-plaae  such  that 
the  angle  AgOB  Is  equal  to  a  corresponds  to  the  three  points  B^, 

Bg,  and  B  In  the  z -plane. 

Let  us  now  consider  the  complex  potential  (cf.  Pig. 
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3. 7»3#b),  It  Is  determined  accurately  to  within  a  constant  and  it 
can  be  assumed  that  at  z  ■  0  the  x~functlon  also  vanishes.  But  along 
a  profile  contour  and  fiee  Jets  that  are  streaunllnes,  the  stream 
function  ?  »  0  on  the  whole  boundary  of  the  P-reglon.  At  the  same 
time  the  potential  ♦  Increases  along  the  boundary  of  the  P-reglon 
from  0  to  •.  It  follows  from  this  that  all  points  of  the  plane 


^4®*  Interior  of  the_semlclrcle  which  represents  the  re- 

”  corresponds  to  the  whole  region  of 
flow,  “  vcf«  nj.  3«7.2)  (a).  The  points  of  the  X'Plane  from  which 
the  ^sitlve  half  of  the  real  axis  Is  removed  correspond  to  all 
points  of  the  region  of  flow,  p,  (b).  The  trans  forma  Won  y  .  g2  maps 
the  region  to  the  upper  semi -plane  £,  the  positive  semlaxls  being 

(c).  The  transformation  ^  ^  maps  to  the  region 


cut  up 


representing  the  upper  semi -plane  t  (d). 


of  the  plane  z-tp-f/V  without  the  positive  half  of  the  real  axis 
correspond  to  the  Inner  points  of  the  P-reglon;  since  the  real  seml- 
axls  Is  the  boundary  of  the  Q^-reglon,  It  has  to  be  considered  as  a 
double -shore  section  and  this  In  such  a  way  that  the  points  and 
Ag  lie  on  opposite  sides. 

The  positions  of  the  points  Aj^  and  Ag  are  determined  from  the 
abscissas  and  dig  which  we  do  not  know  beforehand,  but  the  features 
of  the  region  (  and  also  of  the  region  Qj  )  are  given. 

To  find  the  relation  between  x  w,  we  map  the  regions 
and  Qjj  to  the  upper  semiplanes  £  and  t,  respectively.  We  know  (3.3) 
that  X  -  transforms  an  angle  of  Bn  t^  an  angle  of  tt,  l.e.,  the 


Qj^-plane  with  a  cut  along  the  semiaxis  x  Is  mapped  to  the  upper  g- 
plane  (cf.  Pig.  3. 7.3^c). 

The  transformation  (cf.  the  mapping  of  a  circle  to  a  plate) 

transforms  Qj  to  the  region  Q^,  1.  e. ,  to  the  upper  half  of  the  t- 
plane  (cf.  Pig.  3*7. 3*cl).  The  Inverse  transition  Is  effected  by  the 
function  I.  Prom  the  theory  of  functions  of  a  variable 

it  Is  known  that.  In  the  general  case,  a  semi -plane  Is  transformed 
to  a  semi -plane  by  a  linear  rational  function 


•  a  +  o  * 

Since  the  points  g  =  0  and  «  correspond  to  the  points  t  ®  <» 
and  t  e  cos  a,  the  condition  determining  the  coefficients  A,  B,  C, 
D  will  read  A«=0:  Ccoi»+£)=0. 

Therefore 


<— CMa 


where  h  Is  a  constant. 


We  replace  _t  by  the  variable  cjd 


I  —  wcw 

C9t«  — CM* 


and  find 


(*  —  co$  •>* 


— coi  ■)* . 


I  — I  — coi(«-f  a) 


CO»a  — COta 


ceia  — eosa 


Now  the  width  of  the  plate  Is 
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(3.7.2) 


<1— cotcw-f  il«» 


-_i 

9m  lla<* 


whence  we  have 


The  pressure  force  R  of  a  flow  on  a  plate  of  width  b  Is 

R^j(p-fm)dx, 

where  p  is  the  pressure  In  the  stagnant  zone.  Using  the  Bernoulli 
equation,  we  can  write 

dymO.  therefore  w^  «  w^  and  dx  -  dx/w.  This  gives  us 

Nothing  that 

and  going  over  to  the  variable  a>  we  find 


2yir=im,2 

'  CM*— C«* 


and  therefore 


0  »  f  2>»(C0**— to*«>;«l*w  f - 

J  *■  CM*CM» 


(3.7.3) 


"•to*. — j'  4+*»ta* 

The  coefficient  of  this  force  is 


tia*. 


(3. 7.4) 


The  lift  and  head  drag  coefficients  for  a  plane  plate  are 


from  (3- 7. 5)*  which  Is  one  quarter  of  the  lift  coefficient  calculated 
after  the  theory  of  N.  Ye.  Zhukovskiy  assumlnc  nonseparatlng  flow. 

As  can  be  seen  from  Pig.  3.7.4,  the 
agreement  with  experiments  is  better  for 
large  angles  of  attack.  This  Is  because 
when  the  angles  of  attack  are  large  the 
flow  becomes  separated  from  the  body  and 

Pig.  3. 7. Comparison 

of  the  results  of  the  a  vortex  field  with  lowered  pressure  arises 

theory  of  Jet  flow 

(curve  a)  with  the  re-  Instead  of  the  stagnant  zone;  therefore 
suits  of  experiments 

(curve  B)  with  a  plate.  the  head  drag  Is  higher, 
l)  Experiment. 

Vorrf»x  drag.  The  interfare  between 
the  flow  separated  from  the  body  and  the  stagnant  zone  Is  a  discon¬ 
tinuity  surface  of  the  tangential  velocity  and  can  be  represented  In 
the  form  of  a  vortex  layer.  It  can  be  shown  that  this  layer  Is  un¬ 
stable  and  disintegrates  Into  a  row  of  single  vortices. 

If  the  continuous  vortex  distribution  Is  replaced  by  a  row  of 
discrete  vortices.  If  a  small  disturbance  Is  Imposed  on  them,  and 
If  the  vortex  position  Is  calculated  over  definite  time  Intervals, 
then,  as  can  be  seen  from  Fig.  3. 7. 5, the  vortlclty  will  be  concentra¬ 
ted  at  the  points  of  Intersection  of  the  curve  of  Initial  disturb¬ 
ance  with  the  x-axls;  this  leads  to  a  disintegration  of  the  vortex 
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Pig.  3*  ?•  5.  The  vortex 
sheet  disintegrates  Into 
a  row  of  equally  dlstsint 
discrete  vortices.  Ihe 
vortlcity  Is  concentrated 
at  the  points  of  Inter¬ 
section  of  the  initial 
disturbance  curve  with 
the  x-axls. 


sheet  Into  a  row  of  equally  distant 
discrete  vortices. 

If  there  are  two  Interfaces  the 
two  rows  of  vortices  forming  with 
circulations  of  equal  nagnltude  and  op¬ 
posite  signs  can  arrange  themselves 
either  symmetrically  with  respect  to 
the  middle  line  of  the  rows  or  In  a 
chessboard  pattern  (Pig.  3*6«7).  If  j 
Is  the  distance  between  two  adjacent 
vortices  of  one  row  and  h  Is  the  distance 
between  the  rows,  then,  as  Karman  (solv¬ 
ing  the  problem  of  Imposing  small  dis¬ 


turbances)  has  shown,  the  staggered  array  Is  more  stable  and  sta¬ 


bility  will  be  greatest  when  (3. 2j 


The  calculations  show  that  In  this  case  the  vortex  layers  will 
move  In  the  positive  direction  of  the  x-axls  at  a  speed  of 

(3. 7. 7) 


r  1 

a  ~7f' 


where  r  Is  the  vortlcity. 


— * 
f) 


Pig*  3*7*6.  Synmetrlcal 
(a;  and  chessboard  ar¬ 
rangement  (b)  of  vor¬ 
tices. 


According  to  Karman  the  drag  force 
X  per  unit  length  Is  determined  by  the 
formula 

A'=.f/K-:[o,7936  -0.3141  (—)*].  (3.7.8) 

where  w  Is  the  rate  of  motion  of  the 
body.  The  quantities  I  and  u  can  be 
obtained  by  photographing  the  flow  over 
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certain  time  Intervals.  The  compai'loon  of  the  calculations  using 
Formula  (3»7.8)  with  experiments  with  a  plane  and  a  circular  cylinder 
have  shown  good  agreement. 

3.  8.  SPATIAL  PLOWS 

Source  In  space.  A  point  In  space  from  which  a  fluid  streams 
out  radially,  continuously  and  uniformly  to  all  sides  Is  called  a 
source;  the  amount  Q  cf  fluid  streaming  per  unit  time  through  a 
closed  surface  enclosing  the  source  Is  called  the  flow  rate  of  the 
source. 

If  ♦  Is  the  velocity  potential,  then,  according  to  Its  defini¬ 
tion  and  from  the  symmetry  condition,  we  have 


Therefore 


4w  ‘ 


(3.8.1) 


When  Q  <  0  the  motion  of  the  fluid  Is  directed  to  the  center; 
this  point  Is  called  the  sink. 

Plow  about  a  half -bony.  When  a  body  with  a  rounded  front  part 
moves  In  a  quiescent  fluid,  the  fluid  particles  are  pushed  aside  by 
It  as  If  a  source  moving  at  the  came  speed  as  the  body  existed  In¬ 
side  the  latter.  When  we  now  reverse  the  motion  and  assume  that  the 
fluid  streeuns  about  a  resting  body  of  the  same  shape  we  obtain  the 
streamline  pattern  of  steady  motion  shown  In  Pig.  3.8.1. 

If  the  coordinate  origin  Is  taken  as  being  In  the  source,  the 
potential  of  the  whole  flow  can  be  written  as 


(3.8.2) 


On  the  symmetry  axis  y  «=  0,  z  =  0  a  point  will  exist  at  which 


the  velocity  from  the  source,  will  be  equal  auid  opposite 
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to  the  velocity  of  the  parallel  flow.  This  is  the  atagnatAon 
point  and  Its  abscissa  Is  given  by 


(3.8.3) 


VHien  constructing  the  streamlines  we  shall  see  that  all  the 

fluid  coming  from  the  source  will  be  Inside 
the  surface  obtained  by  rotating  the 
streamline  passing  through  the  stagnation 
point  about  the  x-axls.  This  surface  of 
revolution  can  be  taken  as  the  solid 
boundary  of  what  is  called  the  "half -body. " 

Thus,  the  source  distorts  the  stream¬ 
lines  of  a  parallel  flow  In  the  sasie  way 
as  a  half-body  with  a  correspondingly 
rounded  front  part  would.  Since  all  the 
fluid  from  the  source  Is  Inside  the  sur¬ 
face  of  revolution,  then,  denoting  by  d  the  diameter  at  Infinity  of 
the  half -body,  we  deduce  that  the  speed  of  the  flow  from  a  source 
at  infinity  equal  to  49/s^.  must  be  equal  to  the  speed  w  of  the 

fli 

parallel  flow,  and  hence  we  obtain  for  the  diameter  of  the  half¬ 
body 

(3.8.M 

The  dipole.  This  Is  the  totality  of  a  source  and  a  sink  of 
equal  flow  rates  Q  (Fig.  3.8. 2, a)  which  Increase  unlimitedly  If  the  dis¬ 
tance  2^  between  them  tends  to  zero,  the  product  M  s  2(^  remaining 
constant.  This  product  Is  called  the  dipole  moment  (cf.  Fig.  3.8.2, b). 
The  dipole  potential  at  some  point  P  Is  defined  by 


Fig.  3.8.1.  A  single 
source  with  the  flow 
rate  Q  Introduced  Into 
a  parallel  stream  gives 
the  flow  pattern  around 
a  semi -Infinite  body  of 
revolution  (which  la 
called  the  "half -body"). 


•  - 


f.-»,  4«  \  f|  ttl 


fi—f\ 

rir\  ’ 


(3.8.5) 
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If  *1— *•!.  whore  — r,a>2/cos4.  6 being  the  angle  between 
7  and  the  x-axls.  Since  M  =  2_1Q  =  const  the  dipole  potential  Is 

(3.8.6) 

The  dipole  streamlines  are  shown  In  the  upper  part  of  Fig. 
3.8.2,b. 


I 


I 


Pig.  3*8.2.  The  streamlines  of  a  source  and  a  sink  of  equal  Intensity 
In  a  parallel  stream  are  th^  same  as  the  streamlines  of  a  uniform 
strem  flowing  around  an  c.al  body  (a).  The  flow  about  a  sphere  Is 
obtained  by  Imposing  a  parallel  flow  on  a  dipole  (source  plus  sink 
®  that  2JLQ  =  const).  Above  (b)  —  the  streamlines 

of  a  dipole  and  below  those  of  a  dipole  and  a  parallel  flow. 

Flow  about  a  sphere.  This  can  be  studied  by  superimposing  a 
parallel  flow6-tep..*(K',=K.«;  w,=u-,»0)on  a  dipole  flow  (cf.  Pig.  3.8.2, a). 
The  streamlines  of  a  flow  about  a  sphere  are  shown  In  the  lower  part 
of  the  figure. 

If  the  radius  of  the  sphere  Is  R,  It  can  be  shown  that  the 
potential  of  the  flow  about  the  sphere  will  read 

(3.8.7) 

_Source  -  sink  distribution  along  the  axis  of  rotation  of  a  body. 
In  the  case  of  a  flow  about  a  body  of  revolution  In  the  direction 
of  the  symmetry  axis  the  flow  will  be  axlsymmetrlc ;  It  car  be  ob¬ 
tained  as  the  result  of  the  source  -  sink  distribution  along  the 
axis  of  rotation  of  the  body. 

If  the  flow  rate  per  unit  length  at  a  given  point  ^  (source 
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d«h8ity)  18  denoted  by  j,  we  have 

(3.8.8) 

For  closed  surfaces  all  the  fluid  coming  from  the  sources  must 
be  absorbed  by  the  sinks,  l.e. ,  the  function  q(0  has  to  fulfil  the 
condition 

(3.8.9) 

Determination  of  the  velocity  field  of  an  Incompressible  fluid 
from  the  given  source  distribution.  Let  us  consider  the  case  of 
an  unbounded  Incompressible  fluid  with  zero  speed  at  Infinity  and 
let  curl  “vf  »  0  and  dlv  "w  =  0  In  the  whole  region  with  the  exception 
of  the  volume  V  where  dlv  ■  0(x,  y,  z). 

Since  curl  Tf  =  0,  there  exists  a  unique  speed  potential  ♦  so 
that  T?  ■  "^.Intiroduclng  the  value  of  ^  In  the  equation  dlv  Tf  «i(i. ».«). 
we  obtain  the  Poisson  equation  for  determining  ♦: 

+  (3.8.10) 

Thus  the  problem  is  reduced  to  determining  this  function 
that  satisfies  the  Poisson  equation  In  the  region  V. 

We  now  subdivide  the  volume  V  Into  small  volumes  5V.  Since 
♦  (1.  K.  i> ’*0.  we  may  assxtme  that  Inside  every  volume  there  Is  a  source 
with  the  Intensity  (flow  rate  per  unit  volume)  n,.  ;.)  .  Using  now 

Solution  (3.8.1),  owing  to  the  linearity  of  the  equation  the  approxi¬ 
mate  solution  can  be  written  In  the  form 

(3.8.11) 

I  *** 

where 

Is  the  distance  from  the  point  (x,  y,  z)  to  the  oource  at  the  point 
limiting  transition  with  •I'l-o.  gives  us  the  value 
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of  ♦  In  the  form  of  the  Integral: 

♦  (jr,  y,  1) f  — ■ _ o  r.  M  8  12 1 

Determination  of  the  velocity  field  from  the  given  vortlclty. 
Let  now  dlv  "w  =  0  but  curl  "w  =  2cju  (/  0).  We  shall  assume  that 

S.™J.  (3.8.13) 

Taking  the  curl  of  this  expression  we  obtain  (cf.  Appendix  2) 

ioiioi>l-v(Vvr)-yy^-8f»<><iw^— *3.  (3. 8*  1^) 

Vector  A  cfin  be  so  chosen  that  It  satisfies  the  condition 

v.3-«.  (3.8.15) 

auid  the  solution  of  the  problem  Is  reduced  to  solving  the  vector 
equation 


AA  —  —  nx  »  »•  —  2« 

or  the  system  of  scalar  equations 

AA»  »  —  3«f.  4A»  *  4A»  = 


(3.8. 16) 


In  analogy  to  the  potential  (scalar),  the  vector  A  Is  called 
the  vector  potential. 

Solving  (3.8.16)  we  obtain 


whence 


•  »ol 


(3.8.17) 


Velocity  field  of  an  arbitrarily  shaped  vertex  tube.  Since  the 
vortex  line  can  only  be  either  stretched  to  Infinity  or  closed,  no 
vortex  section  may  exist.  Let  the  vortex  field  about  the  point  tj, 
C  (Pig.  3.8.3)  be  a  vortex  tube  of  very  small  cross  section  6A  along 
which  the  vortlclty  Is 


Noticing  that  the  angular  velocity  components  are 
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Fig.  3>8. 3.  Single  spatial 
vortex  line. 


••  41  •  4t 

and  the  volume  element  Is  dVwmlA-^l, 
we  find  from  (3*8.17)  that 

(3.8.18) 

Equation  (3. 8. 18)  Is  analogous 
to  the  equation  expressing  the  Blot- 
Savart  law  In  electrodynamics;  this 
law  establishes  that  a  vortex  line 


element  of  vortlclty  r  and  length  d^  Induces  the  velocity 


(3. 8. 19) 


at  point  P  with  the  coordinates  (x,  y,  2),  which  Is  directed  normal- 
ly  to  the  plane  containing  dt  and  ?. 

Here  r  Is  the  distance  from  the  element  to  point  P,  a  the  angle 
between  the  radius  vector  drawn  from  the  element  to  point  P  and  the 
direction  of  the  vortex  element. 

The  rectilinear  vortex  line.  Let  us  determine  the  velocity  In¬ 
duced  at  various  points  In  space  by  the  rectilinear  section  AB  of 
a  vortex  line  with  the  circulation  r  (Plg*  3.8.4), 

Noting  that  at  a  given  point  M  all 
the  elements  of  a  rectilinear  vortex  will 
possess  elementary  velocities  dw  directed 
similarly  (along  the  normal  to  the  plane 
passing  through  section  AB  and  point  M, 

In  the  same  sense  as  the  rotation  generated 
by  the  vortex)  we  find  according  to  (3.8.19) 
when  using  the  obvious  equalities  (h  is 
the  shortest  distance  from  the  point  M 
to  section  AB)t 


Pig.  3*8.4.  The  speed 
Induced  at  various 
points  In  space  by  the 
rectilinear  section  AB 
of  a  vortex  line  with 
a  circulation  r  . 


Then 


|tfw|au 


r  tl«atla*«  kit 


•ia*« 


» — iine^a. 

4>A 


Integrating  with  respect  to  a  from  a-l  Ao  a-n  — p  gives  the 
sought  value  of  the  vi;loclty  w  Induced  by  the  vortex  section  AB: 

r  V  r 

•-isrj  “"•^•=i<co$i+coip).  (3.8.20) 

For  a,  p  —  0  vie  obtain  the  formula  known  from  plane  motion 
theoiry  for  the  speed  Induced  by  an  infinitely  long  rectilinear  vortex 
line 


(3.8.21) 


If  a  varies  from  0  to  7t/2  (vortex  half -line)  we  have 

(3.8.22) 

l.e. ,  the  velocity  Is  half  what  It  should  be  according  to  the  con¬ 
ditions  of  symmetry  referring  to  the  plane  normal  to  the  vortex  axis. 
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135  A  motion  whose  parameters  depend  on  two  coordinates  Is 

called  two-dimensional. 

162  Here  and  In  what  follows,  the  letter  x  does  not  denote  a 

definite  form  of  functional  dependence  but  stamds  for  the 
complex  potential. 

196  Frame  of  the  Zhukovskiy  profile  Is  the  term  applied  to  the 
mapping  of  the  circle  passing  through  the  points  C  •=  +  c 
with  the  center  at  the  point  of  Intersection  of  the  first 
axis  with  the  Imaginary  axis.  The  frame  of  a  Zhukovskiy 
profile  lies  close  to  the  camber  line. 

197  Wleselberger,  Vortrage  aus  der  Aero  —  und  hydrodynamlk 
(Lectures  on  Aerodynamics  and  Hydrodynamics  )  Innsbruck, 
Berlin,  192^. 
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[Transliterated  Symbols] 

Kp  *  kr  *  krylo  =  wing 
B  ■  V  «  vysshaya  =  upper 
H  ■  n  »  nlzshaya  =  lower 
c  ■  8  «  sloy  =  layer 
M  ■  1  »  Istochnlk  =  source 
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Chapter  4 

ONE-OmBNSIONAL  FLOWS.  FLOWS  IN  TUBES  AND  CHANNBI^ 

K  floe  is  said  to  be  one-dlmenslcnallf  all  Its  physical  parameters 
are  functions  of  only  one  spatial  (in  the  general  case  curvilinear) 
coordinate  and  of  tlms.  The  roost  Important  of  these  flows  Is  the  z*ec> 
tlllnear  one -dimensional  gas  flow  whose  system  of  equations  has  the  fonn 
(flow  along  xHoda) 


Sf  ^ 

Sr  *M  ^  3  Sjt*  • 


(4.0.1) 


r).for  a  pel  feet  gas/^p/nr. 

In  this  system  the  last  tens  of  the  right-hand  side  of  the  second 
equation  charaetexd.zes  the  stress  of  normal  viscosity  forces  acting  on 
sections  normal  to  the  direction  of  motion,  and  the  third  term  of  the 
left-hand  side  of  the  third  equation  stands  for  the  heat  supplied 
via  thermal  conductivity. 

If  In  the  case  of  i*ectl  linear  motion  speed  and  temperature  vary 
Inconsiderably,  and  the  terms  characterizing  the  effects  of  viscosity 
and  thermal  conductivity  are  very  small  and  cam  be  neglected.  Moreover, 
since  the  parameters  do  not  vary  perpendicularly  to  the  direction  of 
motion  the  tangential  stresses  of  friction,  vanish;  owing  to  . 

this  there  will  also  be  no  heat  exchange  perpendicular  to  the  stream¬ 
line,  and  therefore  these  Eqs.  (4.0.1)  go  over  to  the 

equations  of  motion  of  an  Invlscld  thermally  nonconductlve  gas. 
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4. 1.  THE  FORMS  OP  ACTION 

I«t  U8  consider  a  stream  tube  whose  cross  section  A  varies 
smoothly,  I,  where  fix  Is  a  length  element  of  the  stream  tube, 

and  Its  axis  deviates  only  little  from  a  straight  line  (l.  e.  ,  ]/*J; j?  < 
where  R  Is  the  radius  of  ci  rvature  of  the  tube  axis).  Then  the  speed 
components  with  respect  to  the  normals  to  the  tube  axis  can  be  neglec¬ 
ted  and  the  flow  can  be  considered  as  one -dimensional  and  rectilinear. 

The  continuity  equation  for  the  steady  flow  In  the  stream  tube 
(p  and  w  being  constant  over  the  cross  section)  reads 

>c.4-const;  ij 

Hence  we  can  obtain  the  changes  of  the  gas  parameters  that  geo¬ 
metrically  affect  the  flow  through  a  change  of  the  cross-sectional 
area  of  the  stream  tube. 

In  real  channels  the  flow  parameters  (for  example,  the  velocity) 
can  vary  with  the  cross  section.  If,  however,  the  parameter  distribu¬ 
tion  varies  slightly  from  section  to  section,  then,  subdividing  the 
flow  Into  stream  tubes  of  sufficiently  small  cross  section  and  averag¬ 
ing  over  the  cross  section,  the  flow  In  the  channel  can  with  sufficient 
accuracy  be  considered  as  being  one -dimensional  for  the  parameters  aver¬ 
aged  over  the  cross  section.. 

If,  during  the  motion  of  the  gas  a  mass  of  gas  Is  led  either 
towards  or  away  from  It  (for  example,  by  Injection  and  combustion  of 
fuel,  or  by  vapor  condensation)  the  flow  rate  of  the  gas  is  changed, 
and  along  with  this  also  other  parameters.  Such  an  Influence  on  the 
flow  Is  described  as  flow-rate  Induced. 

The  Influence  on  the  gas  motion  of  drag  forces  due  to  friction 
Is  called  Influence  of  drag  forces  (friction). 

Themal  Influences  on  the  flow  are  realized  by  supply  or  release 
of  heat  (from  outside  as  well  as  through  chemical  reactions  In  the  flow, 
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dissociation  of  BoleculeSj  etc.  ) 

Mechanical  Influences  are  connected  with  a  supply  or  withdrawal 
of  energy  by  means  of  a  compressor  (turbine). 

4.  2.  OASDYMANIC  VUNCTIONS 

Parameters  bf  decelerated  flow.  From  the  energy  equation  of  a 
flow  element  of  a  one -dimensional  adiabatic  (X  «  O)  flow>of  an  Invlscld 
gas  (M'  ■  O)  which  Is  perfectly  Insulated  to  energy  (L^  >  O)  and  when 
there  are  no  volume  forces  (T  ■  0), 


<',r+ const 


(4.2.1) 


It  follows  that  If  the  velocity  diminishes  to  zero  the  gas  tesqperature 
assumes  a  certain  value  Tq.  This  temperature  Is  called  the  adiabatic 
stagnation  temperature  of  the  flow;  it  Is  determined  by  the  relation 

(4.2.2) 

This  Is  the  temperature  a  gas  will  assume  when  It  is  brought  to 
a  standstill  by  an  adiabatic  process;  It  Is  sometimes  ca^^  ed  the  total 
temperature. 

By  virtue  of  Relation  (2.3.6),  7^^  ,  the  pressure  Pq 

and  the  density  Pq,  corresponding  to  the  temperature  Tq  depends  on 
t^e  process  of  passing  from  the  state  p,  p,  T  to  the  state  Pq,  Pq,  Tq 
(Pig.  4.2.1).  Stagnation  pressure  Pq  and  stagnation  density  pQ  of  the 
flow  are  called  the  pressure  and  the  density  which  are  obtained  In  an 
isentroplc  change  of  state.  In  this  case  from  (2.3.5),  - 

and  therefore 


« t 


T 


(4.2.3) 

The  parameters  of  the  decelerated  flow  are  briefly  called  the 
stagnation  or  total  paraimeters. 

Notice  that  the  stagnation  pressure  so  defined  will  be  the  highest 
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Pig.  4.2.1.  The 
stagnation  pres¬ 
sure  and  density 
of  the  flow  are 
obtained  by  an 
Isentroplc  tran¬ 
sition  from  point 
p,  Pf  T  along  the 
curve  T  *  T^j  they 

are  largest  when 
the  speed  ^s  re¬ 
duced  to  zero. 


pressure  reached  when  the  velocity  Is  reduced 
to  zero. 

Characteristic  velocities.  Prom  Eqs. 

(4.2.2),  (4.2.3)  and  the  equation  of  state 

a[i  -(^)^  (4.2.4) 

follows,  and.  If  the  temperature  T  tends  to  zero, 
the  velocity  v  tends  to  Its  maximum  value 

(4.2.5) 

Using  Eqs.  (4.2.2)  and  (4.2.5)  the  local 

sonic  speed  (2. 7)  can  be  related  with  a^.  w 

V  max 

and  w: 

— J  +  (^.2.6) 

When  the  speed  of  the  flow  Is  Increased 
from  w  *  0  to  w  s  w^^^  the  local  sonic  speed  a^ 


In  quiescent  gas  to  zero. 


Pig.  4.2.2.  With  the  flow 

velocity  w  Increasing 

from  zero” to  w_„„  the 
max 

local  sonic  speed  a  di¬ 
minishes  after  the” ellip¬ 
tic  rule  to  zero.  1)  Sub¬ 
sonic;  2)  transsonic;  3) 
supersonic;  4)  hypersonic. 


The  velocity  of  the  gas  flow  at 
which  the  propagation  rate  of  sound 
becomes  equal  to  the  flow  velocity  It¬ 
self  (l.e. ,  w  ■  a).  Is  called  critical 
veloclti  and  Is  denoted  by  a*;  It  la 
determined  from  (4.2.6): 


(for  air  a*  ■  0.9129  «q). 

With  the  help  of  the  energy  Eq. 
(4.2.2)  we  can  find  the  relation  Unk¬ 


ing  the  gas  parameters  In  two  cross  sections  of  one  stream  tube.  In 
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to  inftke  the  cftlculfttlons  it  Is  convenient  to  Introduce  a  8tagna<> 
tlon  cross  section  corresponding  to  a  flow  with  w  «  0.  This  gives  for 


any  adiabatic  flow 


r_ 

r.' 


A— 1  •* 


-I 


A>l 


M**. 


■  aiu  ■  *  +  !••»  ■  »+l 

Where  M*  ■  w/a*  Is  the  dimensionless  velocity  coefficient. 

The  connection  between  Mach's  number  M  *  w/a  and  the  velocity 
coefficient  M*  ■  w/a*  Is  Immediately  established  by  the  relations 


M*— 


Me 


*+l 


M**— 2^-  — 


A-l 

“a+I 

A  +  l 


Ate 


Ml 


(4.3.8) 


Fundamental  gasdynamlc  functions.  These  are  the  dependences  of 
the  ratios  T/Tq,  p/p^  and  p/p^  from  the  Mach  number  M(M*)  namely 
the  temperature  fun<ftlon 


K- 


A-.I 
A  +  l 


M**. 


I 


l+^M» 


(^.2.9) 


and  we  want  to  stress  that  this  relation  Is  true  for  any  process  which 
Is  Insulated  to  energy; 

the  pressure  function  and  the  density  function 


ITT 


(4. 2.10) 


The  two  latter  relations  are  valid  only  for  Isentroplc  flows, 
l.e, ,  when  S  -  const.  The  fundamental  gasdynamlc  functions  are  given 
In  Pig.  4.2.3  (for  k  ■  1.4), 

Critical  parameters.  The  parameters  of  a  moving  gas,  T*,  p*,  p*, 
whose  velocity  Is  equal  to  that  of  sound,  l.e. ,  M  -  M*  ■  1,  and  a 
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cross  section  A«  of  the  stream  tutc  in  which  M  -  M*  =  1,  are  called 
critical.  With  the  help  of  (^.2.9)  we  obtain  with  M  =  M*  =  1 


f-i-ihr-  f-CfTTr- 

For  air  (k  1.4) 

r*-0.8333ro;  p»-0.5283p,;  >•  =  0.6339 p,. 

The  mass  flow  function.  As  the  charactetlstlc  of  the  mass  (flow 
rate)  of  outflowing  gas  it  is  useful  to  Introduce  the  conception  of 
the  mass  flow  density  J  ==  pw  equal  to  the  mass  of  gas  passing  per 
^  j  ^  unit  time  through  the  unit  cross-sectional  area. 

The  mass  flow  density  Is  well  characterized  by 
the  dimensionless  ratio  pw/p*a*,  which,  as  this 
follows  from  the  equation  pwA  =  p*a*A*  (4.11), 
determines  the  area  ratio  A*/A.  For  an  Isen- 
troplc  flow 


“■*  1 

4 

Pig 

niimlc 


.  4(2. 

ic  flm 


%  Gasdy- 
ctlons  of 


temperature,  T/Tq, 

pressure  p/Pq,  and 

density  p/Pq  for  a 

diatomic  gas  (k  = 

=  1.4). 


y(M*) 


.’.A 

H 

f  «• 

• 

1 

0- 

\ 

*+« 

_ / 

and  correspondingly 


•41 


(4.2. 12) 


It  Is  easily  seen  th^t  j(M*)  reaches  a  maximum  which  Is  equal  to 
unity  for  M*  =  M  =  1  (Plg.  4.2.4). 

In  certain  calculations  the  mass  flow  density  j(M*)  Is  more  con¬ 
veniently  expressed  In  a  form  where  2  Is  contained  explicitly,  1.  e.  , 


y(M*). 


»  I 

pV  \  2  J  ,0  2  / 

r9 


M* 


'  *+i " 


(4.  2. 13) 


with 
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I 

,i=r 


M* 


I— 


(4.2. 14) 


The  gaedynaalc  flow  rate  functions  are  shown  In  Pig.  4.2.4. 

The  Impulse  function.  The  Impulse  flux 
density  la  the  momentum  of  the  mass  of  gaSj  K, 
flowing  per  second  through  the  unit  cross -sec¬ 
tional  area  A  of  the  stream  tube,  where  the 
pressure  Is  the  density  Is  p  euid  the  veloci¬ 
ty  Is  wt 

(4.2.15) 

(m  »  pwA).  Relating  this  quantity  to  the  doubled 


Fig.  4.2.4.  Oasdy- 
namlc  flow  rate  func¬ 
tions  pw/p*a*  and  y 
(M*)  for  diatoBie 
gases  (k  -  1.4). 


velocity  pressure  pw^  we  obtain 

f  •  1  S-l-l 


-5— !  +  -£- 

»«U  ^ 

whence  follows 


'•  + 


AM* 


7k 


Mt 


=  i±iJ_ 

7k  M* 


(“•+5r). 


where 


ma*  (m»  + 


(4.2.16) 


In  certain  calculations  It  Is  suitable  to  use  the  Impulse  ex¬ 
pressed  In  teiTOs  of  pressures,  the  total  pressure  p^  eu»d  the  static 
pressure  In  these  cases 


I 


(4.2.17) 


K 


(4.2.18) 
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I 


i 

«(— )^J'(M*)*(M*) 


I 

r(M*) 


(4.2. 18) 


Let  us  denote  by  K*  the  value  of  K  for  =  1  and  notice  another 


relation  Important  for  practical  calculations: 


Pig.  4.2.5.  The  hy¬ 
drodynamic  function 
of  Impulse  z(M*) 
and  the  auxiliary 
functions  f(M*), 
r(M*)  for  k  =  1.4. 


with 


(4.2.19) 

«•  a 

The  gasdynamlc  functions  of  Impulse  2(M*), 
f(M*),  r(M»)  are  given  in  Pig.  4.2.5. 

Gasdynamlc  functions  of  p/Pq.  Since,  ac¬ 
cording  to  (4.2.4), 

we  have 

-  -(if  1= 


(4. 2.20) 


Approximate  relations.  Sometimes  It  Is  convenient  to  calculate 
by  using  the  approximate  relations 

1.75-0.125*;  1.05+0.5*.  (4.2.21) 

For  M*-vaIues  In  their  limits  0  <  M*  <  1.5  the  ratio  p/Pq  is 
almost  Independent  of  k,  namely 


(4.2.22) 

Furthermore, 

(4.2.23) 
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.  f 


Pis*  4.2.6.  Qasdynamlc  functions  of  temperA^ 
ture,  pressure,  density  and  flow  rate  plot* 
ted  according  to  accurate  and  slmplled  for¬ 
mulas.  1)  Simplified  formula;  2)  exact  values; 
3)  according  to  slmplled  formulas. 


where.  If  M*  <  1,  the  second  factor  In  the  parentheses  can  be  taken 
equal  unity.  Finally 

=  (1.75-0.125*)  M*(l-i5ry.  (4.2.24) 

The  accuracy  of  these  relations  Is  seen  from  the  grajirfi  of  Fig. 

4. 2.6. 


4.  3.  GEOMETRICAL  INFLUENCE  AND  FLOW  RATE  INFLUENCE 

Geometrical  nozzle.  Dividing  Expression  (4.1.1)  by  pwA  and  dif¬ 
ferentiating  It  we  obtain 

»  •  •  4 

But  from  the  equation  of  motion  we  deduce  that  along  a  stream 


tube 


Thus 


- iL - 

»  ^9  9  9 


# 
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1 

I 

i 

i 


(^.3.1) 

Zt  follows  from  this  relfttion  thst  In  &  subsonic  flow  (w  < 

Increase  In  speed  (dw  >  0)  can  be  reached  only  by  re¬ 
ducing  the  cross-sectional  area  (dA  <  0).  Therefore,  In  a  subsonic 
flow  the  velocity  decreases  as  the  cross  sectional  area  of  the  stream 


1  2  Cuopoemt  1 

AojIj/nSut 

»<a  7 

Cttmlj/ntaf 

Stmtdnmtt 
^<0  5 

Vetnpftmt 

jr>» 

yeKepenut  ^ 

- 

Jattedjititut  3 

Ho 

Pig.  4. 3. 1.  Change  of  speed 
along  stream  tube  as  depeu- 
dent  on  the  type  of  flow  and 
the  change  of  cross-section¬ 
al  area  of  the  tube,  l)  Cross 
section  of  stream  tube;  2) 
speed;  3)  subsonic;  4)  super¬ 
sonic;  5)  deceleration;  6;  ac¬ 
celeration. 


flow  In  subsonic  and  supersonle 


tube  is  Increased.  Completely  dif¬ 
ferent  conditions  are  obtained  for 
supersonic  flow  w  >  a.  If  I— ^<0. 
Equality  (4.3.1)  shows  that  If  the 
cross-sectional  area  Is  Increased 
(dA  >  0)  In  a  supersonic  flow  the 
velocity  Increases  as  well  (dw  >  O) 
and,  therefore.  If  the  cross  section 
is  reduced,  the  velocity  must  drop 
too  (Pig.  4.3.1). 

This  law  of  the  contrary  effect 
of  the  geometrical  Influence  on  the 
treams  is  a  particular  case  of  the 


general  law  of  influence  reversal  [4.1],  valid  for  all  kinds  of  in¬ 


fluences. 


Owing  to  (4.3.1)  the  maximum  speed  of  subsonic  flow  in  a  conver¬ 
gent  channel  can  be  reached  only  at  its  exit  and  the  magnitude  of  it 
cannot  exceed  sonic  speed.  In  accordance  with  the  parameters  of  the 
gas  at  the  Intake  and  the  exit  of  tne  convergent  channel  and  with  the 
channel  dimensions,  the  mass  of  gas  passing  through  per  second  can  be 
only  less  than  or  equal  to  the  mass  of  gas  for  which  critical  velocity 
has  established  at  the  channel  exit;  any  further  Increase  in  mass  of 
the  gas  passing  through  is  impossible;  in  this  case  the  channel  is 
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V. 


'■i  ■ 

V 


iiMM  to  dUpUy  >  olwirtM  <yf#at. 


■  ••  i' 


:  to  m^p  to-  poiwh  a  auporsonlO'  flow  by  means  of  ^OoMt^kia^to* 

fluence  a  tubaonlo  flow  needs  be  accelerated  In  the  convergent 


of  the  channel  to  the  speed  of  sound  that  can  be»  reached  In  the  nar* 
rowest  section  —  at  the  throat  —  then  the  channel  becomes  dlvei^ent 
(Pig.  4.3*2).  In  fhetf  at  the  exit  dA  «  0  and«  therefore,  w  ■  a  «  a*. 


Pig.  4. 3*  2.  In  order  to 
obtain  supersonic  speeds 
a  subsonic  flow  la  accel¬ 
erated  In  a  convergent 
nozzle  to  sonic  speed  and 
then.  In  the  divergent 
part,  a  speed  greater  than 
that  of  sound  la  reached. 


This  geometrical  form  of  a  nozzle  has 
first  been  suggested  In  I889  by  the 
Swedish  engineer  Laval.  The  operation 
of  this  geometrical  nozzle  Is  based 
on  the  fact  that  when  the  speed  of  flow 
exceeds  the  critical  speed,  the  mass 
flow  density  pw  drops  for  all  games  as 
the  speed  Increases  (ct.  Pig.  4.2.3) 
and,  therefore.  In  order  to  conserve 
the  total  mass  of  gas,  pwA,  passing 


through,  the  nozzle  cross  section  has  to  grow  If  It  Is  required  to 
obtain  an  accelerated  flow  with  w  >  a. 

Design  of  a  geometrical  nozzle.  In  the  framework  of  one -dimensional 
theory  the  geometrical  nozzle  is  designed  on  the  basis  of  the  continui¬ 
ty  equation  pwA  =  const  and  the  energy  equation  .  The 

fundamental  relation  Unking  the  change  of  cross-sectional  area  with 
the  parameters  of  the  gas  Is  the  flow  rate  function 

(4.3*2) 


I 

.\*=r 


The  calculation  becomes  considerably  easier  If  we  make  use  of 
the  tables  of  gasdynamlc  fimctlons. 

In  calculations  based  on  the  one-dlmenclonal  theory  the  supersonic 
part  Is  usually  assiuned  In  the  form  of  a  cone  (cf.  Pig.  4.3.2).  To 


■t 
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prevent  separation  of  the  flow  (due  to  viscosity)  the  angle  of  diver¬ 
gence  of  the  con’,  o^.  Is  made  not  larger  than  12-14®,  though  In  special 
eases  (in  oxxJer  to  reduce  the  dimensions)  It  Is  metdc  larger.  The  entry 
part  follows  a  smooth  curve,  for  example,  that  given  by  Vltoshlnkly's 
formula  (8.4.12). 

A  more  perfect  geometrical  nozzle  can  be  designed  by  the  method 
of  characteristics  (see  Part  5.8). 

In  practical  calculations  it  is  convenient  to  use  a  relation  ob- 
t2d.ned  from  (4.2.12): 


’h*'V 


<+l 


or 


-A( 


7 


■pr 


=  const. 


(4.3.3) 


where  in  is  the  mass  flow  per  second. 

For  air  (k  =  1.4;  R  =  288  m  /see  deg),  introducing  the  weight 
flow  per  second,  G  =  mg,  we  obtain 

-^^-0,4.  (4.3.4) 

Outflow  nozzle.  It  fellows  from  the  expression  m  =  pwA  that 


4m  4f  49,4A 
m  f  9  A 

In  a  tube  of  constant  cross  section  dA  =  0  and,  since  — ctfv/a*. 

we  have 

(A.3.5) 

Since  m  =  JA  we  have  for  a  geometrical  nozzle  (m  =  const)  dj/j  =  — dA/ 

A  and  from  (4.3.1)  we  obtain  ,  i.e.  ,  when  in  a  cyllndrlc- 

al  tube  the  mass  flow  of  the  gas  Is  changed  the  same  change  in  speed 
can  be  reached  as  when  using  a  geometrical  nozzle.  To  realize  a 
transition  to  sonic  speed  In  a  cylindrical  tube  gas  has  to  be  added 


ng*  4.3.3.  OutflOM 
nozzle  and  change  of 
the  parameters  alor^ 
It  (a);  an  outflow 
nozzle  can  be  design¬ 
ed  when  the  law  of 
variation  of  nass 
flow  density  pw  Is 
maintained  In  the 
same  way  sis  In  a 
geometrical  nozzle 


in  the  sttbsonld  part  of  it  and.  to  te  s«iie^ 
in  the  superaohie  pert;  aueh  a  rfMiliii’ii  :  ^ 
called  outflow  nozzle 


Figure  4. 3. 3  shows  a  dlagran  of  an  out¬ 
flow  nozzle  and  the  change  of  paraaetera 
along  It  and  also  a  dlagran  for  designing  an 
outflow  nozzle  from  a  geometrical  one  by  in¬ 
troducing  a  porous  cylindrical  tube  of  a 
cross  section  equal  to  the  critical.  With 
equal  mass  flow  of  both  nozzles  the  change 
of  mass  flow  of  gas  In  the  critical  cross 
section  Is  Inversely  proportional  to  the 
change  In  cross-sectional  area  of  the  geomet¬ 
rical*  nozzle. 

Example  of  calculating  a  geoeetrlcal 


nozzle.  A  compressor  feeds  per  second  1. 5  Kg 
of  air  of  pressure  Pq  -  8  atm  and  temperature 
Tq  -  400®K  to  the  receiver  of  a  gasdynamlc  tube.  The  areas  of  the  throat 
and  of  the  operating  part  are  to  be  determined  In  order  to  obtain  M  - 
»  3  at  the  exit. 


Solution  ; 


w-o.i39.mo.».K; 

(7  \^T 

/•*0.ia  soo»-«250ke/ni^««.2JS  atng 

f*  «as  p,  k 

*  “  ST*  “  9,»I>3V.3;>W  kg. Bee  /m 

•♦I 

fW  A*  /a-».  M 

fv  ‘  ~A  ; - 

/  4  —  1  <*-•» 
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Therefore,  at  the  exit 

w«S3v  Ve9nv 

“CT 

+  .0.0591  ks’stc^/u^ 

r-rt(i  +  wib 

trn^m  •  20«l  |^T*S0*l  ^W5  »  JID  iTi/ 8ftC 
*730  d/sece 

In  the  receiver  f«-?*:0.«3M-o.44t: 0.6339-0.696  kg.  sec^/m^. 

When  the  angle  of  divergence  of  the  nozzle  Is  taken  as  about  12® 
we  obtain  for  the  length  of  the  supersonic  part 


n.6-9«.o 

3<k6* 


*175 


mm. 


Conditions  of  Isentroplc  gas  flow  throuch  the  nozzle.  Let  us 
denote  by  m*  the  mass  of  flow  when  the  speed  in  the  narrowest 
cross  section  has  the  critical  value  a*,  and  by  m  the  gas  mass 
flowing  through  any  other  cross  section  A  of  the  nozzle  when  the  speed 
in  Is  not  equal  to  a*.  In  order  to  obtain  m/m*  explicitly  we 

write 


Let  us  represent  the  change  of  A, 'A*  In  dependence  on  the  ratio 

m/m*  for  various  values  by  a  crapn(Pig.  ^.3.^).  For  convenience  we 

plot  In  the  graph  the  curves  M*  =  w/a*  as  a  function  of  p  =  p^. 

Let  us  consider  the  case  m  =  m*  when  A  .  =  A*.  Let  A  be  the 

min  V 

given  exit  cross  section  (in  Fig.  we  have  taken  A^  «  1.  6  A*). 

Drawing  the  straight  line  A^/A^^^  parallel  to  the  axis  p/Pq  at  the 
points  and  of  their  Intersection  with  the  curve  A/A*  =  fCp/p^) 


•  flaa  tht  mtlot  and  (p^Pq)^  ooirwpcndiiy 

to  tho  pFMourtt  and  p^  in  tho  exit  eroao  ••otion. 

It,  In  th*  odt  cross  ssotion«  ths  prsssurs  Is  eqosi  to 
■  A>  the  prsssurs  on  the  nozzle  sxis  sill  continuously  deerosss 
with  correspondlnsly  steady  Increase  of  the  speed  until  nlnlnuzi  exit 
pressure  p  snd  the  speed  w  are  reached  at  the  exit  (or,  oorres- 
pondlngly,  **0^'*  ccmdltlons  are  called  rated  characteristics. 

If,  however,  the  preaaure  at  the  exit  la  equal  to 
the  curve  A/A*  reaches  a  mlnlonim  equal  to  iinlty  at  P‘.p,»f^ip,oxA  w  • 

>  a*,  whereupon  the  pressure  again  starts  growing  with  correspondingly 
decreeislng  speed  until  the  pressure  at  the  exit  becomes  equal  to  p. 


and  the  speed  assumes  the  value  w_  .  Consequently,  the  flow  will  be 
subsonic  everywhere  except  at  the  cross  section  A 


min 


VOg 

be 

where  It  assumes 


the  speed  of  sound  (curve  OOg  of  Pig.  4. 3. 4,b)» 

If,  however.  In  this  part  of  the  nozzle  the  mass  of  gas  flow  Is 
m  <  m*  (dashed  curve),  the  pressure  at  the  exit  Is  determined  by  the 
Intersection  of  the  curves  V*mln  and  A/A*,  In  this  case  at  the 
points  and  Pg*  4e  equal  to  (Py/pQ)Q  and  (p^/Pq)?^* 

however,  (p/pq)  deviated  from  unity,  the  minimum  of  A/A*  will  not  be 
reached  since  the  lowest  value  of  A/A*  Is  already  reached  at  point  Jz 
where  the  pressure  Is  (p/Pq)^*  The  flow  In  the  narrowest  cross  sec¬ 
tion  therefore  reaches  Its  highest  (subsonic)  speed  w^  <  a*  and  then 
the  pressure  will  grow  up  to  the  prescribed  value  p^Pg  at  the  exit 
with  decreasing  the  speed  to  the  value  w^  at  the  exit.  The  flow  will 
be  subsonic  everywhere. 

With  m  >  m*,  -3  can  be  seen  from  Pig.  4.3.4  (dul-dash  curve) 
there  is  no  value  of  pressure  at  the  exit  for  which  the  minimum  value 
a/a*  k  1  can  be  reached.  The  nozzle  cannot  be  passed  through  by  a  gas 
mass  m  >  m*.  This  phenomenon  Is  called  the  choking  effect  of  the  flow. 
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BAPHIC  NOT 
BPBOUaCIBLE 


Pig.  4.3.4.  Change  of  parameters  In  a  geome¬ 
trical  nozzle  (aj.  Change  of  pressure  and 
speed  along  the  nozzle  axis  for  various  values 
of  the  pressure  at  the  exit  (b);  p  -pressure  at 

the  nozzle  exit,  p^ -counterpressure,  l)  Super¬ 
sonic  flow;  2)  subsonic  flow. 


A  second  type  of  Isentroplc  nonrated  flow  characteristic  In  the 
divergent  part  will  be  observed  at  a  pressure  smaller  than  p^  ,  the 
re-expanslon  of  the  gas  and  the  corresponding  pressure  Increase  will 
occur  outside  the  nozzle. 
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Ldt  us  eonsid«r  tb*  them 
of  Mat  Mith  a  praaaura  of  pi^  at  tlti  * 
axlt  i«ileh  la  la  tlM  range  <  p^^.  The  experlaant  ahona  that 

the  flow  In  the  male  paaaea  through  the  throat  and  aaaumea  a  apeed 
greater  than  that  of  aound.  But  alnce  the  preaaure  at  the  exit  la 
greater  than  Py^j^,  the  gaa  In  the  supereonle  part  of  the  nozzle  can¬ 
not  expand  completely  to  reach  p^  corresponding  to  contlnuoua  veloc¬ 
ity  Increase,  and  In  a  certain  section  downstream  In  the  flow  (be¬ 
fore  the  nozzle  exit  Is  reached)  the  pressure  grows  by  a  Jump  to  a 
value  which  Is  almost  equal  to  the  pressure  at  the  exit,  and  the  speed 
Jumps  down  from  supersonic  to  subsonic.  At  the  same  time,  the  greater 
the  counterpressure  the  closer  to  the  critical  cross  section  does  the 
shock  occur.  With  dropping  counterpressure  the  shock  Is  shifted  with 
respect  to  the  flow  and,  passing  through  the  nozzle  exit, It  then  takes 
place  outside  the  nozzle  near  Its  exit. 

The  kinematic  relation  for  a  normal  shock.  Let  us  consider  a 
steady  compression  shock  (u  ■  0).  The  conditions  dynamic  conqpatlbl- 
11  ty  (2.7.22)  for  It  will  be 

fl— ftW|(i^-»i),  I 


(4.3.6) 


Calculating  the  product  Wj^Wg  we  find 

JizitL  ^  — ftrfi 

.  ---  (.-5). 

and,  by  virtue  of  (2,7.23)  and  (2.7.24), 


•» 

i±i  n 


*-«  h 
1±1  it 
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'.W. 


Xottilng  thftt  we  obtain 


)  and  thuB 


(*.3.T) 


mM-1.  I 

Collection  of  formulas  for  normal  shock.  We  give  her#  without 
their  dex>ivatlon,  expressions  for  the  paruneters  behind  a  nomal  oor- 
preaaion  shock*  In  dependence  of  MJ  and  of  the  Inflowing  atreaRi 

*C-^.  All— ^  > 

n  — **_nn__  S-f  I  A»] 


^  *  *+^f^A** 

n"  t+i  *"  s+1  • 


(4.3.8) 


*-I  "* 


ii+lEu* 


The  pressure  recovery  coefficient.  To  obtain  the  characteristics 
of  enei^  dissipation  between  two  cross  sections  of  a  stream  tube  on 
both  sides  of  the  shock  we  often  make  use  of  the  pressure  recoveiv 
coefficient  which  Is  defined  as  the  ratio  of  the  total  pressures, 

V  «  Po2^Poi'  ^  both  sides  of  the  normal  shock  we  have 


and  therefore 


•  w  iL 

fn  n 


/  I  _  ^  M*1 

*  ♦  I  ' 


(4. 3.9) 
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m 


Pig.  4.3. 5>  The  pres* 
sure  recovery  coeffi¬ 
cient  In  a  nomal 
compression  shock. 


The  pressure  recovery  coefficient  can 
also  be  related  with  the  changa  of  enti^^; 
In  fact,  since  In  a  normal  compression  shock 
^01  *  '*'02  the  equation 


gives 


•p 


ini 


laA 

#1 


and  therefore 


(^.3.10) 


The  values  of  the  normal  shock  in  dependence  of  are  represented 
In  Wg.  4.3.5. 


4.4.  INFLUENCE  OF  FRICTION 


Semi  empirical  theory  of  turbulencv.  Laminar  flows  are  described  by 
the  Navler-Stokes  equations.  The  second  type  of  flow,  the  turbulent 
kind.  Is  very  difficult  to  Investigate  theoretically,  whether  In  the 
case  of  a  compressible  fluid  or  even  in  that  of  an  Incompressible  one. 
II  the  problem  of  the  Inner  structure  of  turbulent  flow  is,  however, 
not  closely  examined,  practical  problems  can  be  solved  to  a  satisfac¬ 
tory  degree  of  accuracy  with  the  help  of  the  semleraplrlcal  theories 
of  turbulence,  which,  by  means  of  empirical  Interrelations,  link  the 
time-averaged  speeds  with  the  forces  of  the  so-called  forces  of  ap¬ 
parent  viscosity,  derived  from  the  supposition  that  the  mixing  Is 
equivalent  to  an  increased  effect  of  viscosity. 

Here  arises  the  well-known  analogy  between  viscosity  in  laminar 
flow  connected  with  the  molecular  transfer  of  the  molecule  momenta 
and  the  apparent  viscosity  In  turbulent  flow,  connected  with  molar 
transfer  of  the  momenta  of  moles  of  sufficiently  large  volumes  of 
fluid. 


The  turbulent  tangential  stresses  are  determined  by  the  formula 


analogous  in  its  form  to  tho  relation  valid  for  the  tangential  stresses 
In  laminar  flow 


Here  e,  the  apparent  kinematic  vicoosity  of  turbulent  flow,  cor¬ 
responds  to  the  kinematic  viscosity  of  laminar  flow,  v  =  4/p.  Among 
the  semlemplrlcal  theories  of  turbulence  there  are  two  which  are  the 
most  known:  the  theory  of  tho  mixture  lenrth  of  L.  Prandtl  and  the 
similarity  hypothesis  developed  by  T.  Kannan.  In  first  approximation 
It  is  possible,  however,  to  reduce  Jarman's  theory  to  L.  Prandtl 's 
theory  of  the  mixture  length  [^.4]. 

The  theory  of  tin.-  -dy'  ire  length.  In  its  conception  this  Is  con¬ 
nected  with  the  molecular-ki jietlc  representation  of  the  mechanics  of 
Inertial  friction  (viscosity)  of  fluids.  Let  us  consider  such  a  flow 
along  a  wall  lying  In  tho  xz-plane,  so  that  k’,=0.  t'l-O  .  Tho 

fluid  quantity  parsing  during  the  short  time  Interval  dt  through  the 
areal  element  dA  of  the  plane  yz  Is  equal  to  dApw^dt,  and  the  mean 
value  of  the  momentum  ccmpor.'.i.u  of  this  mass  with  respect  to  the  y- 
axls  after  the  time  t^  will  be 

Substituting  +  In  (^.^4.2)  we  obtain 

rfA -1 J dt 4  dA  -ij tit- 

The  term  established  by  the  velocity  pulsations  Is  a  consequence 
of  the  turbulence  and  can  be  rewritten  In  .he  form  udAuFw  .  Accord- 

*  M  9 

Ing  to  the  momentum  theorem  this  Is  the  for  ,  acting  on  the  surface 
element  dA  and,  therefore,  dividing  It  by  dA,  we  obtain  the  x-component 
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of  the  tangential  stress: 


The  quantity  defined  as 

iXiii 

'  K  »  (4.4.4) 

and  having  the  dl^nalon  of  a  velocity,  la  called  the  velocity  cor¬ 
responding  to  the  tangential  stress  of  friction  on  the  wall  or  simply 
the  dynamic  velocity. 

According  to  the  theory  of  the  mixture  length  there  are  fluid 
volumes  of  finite  dimensions  In  the  flow  which  move  over  a  certain 

distance  in  longitudinal  and  transverse  directions  as  an  nondestroyed 

whole. 

Considering  the  change  of  mean  velocity  of  longitudinal  motion 
of  these  volumes  when  passing  over  from  one  to  another  fluid  layer 
«e  can  assume  (hypothesis  of  L.  Prandtl)  that  the  magnitude  of  velocity 
pulsation  (averaged  modulus  of  pulsatory  velocity)  Is  proportional  to 
the  gradient  of  averaged  velocity 

(4.4.5) 

The  quantity  1,  called  the  mixture  length,  can  be  represented  as 
being  the  transverse  distance  In  the  flow  that  has  to  be  traveled  by 
a  fluid  particle  moving  at  the  mean  velocity  of  Its  original  layer  in 
o.rder  that  its  velocity  may  become,  in  the  new  site,  equal  to  the 
mean  velocity. 

Furthermore  It  Is  supposed  that  the  magnitude  of  transverse  pul¬ 
satory  velocity  is  proportional  to  the  magnitude  of  pulsatory  velocity 
of  longitudinal  motion  fm)  ,  l.e.  , 

Introducing  the  above  constant  Into  the  quantity  1  of  the  mixture 
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length  which  is  y.  t  unknov.n  v.o  can,  on  the  basis  of  (^.■4.5)  and  (4.4. 
6)  and  by  virtue  of  (2.6.13),  write 


I  I  =  1 ...V  I  =  I  -.v  |=./J  . 

Then  Formula  (4.4.3)  will  read 

Since  the  sign  of  t  changes  with  the  change  of  sign  of  dZ./dy 
it  is  convenient  to  give  Foi-mula  (4.4.8)  the  foi-m 


(4.4.7) 


(4.4.8) 


1^' 

dw. 

dy 

dy 

(4.4.9) 

Comparing  (4.4.1)  with  (4.4.9),  the  coefficient  pe  of  turbulent 
transfer  can  bo  written  in  the  form 


Ots=fP. 


dy 


(4.4, 10) 


Let  us  now  make  use  o‘'  the  assumption  (Prandtl'o  hypothesis)  that 
at  the  wall  the  mixture  length  is  propoi'tlonal  to  the  distance,  i.e.  , 

1  =  /cy,  whei’e  <  =  const. 

Then  (4.4.9)  can  be  r-’  -.rJ  t.t  .-n  in  the  form 

(4.4.11) 


»  '  V 

Introducing  the  assumption  th  U  '  i.-.  ta.'i geiti  lal  stresses  are  con 
Slant  anci  er4ual  to  the  stress  at  i !;  ■  wait,  wo  ha-.  ' 


In  y  +  const. 


(4.4. 12) 


It  Is  convenient  to  writ-  this  formula  In  terms  of  the  dynamic 
veloctly 


+  (4.4.13) 

Det-^rmlning  the  constant  of  Integration  from  the  tube  axis  con- 
ditjor.  for  y  =  i-^,  we  ob’ain  the  velocity  dlsti'lbutlon  in 

the  turbulent  flow  according  tc  th-.  mixture  length  thcoi-y: 
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As  was  shown  above  (p.  lOO),  the  tangential  stresses  In  a  tube 
really  decrease  with  increasing  distance  from  the  wall  (t/tq  *  r/r^ 
and  along  the  axis  t  *  O).  The  velocity  changes,  however,  particularly. 
In  the  immediate  proximity  of  the  wall,  so  that  the  assumption  as  to 
the  constancy  of  the  tangential  stress  leads  to  relations  which  are 
In  good  agreement  with  the  experimental  ones.  In  tubes,  the  mixture 
length  _1  becomes  smaller  than  <y  as  the  distance  from  the  walls  In¬ 
creases,  but,  as  Is  shown  by  experiment.  Relations  (4.  4. 13) -(^.4. 14) 
remain  valid  almost  to  the  tube  axis  Itself. 

Notice  that  the  mixture  length  1  has  the  same  meaning  as  the 
transverse  turbulence  scale  (cf.  p.  112)  In  the  statistical  theory, 
and  their  numerical  values  coincide  [4.2],  [4.3],  Thus,  the  Intuitive 
notion  of  the  seraleraplrlcal  theory  on  the  "mixture  length"  acquires  a 
definite  physical  meaning  In  the  statistical  theory. 

Experimental  data  on  the  friction  In  tubes.  In  order  to  determine 
the  pressure  drop  Ap  In  the  turbulent  flow  In  a  tube  a  great  many 
formulas  have  been  suggested  In  various  periods  of  time.  But  only  the 
most  recent  formulas  have  been  based  on  the  similarity  theoj^y.  One  of 
the  first  of  these  formulas  was  given  by  Blaslus;  It  Is  applicable  If 

where  Is  the  axial  velocity  averaged  over  the  cross  section, 

V  Is  the  fluid  volume  passing  through  per  second,  and  d  Is  the  tube 
diameter. 

Determining  the  drag  coefficient  C  from  the  equality 

(4.4.15) 

Blaslus  ascertained  on  the  basis  of  experiments  (Pig.  4.4.1)  that 


I 


(4.4.16) 

Comparing  (4.4,  l6)  with  the  expression  for  the  stresses  on  the 
wall,  obtained  from  the  equilibrium  condition  of  the  fluid 

element  In  the  tube,  ,  we  find 


^42 


(4.4.17) 


If  we  Introduce  r^  =  d/2  In  (4.4.15)  and  (4, 4.l6)  Instead  cf  d. 


1.  e.  ,  If  we  put 


then 


#  »»i 


C=  where  Rf  ^ Fjrli. . 

Ver  2 


(4.4.18) 


with 

L,  ^ 

■:.*=  0.C3325P® « .  •  =  npj .  (4. 4.  19) 


where  a'*=V Is  the  dyna...'  •  velocity. 

For  a  laminar  flow  if=-^ (r’— r*).  and,  since 

4|U  ^ 

Introducing  y  =  r^  -  r,  we  then  find 


V... 


when 


Furthermore, 


T.  — -i*  -  _  2i»^t _ 21* 

^  ij  2/  *  rj  — r>  y 


can  be  found  from  (2.6.5).  The  quantity  yw/v  can  be  called  the  dimen¬ 
sionless  distance.  Thus,  In  a  laminar  flow  the  velocity  distributions 
are  similar  to  w  =  friction  stress  Tq  at  the  wall 

dc.’s  not  depend  on  the  tube  radius  ~  It  Is  determined  by  the  distance 
^  from  the  wall  and  the  velocity  w  at  this  distance 

The  law  of  the  seventh-order  root.  Let  us  assume  that  also  In 
turbult.-nt  motion  K'*c'«aJ(y/ro)  and  that  the  stress  at  the  wall  Is  Inde¬ 
pendent  of  the  tube  radius,  but  we  suppose  that  the  velocity  distribu¬ 
tions  are  similar,  1.  e.  , 
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(4.4.20) 


Substituting  this  In  (4.4.19)  we  find 
and  since  the  tube  radius  must  not  enter  the  expression  for 

.  f  I  0' 

1-®*.  rT  .r,  T  nust  be  equal  to  unity  or,  what  Is  the  same. 

I  «  *  «  ^ 

so  we  have  j-y  .  Therefore,  within  the  limits  of  applicability  of 
Blaslus*  formula  (4.4.16),  fora  turbulent  flow 

’"’•“(if -"‘■‘('-if- 

Furthermore  form  Equality.  (4.4.19) 

V  I  I 

a,T -0.0332Sf.»Jr;T;r 

follows  and  we  obtain 

(4.4.22) 

If  In  (4.4.20)  the  constant  is  denoted  by  K^,  l.e. ,  If  we  put 


“max  "  ^'w^m'  Instead  of  (4.4.22)  we  can  write 


(4.4. 23) 


In  order  to  determine  we  write 


1.  e. , 


If.— 


O.SM 


“1.225. 


Here 


The  relation 
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(4.4.24) 


Pig.  4.4.1.  Dependence  of  the  drag  coef¬ 
ficient  of  a  smooth  tube  on  the  Reynolds 
number  Re  In  turbulent  (Blaslus,  Nlkuradze) 
and  laminar  (Polseullle)  flows.  1)  Blaslus: 
2)  Nlkuradze;  3)  Polseullle. 

yields  better  agreement  with  the  experiment  (Plg.  4.4.2). 


above  suppositions  lhat  velocity  w  and  the  friction  atress  Tq  were 
exclusively  determined  l-y  •  .ondltlons  at  the  wall  and  were  Indepen¬ 
dent  of  the  tube  radius  wt;  v,aii  take 


•  “/(h.  ^ 

With  the  help  of  a  dlmon.c tonal  analysis  we  can  show  that 

-  Irl  *1! 

tr  —  conn  H  *  y*. 


whence 


(4.4.25) 


The  exponent  ^3  has  to  be  determined  from  experiment;  it  depends 
on  the  Reynolds  number  Re  and  Its  values  are  given  In  Pig.  2.6.6.  As 
has  been  shown  above  (cf.  Part  2.6),  the  velocity  distribution  tends 
to  uniformity  as  the  Re  number  increases.  The  Influence  of  the  viscosi¬ 
ty  dlninlohcs  In  the  whole  strc.'im  and  reduces  to  a  smaller  and  smaller 
zone  In  the  Immediate  proximity  of  the  wall. 


_I^arlthmlc  law  of  vcimf/  distribution  (4.4.11).  As  Is  shown  by 


experiments,  this  law  deduced  for  a  plate,  well  describes  the  experl- 
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■ental  points  for  tubes  within  a  very  wide  range  of  Re  numbers  If  It 
Is  put  In  the  fom 

L-2.5I8M+5A  (4.4.26)  • 

With  y  «  r^  we  find 

2.518 

Calculating  the  foregoing  equation  from  the  latter  one,  we  obtailn 


>2.5la-!4. 

9 


(4.4.27) 


Hence  It  follows  that  the  difference  between  the  "dimensionless 
velocities,"  namely  the  local  and  the  maximum  ones,  is  a  function  of 


.’Pig.  4.4.2.  Generalized  velocity 
distribution  over  the  tube  cross 
section;  j;,  ,,  l)  laminar 

motion. 

the  ratio  y/r^  and  Independent  of  the  viscosity  of  the  fluid.  In  a 
logarithmic  velocity  distribution  law  the  ratio  of  these  "velocities" 
cannot  be  represented  as  a  power  function  of  y/r^.  Consequently,  the 
supposition  of  conservation  of  kinematic  similarity  for  flows  In  tubes 
with  all  Reynolds  numbers  Is  In  general  not  true. 

Let  us  calculate  the  velocity  w^  averaged  over  the  cross  section, 
using  w  determined  from  (4.4.27): 
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since  f=r,— jr,  dr^~dy  ,  v.c  have 

—  3.T5ir«. 

The  real  velocity  distribution  near  the  wall  does  not  correspond 
to  this  formula;  the  experiment  shows  that  It  Is  better  described  by 
the  relation 


Substituting  w^^  from  (4.4.26)  In  the  latter  equation  we  obtain 

2,5® ,  In  + 1 ,47w. 


or 


Since 


we  have 


^=2.5ln-^^!^  +  1.47. 

•4  ••  y 


(4.4.28) 


✓T 

3.12s 


Substituting  the  latt'r  expression  in  (4.4.28)  we  obtain  after 
ti’ansformlng  It 

Y>=-ro3i  ig(Rc)'T)— 1,01.  (4.4.29) 

Over  a  very  wlu.'  Intei'val  of  Re  numbers  the  oxpcr'lmontal  results 
arc  better  clcscvlbed  by  a  relation  whlcii  deviates,  somewhat  from  (4.4. 
29),  namely  (Fig.  4.4.3): 

2ig(Ro|f)-o,8,  (1..1..30) 

Vi.scous  boundary  layer.  wTion  wc  calculate  the  stress  of  fi’lctlon 
cn  a  wall  In  the  case  of  exponential  velocity  distribution  we  obtain 
(since  q  <  1) 


00. 


The  tangential  str-' 


at  the  wall  tends  to  zero  also  with  a 


Pig.  4.4.3.  I  •'r  as  a  function  of  logl*«/ff- 
The  straight  line  corresponds  to  Formula  (4* 

4.30).  iT  Stenton  and  Pannel;  2)  Ombek;  3) 

Nusselt;  4)  Jakob  and  Erk;  3)  Schiller  and 
Herman;  6)  Nlkuradze. 

logarithmic  velocity  distribution. 

In  order  to  eliminate  this  Inconsistency  with  the  experiment  we 
assume  for  all  types  of  flows  a  very  thin  layer  to  exist  In  the  Im¬ 
mediate  proximity  of  the  wall,  which  shall  be  called  the  viscous-  boun- 
dary  layer*;  the  velocity  In  it  Is  assumed  to  vary  according  to  a 
linear  law  from  zero  at  the  wall  to  the  value  •  This  assump¬ 

tion  Is  verified  by  measurements. 

Roughness.  The  results  discussed  above  refer  to  smooth  tubes.  The 
study  of  the  laws  of  resistance  In  rough  tubes  Is  rendered  difficult 
by  the  great  variety  of  geometrical  forms  of  roughness  and,  therefore, 
by  the  great  number  of  parameters  determining  the  roughness.  The  re¬ 
sistance  exerted  by  the  wall  to  the  motion  of  the  fluid,  depends  not 
only  on  the  shape  and  height  but  also  on  the  number  of  the  rc’igh  pro¬ 
tuberances  occui*rlng  per  unit  area  of  the  wall,  and,  besides,  on 
their  arrangement  on  the  surface.  In  the  case  of  the  so-called  wavy 
roughness  (Fig.  4. 4. 4, a)  when  the  distance  between  the  crests  of  the 
waves  of  roughness  Is  greater  than  the  wave  amplitude  (h  »  l)  the 


resistance  does  not  depend  on  the  roughness  and  Is  the  same  as  In 
smooth  tubes.  In  tubes  with  the  so-called  grainy  (sandy)  roughness 
(cf.  Fig.  4.4.4,b)  when  the  height  of  the  protuberances  Is  of  the  same 
magnitude  as  the  distance  between  them  (h  :  2*1)  #  main  part  Is 
played  by  the  ratio  between  the  thickness  6^  of  the  viscous  boundary 
layer  and  the  height  h  of  the  protuberances  of  roughness.  In  the  case 
of  small  Re  numbers  the  protuberances  of  roughness  are  completely  co¬ 
vered  by  the  viscous  layer  and  they  do  not  cause  the  flow  to  separate 
and  form  vortices  (cf.'  Pig.  4.4.5)  and  the  roughness  does  not  raise 
the  resistance.  Such  a  surface  behaves  as  If  It  were  hydraulically 
smooth  (provided  the  heaps  of  roughness  do  not  disturb  the  lamlnarlty 
of  the  flow  [4.4]). 

With  Increasing  Reyiiol-is  number  the  viscous  layer  may  become  so 
thin,  that  the  peaks  of  the  protuberances  begin  to  reach  Into  the 
turbulent  "core"  which  leads  to  the  formation  of  vortices  (Pig.  4.4. 
5,c)  and  the  drag  becomes  Independent  of  the  Reynolds  number  —  this 
Is  what  Is  called  the  region  of  self-slmllatlon. 

Figure  4.4.5  represents  the  experimental  results  on  the  deter¬ 
mination  of  the  resistance  of  rough  tubes  of  various  diameters  and 
having  various  dimensions  of  the  roughness  profile  produced  by  glueing 
grains  of  sand  onto  the  tube  walls.  In  the  range  of  low  Reynolds  num¬ 
bers  rough  tubes  behave  as  smooth  ones.  But,  starting  from  a  certain 
Reynolds  number  the  value  of  which  Increajes  with  increasing  relative 
rouglmess  (Pr^/h),  the  resistance  curve  for  rough  tubes  deviates  from 
the  resistance  curve  for  smooth  tubes. 

At  the  same  time  the  rosltance  curve  of  turbulent  flow  can  be 
subdivided  Into  three  characteristlcal  regions; 

1.  Conditions  without  roughness  effect,  where  ^  depends  only  on 
the  Re  number  and  Is  Independent  of  the  relative  roughness  r^/h.  The 


^  0 


Pig.  4.4.4.  Types  of  roughness, 
a;  Wavy  roughness  h/l  «  1;  b) 
grainy  roughness,  h/l  ~1. 


roughness  protuberances  are  completely  covered  by  the  viscous  layer. 


Pig.  4.4.5.  Resistance  law  for  rough  tubes.  Smooth  flow;  a)  laminar, 
b)  turbulent,  —  the  elevations  are  covered  by  the  viscous  layer. Rough 
flow:  the  peaks  of  the  elevations  protrude  Into  the  viscous  layer.  In 
a  turbulent  flow  for  each  value  of  relative  roughness  D/h  three  re¬ 
gimes  are  possible;  smooth,  transient  and  rough  (self-slmllatlng). 

2.  Transient  conditions,  where  C  still  depends  on  Re  but  starts 
depending  on  the  factor  VQ/h.  Some  of  the  roughness  protuberances  part¬ 
ly  protrude  the  viscous  layer. 

3.  Conditions  with  full  roughness  effect,  where  all  roughness 
protuberances  protrude  the  viscous  layer. 

Experiments  show  that  the  velocity  distribution  In  rough  tubes 
Is  the  same  as  In  smooth  ones  and  that  It  Is  governed  by  the  logari¬ 
thmic  law 


=2.5lni+/(^V 
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I 


where  the  con^  lar'/  B  Is  .  pi  “d  Ly  n.  fui.ctlon  /(i.',A;.)  of  the 
dimensionless  paramete;' 

Under  the  conditions  of  point  (3),  l.e. ,  with  the  full  rouchnoss 
effect  B  =  8.  5  and  Formula  ('i.^i,28)  assumes  the  form 

-5i==2.5ln-^  +  8.5. 

••  * 

Prom  the  velocity  distributions  obtained  for  roui^h  tubes  the  re¬ 

sistance  law  can  bo  derived.  For  example,  In  the  case  of  full  rouchness 
effect  (third  mode)  we  have 

- ! - . 

(A.4.32) 

Equation  of  adiabatic  motion  of  a  viscous  cas  In  a  -"yllndrlcal 
tube.  For  a  cylindrical  tub"  the  continuity  equation  la.'ads 

yr-.ra—? -const  (U  11.33) 

When  a  gas  moves  Ir,  a  .be  It  is  subjected  to  friction  forces 
from  the  walls  which  ar'^  no’  taketi  Into  account  In  the  Eq.  (Ij.  1.  1)  of 
one-dlmonslonal  motion 


_ I  ,  4  ^ 

f  i  '  ‘ 

The  simplest  way  of  approxlmat-  '’;.-  :;cc<-untlnj  for  the  forces  of 
frictional  resistance  Is  the  hydraulic  method  wtilch  consists  In  adding 
the  pressure  drop  necessary  'o  ovr'-ccr.e  the  frletlcn: 


'  2  ■ 


Here  we  obtain 

Determining  the  tempera’ajre  T  from  the  energy  Eq.  (4.2.9)  and 
substituting  It  In  the  equation  of  state  we  find 

V  *+l  /  2k  ^  M» 


M*» 


(^.4.35) 
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Taking  J  »  const  Into  account,  this  yields 

O  S-f  1 


SM* 


-ysH 


ik  ^  M* 


(4.4.36) 


We  substitute  the  expression  for  dp/p  obtained  from  this  In 
(4.4.34)  and  find 


whence 


wdw—  a' 

2S 


•t 


M* 


rfM* 


30 


SM«  a  M*»  .  s* 
M*  *  +  1  ^  O 


(4.4. 37) 


The  presence  of  the  factor  In  Eq.  (4.4.37)  detenaines  the  In- 

fluence  of  the  law  of  reversal  of  action.  For  M»  <  1,  1. e. ,  in  the 
subsonic  flow  of  a  viscous  gas  the  velocity  Increases  downstream  since 

1  —  M*  >0  and  with  dx  >  0  the  right-hand  side  is  positive  and  there¬ 
fore  also  the  left-hand  side  has  to  be  positive,  l.e. ,  dM*  >  0.  Con¬ 
versely,  In  a  supersonic  flow  M*  >  1,  i  -  <  0  and  Eq.  (4.4.37) 

requires  that  dM*  <0,  l.e.,  that  the  velocity  of  a  supersonic  flow 
of  viscous  gas  decreases. 


In  order  to  determine  the  Influence  of  the  viscosity  on  the  other 
parameters  of  an  adiabatic  flow  we  derive  from  the  equation  pw  =  const 

^ _ _ _ >  Hn  $M 

»  •  M*  *+j  '  (4.4.38) 

Dividing  (4,4.36)  by  (4,4,35)  we  obtain 


^ £!!! 

a-l-i 

«+^M^ 


M»» 


J±L 


a-1  i_M»* 

1—-^ — 

a+i " 


Using  the  equation  of  state  wo  can  write 


(4.4.39) 


( 
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^  *p  _ 

r  p  »  * 

_ _ ?L(*~J)  _w*l_ 

(*Vi)‘  T-m*j 


,_iZLl„.,  M- 

«+l 


I 


I-^M^ 


By  definition,  a' 


*  +  » 

kRT.  Thoi'oforo 


(4. 4.40) 


^  I  4T  ^ 

«  j  r 

*(*-1)  M»« 


*+» 

1 


(*  +  !)*  >-M*»  .  *-l _  o  ' 

I-  — M** 


—  ^ 

1  tfM* 

M  "  • 

•  “i- 

I 

1  . 

*4 ; 

'  .V'i 

« 

^MM  ^ 

*41  ^ 

(4.4.41) 


(4. 4.42) 

In  order  to  determine  t  h*  '•hance  of  total  pr’essure  we  use  the 
relation  llnklnc  the  presGur*'  £  at  any  point  with  the  Isentroplc  stag¬ 
nation  pressure  p_ 


\r=r 


(4.4.43) 


This  f  V  c*  ^ 


^  <0  ■  ?* _ ^ 


*  +  I 

*  _ 

*+1 


M*»— 1  rfM* 
*+l 


(4.4.44) 


The  change  of  Impulse + can  be  determined  by  the 
formu la 


PK 


rf.«* 


M*»-l  /M* 


M*  + 


M* 


M*>+1  M» 


MM  ^  Ps 


l-fMM  D 


(4.4.45) 
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The  change  of  entropy  Is  (by  definition) 


- - - L. 


T  r  ^  a 


or 


4*5  _  k  4T  4p 

H  ”  e-i.  r  ”  /  ' 

Since  in  the  case  considered  the  f  low  is  adiabatic,  1.  e.  ,  there 
is  no  external  heat  supply  and  the  total  temperature  Tq  Is  constant, 
we  have 


JL 

R 


H  -  *-l 


I  — 


*  +  l 


Me 


M* 


Me 


c4^. 


*-n  i_  ® 

SH 


(4.4.46) 


Noticing  that  the  quantity  i. 


M**  is  always  positive  because 


W<»u“  s~r)  ‘  viscosity  effects  on  each  of  the  gas  parameters  con¬ 
sidered  for  a  cylindrical  tube  in  dependence  on  the  type  of  flow  can  be 


collected  in  the  following  table: 


1 

napaiMtf  1 

1 

2  n»TH 

3  jioiajraoaol 

^  carpiaajaoMi 

.  1 

^  Caepam  * 

VscimMaeni  1^ 

ViMBaMaTca 

g  naoTMcn  f 

VllCllkBMTCI 

yacamnarnt 

’jOmmwmp 

• 

• 

8  Tcmwpatypi  T 

• 

• 

9C(OpOCT»  StJM  » 

• 

• 

Nwm  M  10 

yw.ianwacTcs  l4 

yMCHkaatTca  15 

^  IIOMOt  MUCUC 

1^  yMeaMiacita 

,  Mnjnc  K 

• 

j  Snpona  $ 

VicjiwatKa 

l|  Parameter;  2)  flow;  3)  subsonic;  4)  supersonic; 

5)  velocity  w,  b)  density  p;  7)  pressure  p;  8) 
temperature  T;  9)  sonic  speed  a;  lo)  Mach  number 
M;  11)  total  pressure  p^;  12)  Impulse  K;  I3)  en¬ 
tropy  S;  l4)  Increases;  I5)  decreases. 

Change  of  number  M».  Rewriting  Eq.  (4.4.37)  in  the  form 

/J _ .\  ^  >  .  iM  (4.4.47) 

U*«  /  M*  *  +  l  P  • 
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we  find  the  Integral  of  Ihl.  *.  iuition 


xhus.  If  wo  denote  by  and  M*  the  value  of  M*  In  the  cross  sec¬ 
tions  and  Xg  of  the  tub.,  we  have 

x(M;)-x(M:)=.--^-j'c-g^.  (I*.  ^.49) 

In  most  cases  met  In  practice  Re  =  pwD/p  \  .ries  slowly  since  In 
gases  p.  varies  relatively  slowly  with  the  temperature  and  Re  Is  so 
large  that  C  can  be  taken  as  constant.  Assumlnc  =  0  and  x^  =  1  we 
obtain 

(4.1».50) 

Owing  to  the  law  o*'  v  scoslty-lnduced  change  of  velocity  the 
number  M*  at  the  exit  of  a  ^  :rii:lcal  tube  cannot  exceed  unity.  This 
determines  the  extreme  tube  i.  ■  .gth  for  each  value  of  M*  at  the 

Inlet  by  the  condition  that  at  th--'  exit  M  =  =  1;  whence  the  relation 

In  order  to  obtain  a  clear  Idea  of  the  extreme  tube  length  values, 
the  values  of  are  given  In  the  fcllowlrg  for  air  (k  =  1.4)  with 

C  0.015  for  various  values  of  M*  (M^)  at  the  txlt: 


0 

0,25 

0.50 

1,00 

1.30 

1,70  ' 

1 

2.0 

Vi 

Ml 

0  1 

0.229 

0,466 

1.00 

1.40 

2.J56 

3.16 

m 

tm»  D 

m 

700 

92 

0 

7 

23 

49 

Si 

Determination  of  the  -^as  parameters  for  various  tube  cross  sec- 
tlons.  From  Eq.  (4.4,33)  we  obtain  pw-p'o*. 

pM*  =  const=f»,  p:p*=l:M*.  (^•^•52) 

Rewriting  (4.4.39)  In  the  form 


-  2C7  - 


+ — &±»  Trr“* 

'  I  *•“*  MTt  ^  M*  **  ,  *.l  “® 


and  Integrating,  Me  find 

_ ^»** 


A+I  " 


=  cont »  — ^ - 

a-f  t 


*±lL_i±i 

/•a  M* 


Further  we  have  from  (4.4.52)  and  (4.4.53) 


since  M  =  w:a— (w;a*)-(fl*:«),  we  have 


M 

M«“  « 


■j/"  * ’■  ,_iL 

r  *+i 


In  order  to  determine  Pg/pg  we  have  from  (4.4.44) 


ift. 


>-M»»  <M* 


*-l  M*  ^ 


*  +  l 


+  f2_x 

M*  ^ 


a~l 
a  +  i 


M«M* 


M*<M» 


a+»  a+i 


which  we  Integrate,  obtaining 

--irf  -  ttt)' 


or 


V  Va^i y 


I 

.i=r 


'•'('-Tlf*-)’ 


X^-T(«-+ir). 

Since  according  to  (4.4.46)  rf5:i?+rf/^:/,-0. 


we  have 


S :/?+ In />,=»  const 
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(^.^.53) 

(4.4.54) 

(^.^.  55) 


(^.  4.56) 
(^.4.57) 


or 


5-5* 


t-i 


*— 1 
*+  1 


(4.4.58) 


In  order  to  determlno  the  chnnge  of  an  arbitrary  parameter,  e.g.  , 
p  between  the  cross  section  v.hei-c  M«  =  M*  and  where  M*  =  M|,  we 
make  use  of  the  Identity 


/» 


(4.4.59) 


The  calculated  graphs  arc  given  In  Pig,  4.4.6. 

The  position  of  the  compression  shock.  Equation  (4.4.51)  shows 
that  for  each  reduced  length  of  subsonic  f'ow  there  exists  a 

maximum  value  of  the  i.iril  ;t  the  Inlet.  If  the  tube  length  Is 

taken  larger  the  number  M*  at  • 'i.  Inlet  must  be  so  reduced  that  the 
number  M*  of  the  flow  at  the  exit  oecomes  equal  to  unity. 

On  the  other  hand,  If  the  flow  Is  supersonic,  the  minimum  number 
MJ  at  the  Inlet  can  bo  fourv!  pcr-mittlnr  the  solution  to  Eq.  (4.4.51). 
If  MJ  is  smaller,  a  c-mprcsslon  shock  of  such  Intensity  and  In  such  a 
section  arises  In  th<  tube  that  e,  th-  outlet  M*  =  1. 


Let  us  denote  the  distance  of  the  shock  from  the  Inlet  by  1  . 

— sk 

Then,  If  M*j^  and  are  the  co  -fflclents  of  speed  M*  before  and  behind 

the  shock,  respectively,  (Fir.  4.4.7),  by  virtue  of  (4.3.7)  and 
(4.4.51),  we  may  write  tr  s.s^r:;  rf  equations  as 


(•^  +  ir  M?)  _  (r  -  +  m.7)  =  ^  t  . 


InM.,  +  ^  —  I_i—  - 

M?. 


(4.4.60) 


Finding  a  consistent  solution  to  this  system. 


we  find  and 
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it  * 


C  •  t 


- —  i,  — j 
h - -  - 

^.5.  THERMAL  INPLUENCB 

The  system  of  equations.  In  many  ^ 
cases  of  gas  motion  In  tubes,  heat  is 
exchanged  with  the  external  medium.  For 
example,  the  gas  can  give  up  or  receive 
heat  through  the  wall;  during  the  motion 
of  the  gas,  fuel  may  be  burnt  In  It,  etc. 

In  order  to  Investigate  this  kind  of 
flow  W3  shall  consider  a  steady  motion 
of  a  gas  In  a  cylindrical  tube  without 
friction  and  without  volume  forces,  which 
Is  described  by  the  continuity  equation 

(4.5.1) 

and  the  equation  of  motion  «•— +— ^ 

4m  f  4m 

which,  after  Integration,  (since  pw  » 
const)  we  can  write  In  the  form 

p+p»»-cowt  (4.5.2) 

If  we  denote  by  the  heat  sup¬ 
plied  to  a  section  between  the  cross 
sections  1  and  2,  then 


Pig.  4.4.7.  Position  of 
the  shock  In  the  flow  of  a 
viscous  fluid  In  a  cylin¬ 
drical  tube. 


and,  by  virtue  of  the  law  of  energy 
conservation. 


(Vt+  2) 


(4.5.3) 


The  gas  Is  assumed  to  be  perfect 


(4.5.4) 
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It  follov;'’.  fi’cm  Eq.  that  'Ah-.-ri  a  flows  without  fric¬ 

tion  through  a  cylindrical  tub?  the  resul-ing  pressure  forces  In  the 
direction  of  motion  arc  given  by 

/?=  A  (p,  -  p,)  -  i^p.TT,  (c*,  -  ®,)  =  0.  ( ^ .  5. 5 ) 

1.  e.  ,  a  heat  supply  to  the  cylindrical  tube  docs  not  change  the  mo¬ 
mentum  of  the  gas  and,  therefore,  does  not  induce  a  i-eactlon  force. 
Thermal  nozzle.  If  we  substitute  In  Expression  (4.5.il) 

p  by  ,  we  obtain  with  and  -  +  — =0; 

-  *  •  f  f  • 

trdw  dp  ,  4T  dw  ,  dT 

4^  ~  t  ^  r  ~  m  ^  r  ‘ 

whence 


But,  by  definition 

M  =  U  fl.l.e,-- 

2 

and,  since  a  =  kRT,  we  have 

“4  T 


dw  d4 
W  4 

which  gives 


Thus 


d^^dw _ 

M  r  7  r  ’ 


Noticing  that 


'  *\H  2  T  /  T 

V-7'(l +-7- '-e 


dT  I  -  tM»  d**’ 

’  r  '  I  +  m;  ■ 

obtain 


(^.5.7) 


or 


r,  y  ^ 


1+ 


dw 

MJ 


•-1 


1  -  ».V|3  , _ 2 

I  +  *M1  ' 


M3 


1  M> 

2 


dW 


dtp  _ _ 1  — M» _ 


Here,  by  virtue  of  (^*.  S- ^  y. 8) 


(4.5.8) 
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»  l-*M»  r  l-f&M*  MS 


_ 2  gTt 

i-M»  r. 


_L2  *-> 


^  rfQ- 

4  ^  (I -«*)•! 


(^.5.9) 


The  presence  of  the  factor  shows  that  by  a  unilateral  In¬ 

fluence  -  by  supply  of  heat  (dQ  >  o)  -  sonic  velocity  (M  »  l)  cannot 
be  passed  through.  If,  however,  during  the  motion  In  a  cylindrical 
tube  In  the  range  M  <  1  heat  Is  supplied  to  the  cylinder  and  Is,  with 
M  >  1,  led  off,  the  transition  through  sonic  velocity  can  be  realized. 
This  Is  the  basis  of  the  so-called  thermal  nozzle  (Plg.  4. 5. l).  Thus, 
the  law  of  reversal  of  action  Is  valid  also  for  the  motion  of  an  In- 
vlscld  gas  with  heat  exchange. 


Fig.  4. 5. 1.  Change  of  the  parameters  of  a  gaa 
moving  in  a  thermal  nozzle  Independent  of  the 
Mach  number  M  (k  -  1.4;  =  0.  l). 


Change  of  the  gas  parameters  In  a  cylindrical  tube.  With  the  help 
of  the  logarithmic  derivatives  of  Eqs.  (4.  5. 1) .(4. 5. 4)  and  Relations 
(4.5. 8) -(4. 5. 9)  we  find; 


gg— -jg— -  a  <0. 

,  9  i-M«  r,  i-M*#* 


(4.5. 10) 


P*  (4.5.12) 

l.e.  ,  heat  supply  causes  the  pressure  to  drop  and  removal  of  heat 
raises  It,  independently  of  whether  the  flow  Is  subsonic  or  supersonic. 

Since,  according  to  (4.  5.  2)/C==^v4(p+pc-J)  =  cons(.  (4.5. 13),  we  have 
dK/K  =  0,  In  accordance  with  the  above  mentioned  fact  that  heat  supply 
cannot  change  the  momentum.  Furthermore, 

^  -  k(l  ^ 

t,  p  t  '  *  /  ^0 

.-»(»-  i)(i  +‘-=i  »'*)4  •  <“•  5- 1") 

l.e,  ,  In  the  case  of  heat  ..u,/r  ly  both  the  entropy  and  the  total  pres¬ 
sure  always  drop. 

The  gas  parameters. We  connldei-  two  cross  section  of  a  cylindrical 
tube  In  which  a  gas  Is  flowing  and  heat  Is  exchanged;  by  virtue  of 
(4.  5. 1) -(4.  5- 4)  the  followin);;  I'elatlons  will  hold: 


1  +  *M|  1  +  M?  .  *- 1  ...1 


I  -  M*’ 

‘“*+1  *'• 


El  ft  f'. 


r,  ii'T  ■’j 


Pi  •<•1 


M*  1  +  *M*  M?  (I  +  m7)  . 

M}  r+lMj  “  +  K’)  ' 


h  Et = it*'"’  =  m7(i  +  m;») 
"»i  'J  Mj  I  +  *M{'  M*,’  (I  +  Mr*)  ’ 

fj  ft  ft  •"?  ^  ' 

1  M? 

=  +  '~*4 1  ^  . 

*+l  * 


(4.5. 15) 

(4.  5. 16) 
(4.  5.17) 

(4.5. 18) 
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(4.5.19) 


(4.5.20) 


(4.5.21) 


For  two  cross  sections  with  equal  gas  temperature,  Tg  •  we 
obtain  from  (4.5.18)  either  Mg  =  or  Mg  -  l/kM^. 

Prom  these  relations  It  follows  further  that  with  Increasing  Mach 
number  M:  -  the  velocity  Increases  and  pressure  and  density  monotonl- 
cally  drop;  -  the  temperature  (the  thermodynamic  temperature  T  and 
the  adiabatic  stagnation  temperature  Tq)  have  a  maxlrnim,  and  the  total 
pressure  has  a  minimum:  T  In  the  ci-oss  section  where M,—  y  i ;  a,' and 
Tq  and  Pg  In  the  critical  cross  section. 

In  fact,  when  we  differentiate  (4.5.18)  with  respect  to  m|,  tak¬ 
ing  Mj^  ■  const  and  *  const,  from  the  extremum  condition 

JlJTl  (»4»My  ^ 

T,  rfM*  “  Sj  rfMj  ^ 

we  find 


(I  +*MJ)*-2*M|(1  +  *M{)=0, 


Mj- 


Ma-ylli. 


(4.  5.22) 


.<0. 

Since  this  will  be  the  maximum;  the  value  of  the  max¬ 

imum  temperature  In  dependence  on  the  number  Mj^  at  the  tube  Inlet  will 

be 
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% 


y,.,  (1 +  *•«?)*__ » + 1  (»+m7)» 

-y,  ■  **"?  ■  (4.5.23) 

*  1 1  * 

Figure  4.5.1  gives  the  gi-aphs  of  th<'  change  of  the  parameters  of 
gas  motion  In  dependence  on  F.. 

Thus,  In  a  subsonic  flow,  In  the  section  between  =  l/k  to  M  = 

*  1  the  gas  temperatxjro  decrease^  regardless  of  the  heat  supply,  and 
the  velocity  Increases,  l.e.  ,  the  incren'cnt  of  kinetic  energy  Is  greater 
than  the  Increment  of  heat  content.  Notice  that  the  absolute  value  of 
temperature  drop  Is  small: 


:  \k. 

Sometimes  It  Is  convenient  to  use  gas  parametei’s  that  are  refer¬ 
red  to  their  critical  values:  they  are  obtained  by  putting  =  1  and 
Mp  =  M  In  the  above  *hta'.ncfJ  •cimilas  (Fig.  ^.5.2): 


>*  -  (I  +  ^ 

r  i+*v 


r 

f- 


J  +  * 


0  +  *MJ>>  f  1  +  *M>  ’ 


2(»f  + 

0 +  *M»F  ■ 


y; 


*+> 

[  2(1  +  --i.M*' 

yj 

l  +  AM) 

.  *  +  ’ 

a-s* 

^In  M*i 

(  14-*  V^* 

) 


rrr 


(4.5.24) 


(4.5.25) 


rr  ~  y»i  yo 


_i.  (r^_,. 


(4.5.  20) 


y«i  y#i  (y^yo)! 

Thermal  resistance.  The  drop  of  Li>t.il  pressure  (4.5.20)  arising 
when  heat  Is  S'.«,.plled  to  the  mo'-lng  gas  may  be  considered  as  a  certain 
thermal  resistance.  In  a  subsonic  flow  with  small  Mach  numbers  M,the 
approximate  amount  of  drop  of  total  pressure  will  oe 


^  foi  —  Ar 

M  fn 


I  1  *Mj  “  i  +  kS\l 


(4.5.27) 


The  amount  of  heat,  Q=Cp(7"o;— r,,).  ticedlng  to  be  supplied  to  the  ga: 
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Pig.  ^.5.2.  Dimensionless 
parameters  when  the  motion 
Is  accompanied  by  heat  ex¬ 
change. 


In  order  to  change  the  velocity  In  any 
cross  section  from  the  value  to  th* 
value  Mg,  Is  determined  In  dimensionless 
form  from  the  relation 

Q  _r»»  I.. 

Tu  j  ^  Mj  \l  +  u^J  " 

mP(i  +  m?)‘  (4.5.28) 

The  left-hand  side  of  this  equation 
must  be  assumed  as  given;  It  can  thus  be 
the  heat  supplied  to  the  gas  when  heat¬ 
ing  It  or  condensing  vapor  In  It,  or, 
conversely,  heat,  eliminated  from  the 
gas  during  evaporation,  etc. ;  the  right- 


hand  side  depends  on  and 

Figure  4.5.3  shows  three  curves  of  q^  i j  functions  of  M*  for  the  three 
values  MJ  =  0.1,  0.2,  and  0.  3  for(k  =  1.^).  The  maximum  amount  of  heat 


corresponding  to  critical  heating  M*  =  Mg  =  1,  will  be 

•“  20+*)M*  (4.5.29) 

As  can  be  seen  from  Pig.  4.5.4,  in  the  subsonic  range  q^  Increases 
sharply  with  decreasing  and  with  M,-*0 

The  heat  release  Is  governed  by  an 

Independent  kinetic  law;  therefore  Its 

release  In  an  amount  greater  than  fM  i 

^Omax'  1^ ' 

without  disturbing  this  process,  (for  ex- 

Plg.  4.  5.  3.  Amount  of 

heat  that  needs  be  sup-  ample,  total  combustion)  gives  rise  to 
piled  In  order  to  chan¬ 
ge  MJ  to  Mg.  Increase  In  resistance  and  to  the 

corresponding  rearrangement  of  the  flow. 


I 
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where  dropi:  t..  a  val\j-  Ct  r  ;.hileh  tl.lr  a.,  t  fi’c.?  heat  will  bo 
critical. 

It  followa  from  the  frapha  =  r(Kp  (cf.  Fir;.  ^.5,3)  schematic¬ 
ally  given  In  Fig.  ^.5-5  that  In  the  flow  of  a  gas  with  constant  den- 
sltles  of  mass  flow  (pw),  of  Impulse  (p  +  pw  )  and  of  Inlclal  number 
M(M*)  there  are  two  values  of  corresponding  to  each  value  of  q^  - 
a  subsonic,  <  1,  and  a  supersonic,  >  1.  A  transition  from  sub¬ 
sonic  to  supersonic  velocity  Is  possible  only  by  way  of  changing  the 
Influence,  when  first  heating  the  gas  (up  to  M*  =  1)  and  then  cooling 
It  (path  12 '32"  In  the  diagram  of  4.5.5)*  On  the  other  hand,  In  the 
case  of  unilateral  direction  of  Influence  (heating)  a  transition  from 
supersonic  velocity.  M*  >  1,  to  subsonic,  M*  <  1,  can  be  achieved  only 
by  a  Jump  -  either  along  t:  th  12'2",  or  the  path  12"'2",  or  the 

path  lab2";a  steady  trancl • : o.r  through  the  maximum  3  is  connected  with 


a  change  in  the  sign  of  the  Influence. 


Fanneau  lines.  In  order  to  trace  the 
adiabatic  flow  of  a  viscous  gas  In  a  cy¬ 
lindrical  tube  a  TS  graph  Is  convenient. 

In  this  cas’.  the  continuity  equation  and 

the  energy  equation  road 

m  Vi 

y  " const;  t  — -  «  -  coirt 

whence’  after  Introducing  the  entropy  Into 
them  we  obtain 

— (*-  1)1b  —  •= 

<w  r,  n  ^1  • 

r  *-i ,  r,-r, 

“'"77-“'"  r,-r  •  (4.5.30) 


Fig.  4.5.24.  Maximum 
aanount  of  h*‘at  sup¬ 
plied  to  the  gas  In 
dep’.nidence  on  the 
Initial  numl«er 


The  relation  so  obtained  Immediately 
established  the  connection  between  the 


entropy  Increment  and  the  temperature,  in- 
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Pig.  4.5.5.  In  the  case  of  unilateral  In¬ 
fluence  a  transition  from  subsonic  to  super¬ 
sonic  flow  is  Impossible:  left-hand  -  the 
path  12 '2"  is  forbidden,  point  2"  can  be 
reached  only  via  point  3;  right-hand  -  along 
the  path  12 '32  a  transition  from  supersonic 
to  subsonic  flow  Is  possible,  but  only  via  a 
Jump.  1)  Jump. 

dependently  of  the  mechanism  and  the  magnitude  of  the  resistance  forces. 

The  graphical  representation  of  this  relation  Is  named  Panneau  lines. 


Pig.  4.5.6.  Panneau  lines  charac¬ 
terizing  the  energy -Insulated 
(CpTo  =  const)  flow  of  a  viscous 

gas  In  a  cylindrical  tube  (j  «  pw  « 
=  const)  In  the  presence  of  re¬ 
sistance.  1)  Supersonic  flow;  2) 
subsonic  flow. 


If  we  take  the  critical  values  =  T*  and  *  S*  as  the  fixed 
parameters  we  obtain 


5-5* 


•-I  *-i 


U-i 

)  r*  1 

i  i 

T*)  • 

(^.5.31)  I 
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Hgure  4.  S.6  cho-G  Lh.'  I'jtrine'iu  r<_i'  tl-.r  -o  different  values 

of  mass  flow  density, 

Vfhen  solvlnc  the  equation  dS/dT  0  we  can  show  that  the  maximum 
value  of  S  Is  reached  at  the  ciltlcal  temperature.  Thus  the  lower 
branen  of  tt'c  curve  describes  the  subsonic  flow  and  the  upper  branch 
the  supersonic.  The  direction  of  the  pi-ooess  must  finally  be  such  that 
the  enti’opy  increases. 

The  above  deduced  relation  makes  it  possible  to  find  for  each 
T/T*  the  values  M*.  M,  p:p*.  a:«*  etc. 

If  we  take  Into  a  count  that  the  speed  of  flow,  « - y'~€^(T^ f),  ,  the 
sonic  speed,  j  /i/Tf,  the  temperature  axis  may  bo  regarded  as  the  axis 
(with  variable  scale)  of  w,  a,  K,  K»  and  thus  the  plot  can  be  used 
for  determining  the  flow  os.’  o.>ters  at  all  cross  sections. 

The  graphical  means  a.  particularly  convenient  to  Investigate 
flows  of  "imperfect”  gases,  l.e. ,  of  gases  whose  equation  of  state  can¬ 
not  be  given  in  the  form  p  =  pRT  but  Is  given  In  the  form  of  graphs 
(phase  diagrams).  In  thlr;  aso  foi-  a  given  value  of  J  =  pw  =  const  we 
assume  several  values  of  p  (or  v  =  l/p)  and  determine  t;.e  w  for  these 
and  after  tills  we  use  the  energy  equ  ;' i  er.fpr-f c^ro -ceniito  find  i  —  t^T. 

Raleigh  lines.  In  the  cane  of  sei'o  frictlen,the  mans  flow  density 
J  =  pw  and  the  momentum  K  =  A(p  4  pw  )  as  well  are  constant,  Indepen¬ 
dently  of  the  heat  exchange  during  gas  motion  In  a  cylindrical  tube. 
Consequently,  in  the  diagram  of  IS(TS)  a  curve  can  be  drawn  along 
which 

/»pw»coiitt; 

This  curve  is  called  Raleigh  lino. 

For  Its  constiTictlon  we  first  write 

(•  T,  Pi  h  V 

Expressing  now  the  velocity  In  terms  of  temperature  from  the 
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relation. 


«e  find  -5^-/(r.r,) 

for  various  K  and  J. 

Compression  shock  In  the  IS  graph.  Since  for  a  normal  shock  the 
condition  of  dynamic  compatibility  gives 

r«-coMi.  /-fvi.tMti.  (4.5.32) 

then,  obviously,  the  state  of  the  gas  before  and  after  the  shock  must 
be  determined  by  the  points  of  Intersection  of  the  Panneau  and  Raleigh 
curves;  the  direction  of  the  process  corresponds  to  the  condition  of 
entropy  Increase  (Pig.  4.5.7). 

Mechanism  of  comoustlon.  Combustion  Is  the  term  applied  to  a  ra¬ 
pidly  occurring  exothermal  chemical  reaction.  Combustion  is  usually 
accompanied  by  the  appearance  of  flames,  these  being  the  gas  volume  In 
which  the  combustion  takes  place.  It  can  be  more  or  less  sharply  di¬ 
vided  Into  four  regions  (Fig.  4.5.8):  l)  the  region  of  fresh  gas;  2) 
the  zone  of  heating  and  of  the  associated  decomposition  of  the  g««« 
under  the  Influence  of  high  temperature;  3)  the  zone  of  complete  com¬ 
bustion  of  the  gas  (its  thickness  is  of  the  order  of  10"*^  -  10”^  cm); 
4)  the  region  of  the  combustion  products. 

Let  us  consider  the  combustion  reaction  In  the  tube.  If  the 
amount  (mass)  of  substance  burnt  per  unit  time  Is  denoted  by  m  «  pV 
and  the  area  of  the  flame  front  by  A,  then  the  mass  rate  of  the  reac¬ 
tion,  as  It  Is  called,  will  be  =  m/A  (kg/m^sec)  and  the  nor"«a1 
propagation  rate  of  the  reaction  will  be  =  V/A  (m/sec). 

The  experiment  shows  that  two  essentially  different  modes  of 
reaction  propagation  are  possible;  l)  slow  burning  propagated  with 
1-2  m/sec,  and  2)  detonation  with  a  velocity  of  2-3  km/sec.  In  the 
case  of  slow  burning,  all  pressure  changes  (propagated  at  sonic  speed) 
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thrust  well  ahi.-ad  of  th(^  flame  front  and 


arc  .ffset  1th  the  at'.tlcnt  prerrure, 

Pj  =  p^.  In  the  case  of  detonation  v.hcn 
the  react  Ion- front  speed  Is  greater 
than  sonic  speed, there  arise  great  local 
pressure  Increases;  In  the  gas  located 
before  the  reaction  front  the  dlsturb- 


Plg.  4.5.7.  The  Raleigh 
lines  characterize  the 
motion  of  an  invlscld  gas 
(H  =  0)  in  a  cylindrical 
tube,  pw  =  const,  when 
the  total  Impuls''  Is  con¬ 
served,  p  +  pw2  =  const. 
Independently  of  the  heat 
exchange,  l)  Coolin';  2) 
Jump;  3)  Fanneau  1  , 

Raleigh  lino;  5)  tK-a;  lo¬ 


anees  do  not  arise  before  the  gas  Is 
reached  hy  the  v.ave  front.  The  front  of 
the  detonation  wave  is  manifested  as  a 
shock  wave  of  high  Intensity  and  this 
causes  the  gas  tempci-ature  to  rise  so 
n.uch  that  the  chemical  reaction  takes 


place  In  a  certain  zone  boi.lnd  the  front  In  the  form  of  an  explosion 


with  release  of  heat.  The  energy  expended  by  the  shock  wave  In  Irrcver- 


Flg.  4.5.8.  Diagram  of 
heating  of  a  quiescent 
gas;  the  mixture  Is  heated 
by  virtue  of  the  thermal 
conductivity  cf  the  gas. 

1)  w -velocity  of  the  reac¬ 
tion  front;  2)  combustion 
zone,  3)  fresh  mixture;  4| 
heatin'  of  th"  mixture;  5) 
c  cm  1 1 1 1 1  o  n  p  r-od  u  •  ■  t  s . 


slbly  heating  the  compressible  gas  Is 
taken  from  the  energy  cf  the  chemical 
reaction.  The  width  of  tne  front  of  the 
deterc‘'en  '-.a''*  is  of  tJ’O  f:^rder  of  a 
m<Mn  tree  path  -  (hf^atir^i)  zone 

is  cor.siderably  na;’.-;w'>;'  th/'P.  the  F  (com¬ 
bustion)  zone. 

If  the  motion  is  revei'sed,  l.e.  ,  a 
velocity  Is  Imparted  to  the  gas  which 
is  equal  to  the  oppositely  directed  veloc¬ 
ity  of  the  reaction  front,  the  shock  wave 
can  be  considered  as  stationary,  with 
the  gas  passing  through  It.  At  the  same 


time  H,  will  be  the  ratio  bctwc“n  ttic  speed  of  the  fresh  mixture  to 
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the  speed  of  sound  In  It.  The  change  of  the 
gas  parameters  for  the  reversed  motion  dur« 
Ing  the  detonation  Is  given  In  Pig.  4.5.9; 
the  supersonic  speed  >  l)  of  the  fresh 
mixture  In  the  zone  of  the  wave  front  de¬ 
creases  to  subsonic  (Mg  <  l)  whereas  pres- 


Plg.  4. 5. 9.  Schematic 
representation  of  de¬ 
tonation;  the  mixture 
Is  heated  by  a  shock 
wave.  The  detonation 
wave  consists  of  two 
layers:  the  first 
layer  Is  the  adiabatic 
shock  wave  (AS)  and 
the  second  one  the 
thermal  shock  (TS).  1) 
(Shock  wave);  2)  fresh 
mixture;  3)  heating  of 
mixture;  4)  combustion 
zone. 


sure  and  temperature  sharply  Increase,  the 
mixture  Is  heated  and  decomposed;  In  the 
combustion  zone,  combustion  takes  place  at 
subsonic  speed,  heat  Is  supplied  to  the  gas 
and  Its  speed  Increases  according  to  the 
scheme  given  In  Pig.  4.5.5;  the  pressure  de¬ 
creases  somewhat  and  the  combustion  products 
dissipate  with  subsonic  speed. 


Thermal  shocks.  The  very  small  exten¬ 
sion  of  the  combustion  zone  In  which  the  heat  Is  set  free  allows  the 
assumption,  In  schematizing  the  effect  that  It  originates  from  a  shock. 
In  the  case  of  slow  burning  the  thermal  shock  arises  In  a  subsonic 
flow.  This  Is  explained  by  the  fact  that  In  this  case  the  main  part  Is 
played  by  the  kinetic  processes  (thermal  conductivity,  turbulence  of 


the  flow,  etc.  ), 

The  detonation  —  a  very  rapidly  occurring  process  -  e  :cludes 
kinetic  processes.  The  detonation  wave  may  be  considered  as  the  layer 
of  two  shocks,  a  normal  adiabatic  compression  shock  of  a  thickness  of 
the  order  of  a  mean  free  path  (and  therefore  excluding  kinetic  proces¬ 
ses),  In  which  compression  and  ignition  of  the  mixture  takes  place, 
and  a  thermal  rarefaction  shock  In  the  subsonic  flow  In  which  the  com¬ 
bustion  process  occurs  (pat  12»”2"  In  Pig.  4.5.5). 

According  to  this  approximate  scheme  there  also  occurs  a  condensa- 
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tlon  shock  In  tno  course  of  which  the  latent  heat  of  evaporation  Is 

set  free. 
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Pig.  4.5.10.  Gas  para¬ 
meters  In  a  detonation 
wave.  1)  Fresh  mixture; 
2)  heating  and  combus¬ 
tion  -et’.'';  3)  combus¬ 
tion  products. 


Gas  parameters  in  the  detonation.  It 
Is  convenient  to  calculate  these  parameters 
in  the  reversed  motion,  assuming  that  the 
gas  is  flowing  with  a  velocity  equal  to  that 
of  shock  wave  propagation  while  the  shock 
wave  is  stationary  (Pig.  4.5.10). 

The  shock  wave  parameters  are  calcu¬ 
lated  with  the  formulas  of  the  normal  com¬ 
pression  shock  (4.3.8); 

*-l  1 


It: 

«i  r  I 


I- 


*  +  l 


*+l 


A, 

Pi 


('♦.5. 33) 


In  order  to  calculate  the  thermal  shock  with  the  designations  of 
Pig.  4.5.10  we  have,  first  of  all,  by  virtue  r„=To,, i»f;=;if;and  of 

Eqs.  (4.5.19),  (4.5.28): 

^04  _  ^r(* + ‘"4*  (• + 

m?(h.m;^)>- m;»  (i  +  M?)»- 

Evolving  the  square  roots  of  this  equation  we  obtain 


(^.5.34) 


1 

1  +  m;* 

inj  — 

V  Tn 

“m; 

M?-j 

/F: 

l  +  M? 

m; 

Solving  the  first  of  them  we  find 


li-hl/ 1- 

L  -  p  * 

(«+m;0’  r-JI 

(^.5.35) 


The  minus  sign  refers  here  to  the  case  of  heat  release  (e.g. , 
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coBbustlon  and  condenaatlon)  In  a  subsonic  flow  {M|  <  l),  and  the  plus 
sign  to  supersonic  flow  (M|  >  l).  Por  the  conditions  of  the  themal 
crisis  (M|»  ■  1)  we  have 


Mr 


(4.5.36) 


The  latter  expression  determined  the  maxlnrum  possible  velocity 
at  the  Inlet  of  the  combustion  chamber  when.  In  the  subsequent  course, 
the  flow  reaches  the  value  =  1  at  the  chamber  exit. 

Steady  regime  of  detonation.  This  Is  determined  by  the  conditions 
Mi>l  and  ;  solving  (4.5.34),  we  obtain 


ll-l/l- 

1  \  ' 

(l  +  Mj*)*  Toi  J  1 

Zb 

I'm 


(4.5.37) 

Usually  M|  Is  considerably  smaller  than  unity,  and,  with  little 
heating,  Q-f,(rM-r«) 


The  stronger  the  compression  shock,  1.  e.  ,  the  greater  the  propaga¬ 
tion  rate  of  the  shock  wave,  the  higher  Is  the  stagnation  temperature 

of  the  hot  mixture  r„-r,  (l M?)”'  and.  In  the  limiting  case  with 

M,  -*00 

7„-r«-*oo;  M,-a 

At  the  same  time  the  relative  heating  and  the  speed  of  the  combustion 
products  drop  sharply  (m;%m;)  ,  l.t. ,  the  detonation  wave  degenerates 
to  a  compression  shock.  This  Is  easily  seen  when  the  variable  stagna¬ 
tion  temperature  Is  replaced  by  the  temperature  of  the  cold  gas: 

('>•5. 39) 

Usually  the  detonation  (shock)  wave  arises  as  the  result  of  a 
local  explosion  In  a  hot  mixture.  The  detonation  wave  propagates  to 
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the  cold  gas  and,  causing  a  ccnrJdt'  -able  local  heating,  brings 

the  gas  to  ignition.  In  this  region  .MJ-M**:  |  .  with  Increasing  from 
the  explosion  conter  the  s.hook  wave  weak. ns.  Its  propagation  rate  drops 
and  the  speed  of  the  combustion  products  and  the  relative  heating  In¬ 
crease;  with  =  1  the  propagation  of  the  detonation  assumes  a  steady 
character. 

Then 


(^.5.40) 


(^.5.41) 


The  latter  equ^  Ic  i. 


.'mines  the  propagation  rate  of  the  wave 


M? 


r  r  ^  —  I 


(^•5.^2) 


,4.4*  in.'  i  "  r  <■  +  2*«>* 

The  sign  (  +  )  refers  to  heating  by  detonation  and  the  sign  (-)  to 
slow  heating. 

The  following  approximate  la' lore  hold  for  >  1; 
for  the  speed  of  tne  detonation  wcv 


M 


*-r 


1+<C| 


1  +  2? 


*  +  l 


and  for  the  speed  of  the  wave  of  slow  burrdr. 


MTJi* 


2(1  +  2?i) 


(4. 5.^3) 


Figure  4.5.11  gives  the  gi'aph  of  the  dep  nd"nce  of  on  for 
k  =  1.4.  The  upper  branch  of  the  curve  (in  the  supersonic  region  of 
the  motion)  corresponds  to  minimum  s*eady  speed  of  detonation  propaga¬ 
tion;  the  points  above  It  correspond  to  unsteady  detonation  and  the 
points  below  It  to  the  physically  Impossible  transition  to  sonic  speed 
with  supply  of  heat  (thermal  crisis).  The  lower  branch  (in  the  sub- 
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sonic  region)  gives  the  maximum  combustion  velocity;  the  points  below 

this  branch  of  the  curve  correspond  to  the  Infinite  multiplicity  of 

regimes  of  normal  slow  burning  at  low  speeds. 

“TT — rrr  i — r-n 

Thus,  the  regimes  In  the  shaded  region 
are  not  feasible  owing  to  the  effect  of  ther¬ 
mal  crisis.  This  explains  the  Jump-llke 
character  of  the  transition  from  normal  heat¬ 
ing  to  detonation.  It  should  also  be  noted 
that  a  very  small  thermal  Influence  suffices 
for  the  burning  rate  to  become  much  lower 
and  the  detonation  rate  higher  than  sonic 
speed. 

The  remaining  parameters  are  calculated 
by  means  of  (4.  5. 1^) -(4. 5. 19), 

Absolute  velocities.  In  a  coordinate 


$  •  it  It  j$ 

Pig.  4.5.11.  Depend¬ 
ence  of  the  propaga¬ 
tion  rate  of  the  com¬ 
bustion  wave  on  the 
thermal  characteris¬ 
tic  of  a  hot  mixture, 

1)  Region  of  unstedy 
detonation;  2)  steady 
regime  of  detonation; 

3)  maximum  detonation 
rat.^;  4)  region  of 
slow  burning. 


system  fixed  to  the  quiescent  gas  the  absolute  particle  velocity  Is 
right  behind  the  shock  wave  front  equal  to  w^  =  w^  -  Wg,  and  the  veloc¬ 
ity  of  the  combustion  products  Is  w  »  w,  —  Wi.. 

In  detonations  therefore  the  flame  front  and  the 

front  of  the  combustion  products  move  In  the  same  direction  as  the 
shock  wave  front,  but  w^  >  w^.  In  the  case  of  normal  burning  Wj^  ^  Wg  < 

<  and  the  directions  of  motion  of  the  front  of  flames  and  combustion 
products  are  opposite. 

4,  6.  THE  LAW  OP  REVERSAL  OP  INPLUENCE 

The  above  considered  forms  of  Isolated  Influences  on  the  flow 
show  that  each  of  them  changes  the  local  parameters  of  the  gas  In  the 
sub-  and  supersonic  flows  In  opposite  directions.  This  property  Is 
called  the  law  of  reversal  of  Influence  [4.  n.r4.7l:  it  was  carefully 
studied  by  L.A.  Vblls.  In  order  to  be  definite,  let  us  agree  to  denote 
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as  nomal  InriUv  tic..  such  a  “  Ic  n  aa  accLloivatca  a  subsonic  flow. 

Combined  Inf I;i>.'nco.  L*"?!  us  Isolate  In  a  channel  of  variable  cross 
section  of  len^:!!)  dx;  let, owl nc  to  lateral  Inflow,  the  macs  In  this 
section  be  raised  by  an  amount  of  dm.  Let  the  amount  of  heat  supplied 
from  outside  be  dQ  =  mdq  and  the  work  done  by  the  cas  and  transferred 
to  the  outside  be  dL  =  mdl  (Fig.  4.6.1). 

The  continuity  equation  m  =  pAw  yields 


^  if  4A  dm 


(4.6.  1) 


The  momentum  equation  Is 

rA-^pdA-^{p-\^dp){A-\. 

+  dA)—^dAt  —  dX-{m  + 

+  <•«)(»  +  dm)  —m^dm  —  «*; 


Pig,  4.6.1.  Combined 
Influence  on  a  flow. 


where  Tq  is  the  tangential  fi-lctlon  stress 
a.  the  wall,  dA^the  wall  area  dX  the  reels ■ 
tance  force  acting  on  bodies  Inside  the 
channel,  and  w^  the  projection  of  the  velocity  with  which  the  addi¬ 
tional  mass  din  of  gas  flows  in,  along  the  velocity  direction  of  the 
main  flow. 


Assuming 


»«•— ;  — =  hyiraullc  diameter*), 

m  A  D  '  ' 


=  C/  -  -  -  c,  -  2  . 


we  obtain 


*M»  dwt  *M5 


/  ’  2  *  2  V"'  D 


(^C/ 


dJi  7dX 


iM.)  (4.6.2) 


Let  us  write  the  energy  equation  (first  law  of  thermodynamics) 

In  the  form 

(nd-f  tf/)  )■  t,TAm]  —  lml-\-Udm\  + 

+  <<-  + rf")  (-y  4  rf  ^  " 

The  change  of  gas  temperaturf’,  dT,  may  occur  owing  to  the  change 

In  entha ] pv  rf,_ t  and  to  that  of  a  chemical  reaction,  dl„  so  that 
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here  1^^  Is  the  enthalpy  of  the  mass  dm  at  the  temperature 
T  of  the  main  gas  flow,  and  1^  the  enthalpy  at  the  temperature  of  Its 
entry  Into  the  channel. 

After  a  transformation  we  obtain 


•1  / 


(*) 


Defining 

•  r 

(4.6.3) 

where  1^^  and  Tq^  are  the  enthalpy  and  stagnation  temperature  of  the 
mass  dm,  we  find 


€,47 


Here 


(4.6.4) 


(4.6.5) 

and  Tq  Is  the  stagnation  temperature,  determining  the  whole  energy  of 
supplied  heat,  mechanical  work,  chemical  reaction.  Introduced  addition¬ 
al  gas,  etc.  I 


47  ,  7 


_ 41V 

a— I  Ml  * 

I  -M» 

I 


Dividing  (U.6. 4)  by  CpT  we  can  write  It  In  the  form 

.4  +  ^  -  fi  +  . 

7^2  eiV^l  /r. 

The  equation  of  state  p  »  pRT  yields 

4-4+4. 


The  stagnation  pressure  In  the  rtreara  Is 


'  'v’+  /  l  +  ^MI 


By  definition,  «i •  Therefore 
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(4.6.6) 


(4.6. 7) 

(4.6.8) 


(4.6.9) 


(4.6. 10-11) 


dq’  da'  dT 
M>  ‘  ~  ~  ^  "  t~ 

The  syGltrr.  cf  Eqc.  (4. 6,  1,  2,  4,  8,  10,  ll)  tO(j;elhe:'  with  the 

entropy  equation 

t,  Ta  t  pt  ''  ' 

links  12  parameters  frcm  which  four  can  bt-  sini^led  cut  as  Independent 
cnes  and  eight  will  be  functlonr  of  them.  The  nelectlon  of  the  Inde¬ 
pendent  parameters  Is  subject  to  the  condition  that  they  must  be  di¬ 
rectly  measurable.  Usually  the  folloulnr,  are  taken  as  the  Independent 
variables : 

dTa 


A  Tq  '  D  ^  ^  m  '  m  ‘ 


(4.6. 13) 


Then  their  fur.ctJc:  ■  ^.l.t  be 


dr^  dT  £p  dpo  dt  dS  dq 

M3  '  •  ‘  T  '  p  ‘  Pa  '  f  ’  *d  '  » 


(4.6. 14) 

Applying  the  common  methods  of  ellmilnatlng  the  unknowns  we  found 
the  expressions  for’  all  the  d<'p>nder.t  pai'ameters  given  In  the  (follow¬ 
ing)  table. 

In  order  to  determine  the  arbitrary  function  standing  In  the 
first  vertical  column,  th-'  fun  tier,  .clarriln-;  In  the  horlsontal  line 

needs  be  multiplied  by  tt.c  lndep< 'nder.t  va;li:l'.  plac>-d  In  the  top  line. 

2 

Al'’  Influence  factors  multiplied  by  1-M  change  their  sign  ac¬ 
cording  as  M  >  1  or  M  <  1,  besides  changing  the  direction  of  action. 

ijet  us  note  that  the  work  dj  ent  •  rs  F.q.  (4.6.4)  with  a  sign  op¬ 
positely  to  the  sign  of  hoa>  supplied  (or  11  te.'i  atod  In  chemical  reac¬ 
tions).  Ther’ofore  In  a  cyllr.drlcal  tube  the  transition  fi'om  subsonic 
to  supi.rsctilo  flow  can  be  achlt.ved  If,  In  Its  subsorilc  part,  a  turbine 
Is  arranged  with  blades  to  whlcti  the  gas  will  Impart  mechanical  enor-gy, 
and  If  In  Its  supei’sonl  c  part  a  cemnressor  Is  Installed  whose  bladr's 
will  pcT’fcrm  work  utider  the  Influence  of  the  gas.  Such  an  arranrgement 
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l3  called  a  rr-hu.'  :!  r.. 


Evaporation  ar.d  I'endi  r.  lon.Th'-.^e  prc  C' ■;  .n'l:.  wldcGpread  In 
engineering.  The  coolant  fin’d  array  Ir  need  In  o;'dcr  to  cool  the  flow. 
During  condensation  the  lat-.-nt  heat  of  evapo:-atlon  is  set  free. 

The  calculation  of  th'.'  Influc  r.c(;  of  these  pr'cccsses  presents  no 
great  difficulties  and  can  he  done  on  the  basis  of  the  fact  that  the 
additional  mass  adds  to  th?  evaporated  fluid,  and  in  Eq.  (h.S.l) 
we  shall  have  dm  =  dm^  -r  dm^  (fc;’  condee.satlon  dm^  Is  ncqatlvo).  The 
corresponding  additional  terns  enter-  the  momentun>  equation  (they  ai-e 
small  since  the  additional  mass  Is  usually  srr.all)  arid  the  energy 

eq-uatlon,  which  are  connect with  the  liberation  of  heat. 

In  a  subsonic  oiqv;  tire  I'luld  .spi-ay  diminishes  the  speed  of  the 
flow  and  raises  the?  riw  .  -1  density;  In  a  supersonic  flov;  the 

speed  Is  raised  and  pr'es.C'.  ;.'.d  density  drop. 

Change  of  the  phy.dc.i.  prep*  r-t  les.  A  ;h:in.:e  In  molecular  weight 
and  cf  the  specific  heat  ratlv  w  -  cp/c^  also  influence  the  processes 
of  gas  motion.  In  c.der  to  tola?  th' ni  IntC'  account  the  universal  gas 
constant  R  can  bo  Intreduc  d,  de-fio'-d  by  R  -  R  /p  where  u  Is  the 

y  y 

molecular  weight.  Then  the  equatl'.ri  ef  s;  itc 


r  -1  V—  r  -*  —  + 


inst'.-ad  cf  (/J.6.8).  Correspor.uir. -Iv  Eq.  (^).C.  ll)  jc  char  d  ^r\d 

^  1  T  ~ 

4f 

~  — - b-r"  •  At  the  same  tin"  ’h"  .nu.c.ber  of  Ir.dei  •  r.d'-r.t  par-ameter-s  Is 

p  k 

Inercas'-d.  Without  glvlnj  tin-  ca  Ici;  lat  lorrs  >!•  r'-mar-k  that  a  reduction 
In  molecnlar  wel''hb  acceler-at  cj  ifu  subsonic  ri'  ..  an  I  d'?cel(?rateG  the 
supersonic  flow.  A  change  in  'he  e.-'ponent  k  lncrcas',3  the  Mach  number 
M  dec rn  e.ses  and  the  sonic  sp'-<  d  Increases  both  in  the  subsonic  and  In 
the  dup-v  rtor.l c  region  of  flow;  all  the  other  motion  parameters  remain 
unaff.'.-ted  by  a  cliangc  of  k. 
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Pig.  4.6.2.  Mechanical 
nozzle.  1)  Turbine;  2) 
compressor. 


Manui 

script  [Footnotes  J 

Page 

No. 

260  It  Is  sometimes  called  laminar  sublayer;  the  flow  structure 

In  It  will  be  considered  In  greater  detail  In  what  follows. 

287  The  hydraulic  radius  Is  the  ratio  between  the  ar''a  of  the 

flow  cross  section  and  the  wetted  perimeter. 
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Chapter  5 

PLANE  POTENTIAL  MOTIONS  OF  A  GAS 
5. 1.  FUNDAMENTAL  EQUATION'S 

The  present  chapter  deals  with  the  InvoctlGatlon  of  plane  gas 
flows.  The  fundamental  system  of  equations  of  a  steady  plane  flow  of 
compressible  Invlscld  medium 


=0; 

..  I  „ 


dx 


iv,  dWm 

ex  '  dy 


t 

t  ip 

*  if  ' 

A=P(p.'S) 


(5.1.1) 

(5.1.2) 

(5.1.3) 

(5. 1.^) 


serves  to  determine  the  functions  p,  p,  w^,  w^,  S,  with  the  boundary 
conditions  formulated  In  (2. ' ).  Notice  that  besides  the  convective 
acceleration  Induced  nonllnoarl  ty,  a  llm  arlty  arises  also  because  of 
the  fact  that  now  p  =  p  (x,  y). 

The  velocity  potential.  If  we  assume  that  curl  tr  ^ _ iHil 3, 0 

- u—c -  2  ix  iy 

at  each  point  of  the  flow,  then,  as  has  been  shown  above  (cf.  Part  2.7), 
the  entropy  Is  the  same  for  all  points  of  the  flow  (S  =  const). 

Then’ Eq.  (5.1.3)  Is  Identically  satisfied  and  Eq.  (5.1.4)  assumes 

the  form  /’=-^P*=  where  C  Is  a  constant  quantity  as  this  follows 

•• 

fr 3m  (2.  3- 5). 

Then  the  velocity  field  Is  characterized  by  the  potential  (t  de¬ 
fined  by  the  relation  w—v®  . 
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However,  In  oontradlatlnctlon  6o  the  velocity  poteatlAl  of  mi 
incompressible  fluid,  the  equation  that  Is  satisfied  by  the  potential  ♦ 
In  a  compressible  gas  will  now  be  nonlinear. 

In  fact,  if  we  take  into  account  that  y).  we  can  write  Bq. 

(5*12)  in  the  fora 


f 


Multiplying  the  first  of  these  equations  by  w^,  the  second  by 
Wy  and  adding  them  up  we  obtain  with  (5.1.1) 


(5. 1.5) 

Replacing  here  w  and  w  by  ♦  we  arrive  at 

A  y 

(5. 1.6) 

whereupon  (4.2.6) 

follows. 

Equation  (5.1.6)  is  nonlinear.  Only  in  the  case  of  an  infinitely 
large  propagation  rate  of  the  small  disturbances  (incompressible  fluid, 
P  “  Pq)  it  go  over  to  the  linear  Laplace  equation 


=+=— a 

The  stream  function.  Eq.  (5. 1.1)  is  Identically  satisfied  If  we 
introduce  the  function  y)  by  means  of  the  relation 


(5. 1. 7) 


where  is  the  density  at  an  arbitrary  point  in  the  flow 

i  Stream 
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Since  ty  definition  for  the  streamlines  dxwg^dyxwg,  dX~  **  dx 4 


^~dy=— {pv^dy~f,-j;^dx)  —  0  vil\  be  va31d  alorif,  the  streamline,  which 
means  that  the  streamlines  are  characterized  by  the  equation  T(jc,y)= 
const.  The  function  Vlx.y),  as  In  the  case  of  the  Incompressible  flow, 
is  called  the  stream  function. 

If  w  and  w  In  Eq.  (5.  1.5)  are  replaced  by  their  f' -functions 
X  y 

obtained  from  (5.1.7)  we  obtain  the  nonlinear  equation  for  i” : 


with 


L  V  a,  ;  J  ^ 


ar 

dx 


ar  asr 


dy  dxdy 


(5.1.8) 


$ 


With  p  *=  Pq  this  equation  likewise  goes  over  Into  the  Laplace 
equation 


a«T  a«v 


=0. 


which  we  have  already  used  for  investigating  plaiie  flows  of  an  in¬ 
compressible  fluid. 

Owing  to  the  nonlinearity  of  the  equations  for  9  and  '1  the  appara¬ 
tus  af  the  theory  of  functions  of  complex  variables  cannot  be  applied 
directly  in  gasdynamlcs.  The  sum  of  the  particular  solutions  of  the 
homogeneous  linear  equation  is  again  a  solution  to  this  equation.  Non¬ 
linear  equations  do  not  possess  this  Important  property,  which  account 
for  the  difficulties  In  solving  them. 

Nonlinear  equations  are  often  solved  by  the  method  of  successive 
approximations  and  sometimes  they  are  reduced  to  linear  equations.  In 
the  latter  case  the  substitutes  for  the  Independent  variables  are 
chosen  In  auch  a  way  that  the  nonlinear  equations  are  transformed  to 
linear  ones.  It  should  be  noticed,  however,  that  great  difficulties 
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arise  In  satisfyiqg  the  given  boundary  conditions  for  these  new  equa* 
tlons.  The  othar  eoarse  open  Is  to  linearize  the  equation  of  asfelon 
of  the  gas  approjdsately  and  so  to  obtain  approximate  solutloaa. 

5.2.  APPROXIHATE  IIKEARIZATION  OP  THE  EQUATION  FOR  THIN  wnnTiea 

Statement  of  the  problem.  A  great  many  practical  problems  are 
related  to  gas  flous  which  deviate  only  slli^htly  from  undisturbed 
parallel  flow  and  idiieh  sure  almost  always  met  when  long  bodies  with 
smooth  contours  are  placed  in  a  flow  at  small  angles  of  attack*..  In 
these  cases  the  exact  nonlinear  equations  can  be  replaced  by  approxi¬ 
mate  linear  equations. 

Linearized  equation  for  the  velocity  potential.  Let  the  velocity 
of  an  undisturbed  parallel  flow  (Plg.  5.2.  l)  be  w^,  the  pressure  p^, 
the  density  and  w',  p',  p*  the  corresponding  quantities  character¬ 
izing  the  dlsturbioces  of  these  parameters  caused  by  a  thin  b«Jy 
brought  Into  the  flow  so  that  w-w.+w',  wlth)«'|:v»<l. 

|p'l:p»^lL  I^t  us  assume  the  flow  to  be  vortex -free  sad  let 
us  take  the  x-axls  In  the  direction  of  the  velocity  w^j  we  can  then 


Pig.  5.2.1.  For  long  bodies  only  in  the  small  (shaded)  regions  A  and 
B  Is  the  velocity  of  the  disturbance  of  the  same  order  of  magnitude 
as  the  velocity  of  the  undisturbed  flow,  l)  Streamline. 

write  the  velocity  potential  of  the  total  motion  in  the  form 


wheref  (x,y)— Is  the  disturbance  potential,  l.e. , 


(5.2. 1) 


since 


+  ^  |(a'-  +  u-;)*+ w/l. 

we  have 


or 


and 


«> 


where  the  symbol  0(z")  denotes  a  quantity  of  the  order  of  z^. 

Let  us  calculate  the  factors  of  the  second  derivatives  of  the 
velocity  potential  Eq.  (5«1»6),  writing  the  main  terms  as 

,.±-, 

«*  «t  ^ 


••  ••  \  / 


V  w,  , 

-  ^  :=c 

_(»-+o»v  •*-  •*. 

«< 
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since 


^  .  d**  A  Jib 


the  approximate  equation  will  be  the  disturbance  potential  equation. 


namely 


Assuming  that 


Ti  uTi-  ,  . 

II-MJ.,  (5.2.3) 

and  retaining  the  first-order  small  terms,  we  obtain  the  approximate 
linearized  equation  for  the  disturbeince  potential. 


(5.2.4) 


obtain 


The  stream  function  equation  Is  linearized  in  the  same  way;  we 


The  pressure  coefficient.  In  the  flow  about  smooth  .contour  bodies 
the  area  of  a  stream  tube  cross  section  varies  only  very  little;  owing 
to  this  the  product  pw  varies  but  little  too. 

The  equation  of  motion  along  the  streamliner  s  therefore  obtained 
in  the  form 


(5.2.5) 


The  order  of  magnitude  of  the  discarded  terms  can  be  obtained 


from  the  energy  equation 


3  ^*-1  f  7  ^*-1 


and  the  Isentropy  relation  p  =  cpK  The  pressure  coefficient  then  reads 
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Subsonic  and  supersonic  plane  flows.  If  wo  assume  that 
Indicates  that  the  flow  velocity  Increases  alone  the  stream  tube,  and 

•^>0-  that  the  stream  tube  widens,  then  It  follows  from  the 

^  #»•  9w' 

equation  (•  — Mi)— ^+^=0  that  In  a  subsonic  flow  (I— M’>0)  the  ac- 

9M  Of 

celeratlon  of  the  flow  Is  connected  with  a  decrease  of  the  stream 
tube  cross  section,  and  that  In  a  supersonic  flow  (I— Mi<0)  ac¬ 

celeration  of  the  flow  requires  that  the  stream  tube  widens;  con¬ 
sequently,  the  slope  of  the  stream  lines  changes  sign  at  the  transition 
from  subsonic  to  supersonic  flow. 

The  theory  of  differential  equations  with  second  order  partial 
derivations  shows  that  the  type  of  the  equation  with  second -order 
partial  derivatives,  ®  is  determined  by  the 

sign  of  Its  discriminant  B'  -AC. 

In  our  case  B  =  0  and  -  AC  =  -  (I-M>.)  .  if  i_M*.  >0  ,  l.e. ,  If 
the  flcvsi  Is  subsonic.  It  Is  qualitatively  similar  to  the  flow  of  an 

Incompressible  fluid;  the  disturbances  introduced  Into  the  flow  are 

2 

propagated  over  the  whole  region  occupied  by  the  flow.  If  B  -  AC  <  0, 

the  equation  Is  said  to  belong  to  the  elliptic  type*. 

o  2 

If  >  1  the  flow  is  supersonic;  B  *  -  AC  ^  M  -  1  >  0  is  an 

OD 

equation  of  the  hyperbolic  type;  the  disturbances  Introduced  Into  the 
flow  are  propagated  only  In  a  certain  part  of  the  whole  region  oc¬ 
cupied  by  the  flow.  Interfaces  (lines  In  the  plane  motion)  exist  which 
separate  the  region  of  disturbed  motion  from  the  undisturbed  ones. 

These  lines  are  called  characteristics.  In  a  subsonic  flow  the  dis¬ 
turbances  are  propagated  over  all  the  flow.  Hence  follows  the  character 
the  type  of  the  disturbances:  In  the  presence  of  characteristics  (super 
sonic  flow)  the  disturbances  are  concentrated.  When  they  occupy  the 
whole  region  of  the  flow  they  are.  If  not  attenuated,  propagated  to 


Infinity.  In  subsonic  flows  the  perturbations  are  propagated  over  the 
whole  region  and  become  attenuated  at  Infinity. 

5.  3.  FLOW  ABOUT  A  WAVY  SURFACE 

As  an  example  that  Illustrates  well  the  application  of  the  per¬ 
turbation  method  and  the  differences  between  subsonic  and  supersonic 
flows  let  us  consider  the  plane  flow  along  a  wavy  wall  that  Is  sinu¬ 
soidal  In  shape 


>=*•10^.  (5.3.3) 

where  the  amplitude  h  Is  assumed  to  be  much  smaller  than  the  period 
1  (Fig.  5.3.1). 


Boundary  conditions.  Since  the  wall  must  coincide  with  streamlines, 
we  have 

f  ^  (5«3*2) 

When  the  formulation  of  the  problem  Is  linearized. 


Hence  follows  the  first  boundary  condition:  for  y  =  h  sin 
the  disturbance  potential  <p  has  to  satisfy  the  equation 

(5. 3.3) 

emd  the  stream  function  t  *=  0,  or,  since 


-Vm  •  COf-^  , 


(5.3.^) 

The  second  boundary  condition  Is  obtained  from  the  fact  that 
the  velocity  must  be  finite  at  Infinity,  1.  e. ,  as  y  -  *  the  derivatives 
of  the  functions  9  and  V  must  not  tend  to  Infinity. 

Subsonic  flow.  If  we  put  n^  =  1  -  then  n^  >  0  for  a  subsonic 
flow.  Rewriting  the  linearized  equation  In  the  form 
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(where  f  stands  fcr  cp  or  •;)  can  si-ek  the  solution  to  the  equation 
in  the  form  of  a  product  of  the  function  C(x),  depondlnc  only  on  x> 
and  the  function  Tj(y),  dependlnt:  only  on 

/(x.y)=C(jt)  !)(>). 

Dlf ferentlatlnc  f(x,y)  twice  and  dividing,  by  f(x,y),  we  obtain 

r(x)  1  _  Q 

Since  one  term  depends  only  on  x  and  the  other  only  on  both 
of  them  must  be  equal  to  one  and  the  same  constant,  but  with  opposite 

sign,  1. e. , 

I  Vly)  - 
C(x)  *  «* 

Thus,  depend!;.:  on  tl.  rli^n  of  k  the  solution  to  Eq.  (5»3-^)  will 
be  either  an  exponential  f  n  tion  (k  >  O)  or  a  trigonometrical  function 

(k  <  0)*. 

We  shall  now  seek  the  stream  function.  If 

1-=C(x)r,(y). 

It  follows  from  the  boundary  condition  for  y  =  h  sin  (2nx/l),  l.e.  , 
near  >=0,  o--  —  that  ^(x)  be  a  ti’lgonometrlcal  function 

of  the  form  a  sin  px  and  at  tne  same  time  ri(y)  will  be  an  exponential 
function;  by  virtue  of  the  second  boundary  condl'lon  (fin'.toncss  of 
Tj(y)  it  will  have  the  form  be”^’^-'.  Thus 

^  =  Asiapxe-**^, 

In  order  to  determine  A  and  h  we  write  the  boundary  conditions 
as 


This  equation  can  be  satisfied  if  we  put  p  =  2n/l  if  the 
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term  of  the  order  of  on  the  right-hand  side  is  ne 


glected  compared  with  unity,  which  is  permissible  since  we  have  ini¬ 
tially  assumed  that  h/l  «  1. 

This  means  that  the  boundary  conditions  (5*  3*  3)  and  (5»3*^)  at 
the  wall,  l.e.  ,at  y=Asin— ^  are  replaced  by  approximate  relations 
formulated  for  y  •  0. 

In  this  approximation  we  therefore  obtain  A  « 


Fig.  5. 3. 1.  V.'avy  sine-shaped 
wall,  l)  is  the  wavelenght 
and  h)”the  amplitude. 


♦  =  (5.  3.  5) 


Similarly 


•=  — j - eo$  — .  \  D. 


6) 


We  have  now 

2mik 


(5.3.  7) 


...a.,  (5-3.8) 

'  iy  t  I 


C,=  -2-l- 


«■*  (5. 3. 9) 


iVl-Mj, 


It  follows  from  these  expressions  that  the  greater  the 

more  slowly  the  disturbances  are  attenuated. 

The  pressure  coefficients  for  a  compressible  gas,  and  of  an 

incompressible  fluid,  Cp^,  are  simply  linked  by 


r*  _ 


(5. 3. 10) 


Since  the  linearized  equation  has  been  obtained  on  the  supposi¬ 
tion  that  the  limits  of  applicability  of  the  solution  found 


are  determined  by  the  condition 


Um  iVl-Mi 
l.e.,  the  relative  thickness  admitted  becomes 
Supersonic  flow,  >  1.  A  flow  for  which 


smaller  as  M  increases. 
1  — <0is  described 

m 
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by  the  wave'  equation 


I 

mfi 


0, 


(5.3.11) 


Where  m  ~  V  -  i  >0  and  r  ^  V  or 

The  total  Intecral  cT  tli’o  i-quatlon,  as  was  found  In  (2.7.8), 
has  the  form 


/(*.*) -/i(' -'wy)  i/t(* 4 /n^).  (5.3.  12) 

where  and  f^  are  arblti'ai’y  funcilonc  of  (x  ~  my)  and  (x  -4-  my),  re¬ 
spectively. 

Assuming  x  -  my  =  const  and,  correspondingly,  x  +  my  ~  const,  we 
obtain  two  sets  of  sti'alfht  lines  on  which  each  of  the  functions  fj^ 
and  and  all  disturliance  parar.eiers ,  w’,  p',  p',...  are  constant. 
These  straight  lln^  .  '1*'.  -  .Met,  the  disturbance  paraiuoters  remain 
constant  are  th'  chai-set  ■.  (fig.  5.3.2). 


Fig.  5. 3.  ■*  r-’ach  l!nec  (a)  anl 

—  mach  Hr.  ■;  (b). 

In  the  flow  conslticrecl  t  h<-  -  l/ich  llnej  ■/-  in  th'  upper 

s-rdplang  lor  y  >  0,  are  Inclined  against  the  flow,  l.e,  ,  the  uls- 
tuioanres  najst  be  propagated  ups’-rean;  this  Is  Impossible  for  a  super¬ 
sonic  flow  and  so  wc  have  to  take  f^  =  0,  Thus,  In  the  upper  re.^ilplane 
only  ih'.'  +  Mach  lines  rem-iin: 


;o3  - 


j-Xx+c,.^7,^x+e.. 

It  can  be  shown  by  the  same  considerations  that  In  the  lower  send* 
plane  the  +  Mach  lines  cannot  exist  since  the  disturbances  would  other¬ 
wise  propagate  against  the  flow;  consequently,  for  y  <  0  only  the  — 

Mach  lines  remain: 


+4 


V'Mi-l 

As  In  the  case  of  M^  <  1,  the  boundary  conditions  at  the  wall 
can  be  taken  for  y  =  0;  then 


For  the  stream  function  at  y  =  0  we  shall  therefore  have 


(5.3.4) 


hence  we  obtain  the  stream  function  equation  In  the  form 

^=/j(x— ffiy)=»  — L— — 22l,  (5.3.13) 

For  the  velocity  potential  9  =  f^  (x  -  my)  we  have  at  y  *  0 

Hence 


f  s  —  a> 

Notice  that  the  second 
and  ii  with  x  -*  «  and  y  -*  ») 
For  the  velocity  of  the 
ficlent,  we  have 


(5. 3. 14) 


boundary  condition  (finite  values  for  9 
Is  automatically  satisfied, 
disturbance  and  for  the  pressure  coef- 


""[t  i—j’  )} 


(5. 3. 15) 

(5. 3. 16) 


At  the  wall  surface  (y  »  O) 
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.  .  _4L  5**  ^ _ 

Where  ■  l  ^  denctt::  the  clopr;  :)f  the  stream  line,  which  Is 

often  called  the  local  an  tie  of  attack. 

Comparison  of  th^  •"‘^"■ilts.  In  both  cases  the  applicability  limits 
of  the  solution  are  determined  by  the  condlt  Ion  It'j  | :  tr« "«  I,  which  gives 
2nh:l  V^l  — •  MJ,^  for  the  subs(’nic  and  ?.i/i ; — for  the  supersonic 

flow. 

Wie  supersonic  flow  differs  qualitatively  from  the  subsonic  flow: 
without  their  magnitude  being  changed,  the  disturbances  are  propagated 
to  Infinity  along  the  straight  line's  (Fig.  5.3.3,  b) 

Comparing  the  press...  '  ."trlbutlon  curves  In  subsonic  and  super¬ 
sonic  flows,  we  ascertain  .j.  5.3.^)  that  a  force  arises  which  acts 
In  the  direction  of  motion  on  the  body  placed  In  the  flow,  which  Is 
not  so  In  a  subsonic  flow.  This  force  Is  called  the  wave  drag. 


Fig-  5. 3. 3*  The  greater  the  Mach  number 
M  of  a  subsonic  flew  th-'  more  slowly 
the  disturbances  ar'e  alter, isUed  (a);  In 
a  supersonic  flow  the  die turlances  flow 
off  to  Infinity  without  bel.ng  cliangf-d 
(b). 

Transition  thrugh  sonic  sp'sed.  With  M  -►  1.  If  /— V  ^  -**»•"* 

- - - ®  '  V  W  ^  4.1  • 

Fq.  (5.2.^)  formally  goes  oV'Cr  to  a  parabolic  equation 


^S*  In  a  supersonic  flow  a  force  proportional  to  the  local 

angle  of  attack  arises  on  each  element  (a;.  In  a  subsonic  flow  the 
projection  of  the  pressure  forces  onto  the  velocity  direction  Is  equal 
to  zero  (b).  In  a  supersonic  flow  It  differs  from  zero. 

In  the  regl<Mi  >  1^  however,  Eqs.  (5.2.4)  and  (5.2.5)  become 
invalid  by  virtue  of  Condition  (5.2.3),  and  In  order  to  solve  the  pro¬ 
blem  In  this  so-called  nearsonlc  (transsonic)  region  another  equation 
has  to  be  formulated.  Owing  to  (5*3.17)  the  pressui^  coefficient  Cp 

tends  to  infinity  for  «  1  (Pig,  5*3.5).  Thus, 
when  passing  over  to  w  1  from  the  side  <  1 
the  dreig  Is  equal  to  zero,  and  when  coming  from 
the  side  >  1  it  tends  to  infinity. 

Notice  that  the  linearized  equations  also  lose 
validity  when  the  M^'s  are  very  large,  l.e. ,  In  the 
so-called  hypersonic  range. 

5. 4.  LINEARIZED  SUBSONIC  PLANE  PLOW 

A  plane  subsonic  flow  of  compressible  gas 


Pig.  5*3.5. 
According  to 
the  linearized 
theory  Cp  • 

as  M  -»  1. 


streaming  about  a  sufficiently  thin  cylindrical  body  at  a  small  angle 
of  attack  can  be  described  by  the  linearized  equation  for  the  dlsturb- 
eince  potential: 


.’-'-Ml: 


(5.4.1) 


with  the  boundary  conditions: 

a)  the  disturbances  are  attenuated  at  infinity,  l.e.,  with  'x-*±<oa. 
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t-&-* 


•^v-‘ 


(5.<».2) 


b)  the  body  contour  1  Bust  coincide  with  streamlines «  l,e,, 

e)i-S".-^“iev  (5-*-3) 

The  bases  of  the  method  of  solution.  Since  Eq.  (5.4.1)  differs 

from  the  Laplace  equation  (for  an  incompressible  fluid)  only  by  a 
2  2  2 

factor  n  In  the  5  9/dx  tentij  this  equation  can  of  course  be  trans¬ 
formed  to  the  Laplace  equation  by  substituting  the  variables.  Prom 
the  physical  point  of  view  this  means  that  we  can  try  to  find  an  In¬ 
compressible  fluid  flow  corresponding  to  each  compressible  fluid  flow. 
The  correspondence  must  be  mutually  unique.  After  having  found  the 
solution  In  the  plane  of  mot.' on  of  an  incompressible  flow,  we  must  In¬ 
dicate  a  way  of  making  the  reverse  transition  and  of  transferring  the 
results  of  the  solution  to  the  plane  of  a  compressible  gas. 

Substitution  of  the  variables.  Let  us  denote  the  quantities  re¬ 
ferring  to  the  flow  of  an  Incompressible  fluid  by  the  sign  and  put 


(5.4.4) 


where  X  ,  X  ,  X  are  constants. 
X  y  ^ 

Then 


*L. 

iM 


I,  df  », 

zte  t= -i ex  =  _£.  ij. 

J  1  ••  1  * 

*T  #JI  *• 


fijfl 


d*  dx 


emd  Instead  of  (5.4.1)  we  obtain 


(5.4.5) 


If  we  put 


<>» 
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-J  ,  ,,  ..  ^ 

jt>*>V*,'  ' 

thm  «•  6bt*ltt  lApIaec  tqiiAtiOB 

which  describes  the  swtlon  of  an  incospressible  fluid  In  the  x,  $• 
plane  with  the  potential  9  (x«y)  (Plg.  5.4.1). 

Correspondence  of  the  boundary  conditions.  In  order  to  establish 
coiiq;}lete  correspondence  between  the  flows  It  is  necessary  to  consider 
the  boundary  conditions  again.  As  can  be  seen  from  (5.4.2)  the  boundary 
conditions  at  Infinity  are  satisfied:  as  x  >*  m  and  y  -*  both  w  0 
and  w^  -*  0.  Going  over  to  the  boundary  conditions  at  the  body,  we  have 
to  notice  that 


RIfSteS:' ' 


(5.4.7) 

Here 

and,  therefore,  the  equation  goes  over  to 

Thus,  If  we  put 

Sf.-V.. 

(5.4.8) 

then 

(5.4.9) 

The  equations  and  )i*a.l/,do  not  determine  the 

quantities  A^, 

Ay  and  except  by  the  ratios.  One  of  them  can  be  arbitrarily  chosen. 

If  we  put  A  B  1,  then  A  •  l/n  and  A  «  l/A^  ■  n. 
y  X  9.x 

Moreover,  rega]:*dless  of  the  choice  of  A  and  A  ,  the  connection 

X  y 

between  the  shape  of  the  body  placed  In  a  compressible  gas  flow  and 


-  - 


% 


f 


» 

}o* 

T(*J> 

9 


f 


Fig.  5.4.1.  In  an  affine  transformation  of  the  coordinates  and  of  the 
velocity  potential  ^he  equation  for  the  disturbance 
potential  +  goes  over  to  the  Laplace  equation  , 


the  shape  of  the  corresponding  body  placed  In  an  incompressible  fluid 
flow  can  be  fonnulated  by  the  relation 

This  Indicates  that  the  slope  of  each  element  of  the  body  In  the 
compressible  gas  Is  greater  than  the  slope  of  the  corresponding  element 
of  the  body  in  the  Incompressible  fluid  flow  by  j.  •  Owing  to 

this,  the  angle  of  attack,  the  thickness  of  the  body  and  Its  camber 
are  greater  by  the  same  factor  (Pig.  5*4. 2).  For  the  angle  of  attack 
this  Is  obvious  slncp  It  Is  prcpoi-t1r>nal  to  the  slope  of  the  streamline. 


For  the  body  thickness  we  have 

*  7:1,  7 

.  For  maximum  camber 

f  ■  7 7 

*  7:»,  7 

The  coefficients  of  pressure,  lift  and  moment.  The  connection 
between  the  pressure  distributions  will  be 

r  _ _ L  if 

'  V.  Vtfx  /,  V.  If 

(5.4.11) 
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Fig.  5* ^>2.  Correspondence  of  the  boundary  conditions  with  the  affine 

transformation  f consists  In  that  the  slope  of  narii 

streamline  element  In  the  compressible  gas  Is  obtained  by  multiplying 
the  slope  of  the  corresponding  element  in  the  Incompressible  fluid  by 


The  coefficients  of  lift  and  moment  (b  Is  the  profile  chord)  are 
R,  1^/'*  ^  <r— i 


(5.4.12) 


C. 


(5.4. 13) 


Thus,  the  pressure  coefficient  at  any  point  (x,y)  of  the  com¬ 
pressible  gas  flow  streaming  about  a  sufficiently  smooth  and  thin  body 
will  be  greater  by  a  factor  of /i*-I  :(l— M* )  than  the  coefficient  C 

P 

at  the  corresponding  point  (x,y)  of  the  Incompressible  fluid  flow 
streaming  about  a  body  whose  thickness,  angle  of  attack  and  maxi iwim 
Ccunber  are  smaller  than  those  of  the  given  body  by  a  factor  of 
The  correspondence  Is  established  by  the  choice  of  X  and  X  satisfying 
the  condition  nX^  ■  X^  and  the  relations  x  ■  X^X  and  y  ■  XyY. 

For  practical  applications  It  Is  Important  to  solve  the  followlr^ 
problems: 
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.  4  *»•  ,-W  W  ■  W* 


I 

j  l)  to  determine  the  pressure  distribution  over  a  thin  profile  In 

p  oonpresslble  flow  when  the  pressure  distribution  Is  given  for  the 

4 

sasie  profile  positioned  at  the  same  angle  of  attack  In  the  Ineonqpres- 
islble  flow; 

2)  to  know  to  change  the  formula  of  the  given  profile  so  that 
the  pressure  distribution  In  the  compressible  gas  flow  is  the  same  as 
that  over  the  reference  profile  In  the  Incompressible  flow. 

Pressure  distribution  over  a  g:lven  body.  Since  »  Cp/n^  for  a 
subsonic  gas  flow  round  a  body  whose  thickness  Is  greater  than  the 
thickness  of  the  similar  body  In  the  Incompressible  fluid  by  a  factor 
of  l/n,  reducing  the  thickness  of  the  body  In  the  gas  flow  by  the  same 
factor  gives  us  the  flow  about  like  bodies;  the  pressure  distribution 
over  them  are  llnkec  by  the  I’elatlon 

owing  to  the  fact  that  the  ratio  of  the  pressures  at  the  corresponding 
points  of  similar  sufficiently  long  bodies  In  one  and  the  same  medium 
Is  equal  to  the  ratio  of  their  thicknesses  (3.b.^9). 

Determination  of  the  shape  of  the  body  for  a  given  pressure  dis¬ 
tribution.  The  solution  of  this  probletr.  Is  used  In  boundary  layer 
theory  for  a  compressible  gas.  It  Is  solved  by  the  sane  method.  Let 
the  primed  quantities  belong  to  the  bodies  of  altered  shape;  the  re¬ 
quirement 

Cf  Cf  Cp 

C,  “  c/c/  c; 


leads  us,  taking  (3*6.49)  Into  account,  to 


C,:?, 


But  d/d  -  l/n  and  therefore 


—  ■  rf' 

4  4'  " 


4 

■ 


4_ 

4' 
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_ _ _ _  ^  K.  „  'y^:. 

-’■'''  *  •  ‘'**^  ■  *  ■'  --  ■  . 

-’v^j  ;a- -v  .,  . 

i.«.,  tlM  pTMgttM  diftrlbtttlon  in  th*  gM  flow  iilll  b«  th«  mm*  m 
in  thf  iiioQa|ir«Mibl«  fluid  flow  if  th*  ordinate*  of  the  bodf  ylieed 
in  the  ineoapreeaible  fluid  are  aultiplied  by/izjig^ 

laprovement  of  the  eolutiw  to  the  linearized  equation.  Linear- 
iaed  equations  are  obtained  on  the  supposition  that  the  disturbances 
are  very  snail.  Regarding  the  nuinber  the  supposition  states  that 
1  o8  influence  is  uniform  over  the  whole  space  occupied  by  the  gas. 
Laitone*  has  suggested  applying  the  solution  found  in  each  small  region 

of  the  flow,  l.e. ,  replacing  the  in  the  solution  found  by  the  local 
Mach  number  M  and  taking 


Since 


(5.4. 15) 


St-') 

..5  •“IB— 


we  have 


(5.4.16) 


(^-c,+i)  (5.4.17) 

When  the  disturbances  are  smell,  will  also  be  small  and  we 


can  assume 
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j  Then,  solving  (5.4.17)  for  1^,  no  obtain 

-(!+  ^  Mi)M*.0 

and  from  (5«4.15) 


■■■iiV  .-  u'  't  ■-•••'••; ''va'f'iWif  i 


(5*  18) 


c--< 


M!.(t4-^-M»)c» 


(5.^.  19) 


Lai  tone  *8  solution  Is  compared  with  the  linearized  one  In  the 
graph  of  Fig.  5.4.3.  In  what  follows  also  the  exacter  solutions  to 
(5.11.26)  are  given. 


Pig.  5.4.3.  Comparison 
of  Eq.  (5.4.14)  -  curve 
1  —  and  the  exacter  Eq. 
(5.4.19)  —  curve  2  - 
with  experiment. 


The  critical  Mach  number  M.  The  re¬ 
lations  found  allow  us  to  determine  the 
Mach  number  M  of  the  undisturbed  flow  cor¬ 
responding  to  the  beginning  of  shock  stall, 
l.e. ,  to  the  appearance  of  regions  near 
the  body  where  the  flow  velocity  Is  equal 
to  the  local  velocity  of  sound.  This  Mach 
number  M  Is  termed  critical  and  Is  denoted 
by 

Prom  (5.4.16)  we  obtain  the  C*  values 
corresponding  to  M  »  1 

.  (5.4.20) 

C*  Is  shown  as  a  function  of  M,  In 
p  kr 

Pig.  5.4.4. 

From  (5.4.18)  we  obtain  approximately 


FI .5.  5.4.4.  Dependence 
of  cF'  ci’ltlcal  pres¬ 
sure  coefficient  (cor¬ 
responding  to  M  =  M*  = 
.  1)  on  Mj^^. 


c;. 


1 


(5.4.21)  ' 


-  313  - 


5.5.  the  linearized  piane  supersonic  flow 

General  form  of  the  solution  to  a  linearized  equation.  For  >  1 
the  coefficients  of  the  equation 


(1-Ml) 


<5.5.1) 


have  different  signs  and  the  equation  belongs  to  the  hyperbolic  group. 

If  we  assume  m^  =  —  1  the  total  integral  of  this  equation  will 

00 

read 


my)  +  tp«/,(jr+my),  (5.5.2) 

where  f^^Cx  —  my)  and  fgCx  +  my)  are  arbitrary  functions  of  x  —  my  and 
X  +  my,  respectively,  the  forms  of  which  are  determined  from  the  boun¬ 
dary  conditions  Icf.  (2.7.10)]. 

Range  of  applicability  of  the  solution.  The  linearization  of  the 
equations  was  based  on  the  supposition  (5.2.3)  that 


As  was  pointed  out  these  equations  lose  their  validity  In  the 
near-sonic  rauige  (M_  =  1),  as  they  do  when  is  very  large,  namely 
in  the  hypersonic  range. 

If  we  take  into  account  that  w^w  and  w'/w  are  of  the  same  order 
of  magnitude  as  the  body's  thickness  ratio  d/l  we  can  say  that  the 
linearized  equations  are  valid  if 

Streamlines.  We  find  from  (5.5.2)  that 


(5.5.3) 


where  fj  and  f^  are  the  derivatives  of  f  and  fg  with  respect  to 
(x  -  my)  and  (x  +  my),  respectively. 

We  then  have  for  the  streamlines 
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(5. 5.4) 


since  for  the  linearization  we  have  assumed  that 
have  for  the  case  considered  M->1.  and  m 

We  can  therefore  write 


we 


dy=-m{J\-  dx  ss:  m  I/;  (ix  +  m  dy)  -/*,  {dx -mdy)\, 

whence  we  obtain  the  streamline  equation 


^-=m  (/,-/,)  + const.  (5.5.5) 

The  pressure  distribution.  If  we  take  (5. 5- 5)  and  (5.2.6)  Into 
account  we  can  write 


/,+/t  <V 


(5.5.6) 


Characteristics.  The  i^&neral  solution (/,+/,)can  be  considered 
as  the  sum  of  the  two  particular  solutions  =  and  Ti=tp«/i  .  Let 

us  discuss  each  of  them. 

Let  fg  =  0.  Then,  assuming  x  —  my  =  const  we  find  that  along  the 
set  of  straight  lines  y  =  ^x-^const  the  disturbance  potential  {x—my) 

will  have  one  and  the  same  value;  as  has  been  said,  these  straight 
lines  are  called  the  characteristics  or  the  Mach  lines.  Along  these 
lines  the  pressure  coefficient,  the  velocity  of  the  disturbance,  the 
slope  of  the  sti-eamllnes ,  etc.  will  be  constant.  Thus,  for  example, 
the  streamlines  can  be  obtained  by  slm.ply  shifting  one  of  them  along 
the  straight  line 

>  =  -^x+const.  (5.5.7) 


The  slope  of  these  lines  with  respect  to  the  x-axls  Is  the  direc¬ 
tion  of  the  undisturbed  flow  and  Is  determined  by  the  equation 


tg}»  = 


*  V  ' 


Sinn  —  — 

M. 


(5.  5.8) 
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The  second  particular  solution  determines  the  second  set  of 
straight  lines  (Naoh  lines,  »iavcs)s—ix+ const,  with  the  sane  pro¬ 
perties. 

Thus  the  whole  8j>ace  occupied  by  the  moving  gas  is  covered  by  the 
twp  families  of  characterl8tlc8:y-±±,+ const.  The  characteristics 

I  * 

with  the  slope  angle  +ti  above  the  axis  will  be  called  the 
"■■'Mach  lines  and  the  lines  y— |i«+Ci  are  the  -  Mach  lines  and  Join  the 
x-axls  from  below  at  the  angle 

^olce  of  th<->  sign  of  the  characterlstles.  This  choice  Is  de¬ 
termined  by  the  physical  significance  of  the  problem.  Let  us  elucidate 
this  by  means  of  the  example  of  a  thin  profile  (Pig.  5. 5.1).  Let  us 
assume  that  the  region  below  the  x-axls  and  the  line  abc  Is  solid. 

Since  In  a  supersonic  flow  the  disturbances  can  be  propagated 
only  downstream  In  the  upper  semiplane,  only  +  Mach  lines  can  arise, 

1*  e. ,  here  fg  «  0. 

If  we  assume  the  upper  semiplane  to  be  solid,  we  find  that  In 
the  lower  semiplane  only  —  Mach  lines  exist,  for  which  f^  ■  0.  This 
results  In  the  form  of  motion  shown  In  Pig.  5. 5.  l. 

Plow  about  the  outside  of  an  obtuse  angle.  Let  us  consider  a 
supersonic  gas  flow  streaming  at  a  velocity  of  w^  «  w^  about  an  angle 
greater  than  tt,  equal  to  n  +  d  with  d  «  71  (Pig.  5.5.2).  Let  the  coor¬ 
dinate  origin  be  placed  at  the  vertex  of  the  angle  (source  of  disturb¬ 
ances).  Since  In  the  shaded  region  there  Is  no  flow,  fg  »<  0.  The  net 
of  Mach  lines  resolves  Itself  to  only  the  +  Mach  lines. 

Por  -  «  <  X  <  0,  the  streamline  equation  Is  y  -  const  and  since 

f 2  -  0  from  (5.5.5)  follows  that  f^  -  0.  When  0  <  x  <  «  the  streamline 
equation  1.5--.- 

—  «/'i,and  Integrating  It  we  arrive  at  /i"  — (x  — mj) 

5y  virtue  of  (5.5.2)  the  disturbance  potential  la  now  obtained 
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In  the  form 


(5.5.9) 


f= 


Pig.  5-5.  !•  In  the  upper  semiplane  (y  >  O)  the  -  Mach  lines  contradict 
the  physical  significance:  In  a  supersonic  flow  the  disturbances  can 
be  propagated  only  downs t*:’eam  and  not  upstream:  the  same  holds  for  the 
+  Mach  lines  In  the  lower  semiplane  (y  <  O).  i)  ist  family. 


The  components  of  the  (’Isturbance  velocity  are 


W|» 

*  ijt  m 


ii,  =  arctg 

Is  <I>,  = 


(5.5.10) 

>ri 

,  we  meet  no  disturbances  and  the  velocity  potential 


When  coming  from  the  origin  of  coordinates  at  an  angle  of 

1 


'^1*  before  the  straight  line  — jt,.  .  At  this  straight  line 


the  velocity  w,  receives  at  each  point  the  Increment  w'  and  w'  and 

a  X  y 

the  subsequent  flow  occurs  at  the  velocity  Wg  parallel  to  the  wall  OB. 

It  can  be  seen  from  the  trleuigle 
FGH 'that  the  disturbance  velocity 
vector  w'  Is  perpendicular  to  the 
disturbance  lines. 

Hence  follows  the  method  of  cons¬ 
tructing  the  velocity  vector  “Wg:  we 


Pig-  :3.5.2.  Flow  outside  an 
obtuse  angle. 


draw  the  straight  line  CH  through  the 
origin  of  the  vector  "w^  parallel  to 
the  wall  OB  and  another  straight  line  through  Its  tip,  perpendicular 
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to  the  Mach  line;  point  H  where  these  straight  lines  Intersect  Is  the 
tip  of  the  vector  TTg  and  Its  origin  will  be  at  the  point  C. 

The  pressure  coefficient 


»«•? 


(5. 5. 11) 


Is  negative,  l.e. ,  Pg  <  pj^;  the  Mach  lines  In  such  a  flow  are  called 
rarefaction  lines. 

Flow  Inside  an  obtuse  angle.  Let  now  the  flow  be  Inside  the  angle 
(Fig.  5«5*3)»  Reversing  all  the  considerations  discussed 
above  we  obtain  fg  =  0  and,  changing  the  sign  of  the  angle  —  d  to  +  ^, 


(5.5.12) 

^  «•,,  “ »,».  ( 5. 5. 13) 

Here  the  velocity  Is  Wg  <  Wj^,  the  flow  Is  slowed  down  and  Instead 
of  rarefaction,  the  pressure  increases,  pg  >  pj^t 


St 


..  VmFT 

When  the  pressure  Increases  on  passing  through  the  Mach  lines  we 
shall  denote  the  Mach  lines  as  compression  (pressure)  lines  (waves). 

In  what  follows  the  rarefaction  lines  will  be  drawn  In  the  figures 
as  solid  lines  and  the  compression  (pressure)  lines  as  wavy  lines. 

Flow,  about  a  curvilinear  wall.  The 
flows  Inside  and  outside  the  obtuse  angle 
considered  are  fundamental  In  the  linear¬ 
ized  theory  of  supersonic  flows,  and  the 
flow  about  curvilinear  contours  can  be 
reduced  to  them.  For  example,  a  slightly 
convex  wall  (shown  In  Pig.  5.5.4  by  the 
dashed  line)  can  be  replaced  by  a  polygon.  In  the  roughest  approxima¬ 
tion  (cf.  Pig.  5. 5* 4, a)  It  can  be  replaced  by  an  angle 


Pig.  5.5.3.  Plow  inside 
an  obtuse  angle. 
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31 


All  these  quantities  romaln  unchan,- ed  when  the  calculation  Is 
made  more  accurately  (cf.  Fig.  5-5.4,b)  since  .  Replacing 

the  wall  curve  by  a  polygon  with  a  large  number  of  sides  makes  it  pos¬ 
sible  to  construct  the  shape  or  the  streamline  In  a  more  accurate  man¬ 
ner. 


^'ig*  5*5»^.  within  the 
velocity  in  region  II  will 
more  roughly  according  to  s 
b.  But  with  Increasing  numb 
Tine  becomes  exacter. 


■work  of  the  linearized  theory  the  flow 
te  one  and  the  same  If  It  Is  calculated 
ch'-ne  a  o;-  more  exactly  according  to  scheme 
or  cf  suldi visions,  the  shape  of  the  stream- 


5.6.  A  PLANE  WING  IN  A  SUPERSONIC  PLOW 

The  plane  plate.  Figure  5.  f).  1  shows  the  Kich  lines  for  a  plate 
arranged  at  the  angle  of  attack  a  in  a  supt-rscnic  flow.  When  passing 
thi’ough  the  line  A1  the  velocity  Increases  and  v,:.  11  be  equal  to 


»,  =  +  tr, )»+«•*  ar  t-,  + 

It  decreases  by  the  sar.  ■  amount  on  passing  through  the  line  Bl, 

i. e.  ,  it  becomes  equal  to  w^.  The  same  happens  If  wo  trace  any  other 

I'eamllne  below  AB.  On  the  other  side  rarefaction  will  occur,  C^=-- 
n  5* 

^  and  the  pressure  at  the  lower  side  (cf.  Pig. 

5.'  .I,a)  will  bo  of  the  same  value. 

The  force  N  is  normal  to  the-  plate  and  Its  coefficient  Is 

_ V _ Q  ^ _ 

"  ^  ■ 
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(5.6.1) 


Hence  the  coefficients  of  lift,  C  ,  and  drag,  C  ,  are  obtained 

y  A 

as 


t5.6.2| 

The  pressure  center  will  lie  at  the  midpoint  of  the  plate.  The 

moment  is  therefore  M  -  R„b/2  and  the  coefficient  of  the  moment 

y 

3 

The  lift  distribution.  As  has  been  shown,  the  fact  that  a  lift 
appears  at  the  plate  In  a  subsonic  flow  Is  due  to  the  appearance  of 
a  circulation  whose  magnitude  la  determined  by  the  Zhukovskiy -Chaplygin 


Fig.  5»6. 1.  Pressure  distribution  and, 
Mach  lines  for  a  plane  plate  arranged 
at  the  angle  a  In  a  supersonic  flow 
(a)  and  In  a  subsonic  flow  (b).  l) 
Above;  2)  chord;  3}  below. 


condition.  Since  the  pressures  from  below  and  above  are  equal  In  the 
trailing  edge  region,  the  pressure  difference  will  vanish  here  and 
therefore  the  lift  will  be  zero  at  the  profile  section  in  the  trailing 
edge  region.  In  a  supersonic  motion  the  lift  at  the  rear  edge  will  be 
finite. 

The  lift  distribution  about  the  leading  edge  will  also  be  dif¬ 
ferent  In  the  two  cases.  For  <  1,  theory  predicts  Infinite  lift 

density  at  the  trailing  edge  where  the  flow  Induces  negative  pressure. 
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^00  ^  ^  similar  flow  cannot  occur  at  the  leading  edge  and 
the  difference  between  the  pressure  on  the  upper  and  lower  surface 
remains  finite  (cf.  Pig.  5.6. 1). 

Circulation  and  lift.  We  can  satisfy  ourselves  that  Zhukovskiy's 
lift  formula  applies  to  the  linearized  solution  of  the  problem  of  a 
plate  located  In  a  supersonic  flovii.  In  fact,  calculating  the  circula¬ 
tion  around  a  plate  (cf.  Fig.  5.6.1)  yields 

r=  b  (tf,-  srj= i  [(a-,  +  -^  a*!  )-(«■!  -  -»-2  w, 

and  the  lift  will  therefore  be 


(assuming  p  =  const),  l.e.  ,  it  Is  the  same  as  that  given  by  (5.6. 1). 

Drag»  We  have  to  nctLje  presence  of  a  drag  when  considering 
a  wing  of  infinite  span  In  •  si  fit'rsonlc  flow.  In  a  subsonic  flow  the 
llft-lnduced  drag  appears  only  In  the  case  of  a  finite  wing. 

In  a  supersonic  flow,  regardless  of  the  plate's  span,  the  down¬ 
wards  directed  velocity  component  will  bew^  =  -Wj^a.  Applying  Zhukov¬ 
skiy's  theorem  (3-2)  we  obtain  from  this 


which  has  also  been  found  before.  As  will  be  shown  In  what  follows, 
the  drag  does  depend  on  the  shape  of  the  body.  From  the  point  of  view 
of  energy  considerations  It  is  connected  with  the  formation  of  dis¬ 
turbances  (waves)  traveling  to  infinity,  and  It  Is  therefore  called 


the  wave  drag. 

Arbitrary  thin  profile.  Let  us  now  consider  a  sufficiently  thin 
arbitrary  profile  (Plg.  5.6.?).  Let  61^  be  an  element  of  the  upper 
surface  Inclined  to  the  undisturbed  flow  at  an  angle  oV  -0  -  a,  and 
61^  an  element  of  the  lower  surface  Inclined  at  an  angle  of  i5^+  a. 
Since  thr  profile  Is  thin,  then.  If  we  cake  the  ^  -axis  coincident 


Mlth  the  chord  and  the  t)  •axle  normal  to  the  leading  edge,  we  may 
write 


Noticing  that 


Pig.  5.6.2.  Plow  about  an  arbitrary  thin  pro¬ 
file  (a).  Profile  element  on  large  scale  (bj. 


we  obtain 


J[(t+ .)- 

for  the  wing's  lift,  taking  Into  account  that 

Consequently  the  lift  coefficient 

C.- 


'  Km* -  I 
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(5.6.i») 


Is  independent  of  the  sh^p  •  of  the  pi’oflle.  The  profile's  wave  drag, 
however,  depends  on  the  lift  and  on  the  thape  of  the  profile.  In  fact. 


= J  (C,  .(#.+»)  +  (».  -  .))  rfc  - 

■ 


(5.6.5) 


The  superposition  principle.  A  slightly 

disturbed  flow  can  be  described  by  linear 

» _ equations.  This  makes  it  possible  to  study 

»  _ _  ^  effects  of  the  profile's  camber,  angle 

1^  of  attack,  thickness,  and  bend  separately. 

^  cording  to  the  superposition  principle 

Pig.  3.6.3.  The  in-  the  result  of  several  simultaneous  effects 

fluences  on  the  flow 

about  a  thin  profile  exerted  on  the  system  considered  is  equal 

can  in  general  be 

assumed  to  consist  of  co  the  algebraic  sum  of  the  results  which 
the  effect  of  a  plate 

at  the  angle  of  at-  would  be  obtained  if  each  of  these  effects 

tack  of  the  profile, 

the  bend  of  its  wore  exerted  separately.  For  example,  the 

camber  line  and  the 

thickness,  l)  Slope;  pressure  dialrlbutlcn  over  the  profile  as 

2)  camber;  3;  t-d-’k- 

ness;  k)  profile.  shown  in  Fig.  5-6.3,  can  be  found  by  adding 

the  pressures  caused  by  the  effect  of  thr  angle  of  attack,  the  camber 
and  the  thickness,  l.e. ,  by  summing  the  pressures  exerted  on  three 
pi'oflles:  l)  a  piano  plate  at  the  angle  of  attack  of  the  profile,  2) 
the  camber  line  of  the  profile  ccnsldored  at  scro  angle  of  attack,  and 
a)  a  symir.ctrlcal  profile  constructed  from  the  thickness  curve  (3.6). 

5.  .  REx'^LF.CTIOil  AND  INTERSECTION  OP  WAVES 

Reflection  from  a  plat.  ■  '..all.  Let  us  now  consider  a  finite  flow, 
for  example,  a  supersonic  flow  In  a  channel  (Pig.  5.7.1)  with  one  wall 


Pig.  3.6.3.  The  in¬ 
fluences  on  the  flow 
about  a  thin  profile 
can  in  general  be 
assumed  to  consist  of 
the  effect  of  a  plate 
at  the  angle  of  at¬ 
tack  of  the  profile, 
the  bend  of  its 
camber  line  and  the 
thickness,  l)  Slope; 
2)  camber;  5;  t-d-’k- 
ness;  U)  profile. 
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that  has  a  break  (flow  about  the  outside  of  an  obtuse  angle  near  a 
plane  wall). 

A  rarefaction  wave  (-1-  Kach  line),  coming  from  point  0  hits  the 
plane  wall  at  point  1.  The  flow  behind  the  line  01  Is  deflected  by 
the  angle  0  and  therefore  It  must  separate  at  point  1.  The  boundary 
condition  requires  that  the  flow  does  not  become  separated,  l.e.,  at 
point  1  the  flow  sust  be  deflected  by  the  same  angle  0.  This  will 
take  place  If  a  rarefaction  wave  (—Mach  line)  departs  from  point  1 
(flow  in  the  lower  semiplane).  Now,  In  order  that  the  flow  parallel 
to  the  wall  CD  does  not  separate  at  point  this  point  must  be  the 
origin  of  a  rarefaction  wave  (•«■  Mach  line),  which  again  deflects  the 
flow  by  the  angle  •0  euid  so  on.  Since  within  the  framework  of  the 


Pig.  5»  ?•  1.  The  type  of  a  wave  remains  unchanged  when  it  Is  reflected 
from  a  plane  wall:  a  rarefaction  (compression)  wave  remains  a  rarefac¬ 
tion  (compression)  wave  and  in  the  linearized  flow  the  angle  of  in¬ 
cidence  Is  equal  to  the  angle  of  reflection  (a).  Construction  of  veloc¬ 
ity  hodograph  for  the  case  of  a  wave  reflected  from  a  plane  wall  (b). 

linearized  theory  the  deflection  angle  Is  one  and  the  same  (o)  the 
wave  13  can  be  considered  as  the  reflected  wave  01,  the  angle  of  In¬ 
cidence  being  equal  to  the  angle  of  reflection.  The  wave  3^  can  be 
considered  as  the  wave  I3  reflected  from  the  wall  OB,  etc.  Thus,  when 
a  wave  Is  reflected  from  a  plane  wall  the  type  of  the  wave  remains 
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uncharyied. 

Change  of  pressure.  It  Is  found  from  the  relation 


W-i  ‘  (5.7.1) 

2 

In  practical  calculations  It  Is  convenient  to  determine 

^  .-1-  #• 

/-  /Mi -I  JM  A  • 

where 


/m*  -!  180.  p 

*Mi  « 


1  2 _ «  .  /Mj-I  1BU» 

A  “  /Mi-1  I*®*  "  ***l  •  (5.7.2) 

.  We  determine  the  quantity  P  by  the  equation 


Pm  A 


/Mi  - 1  !»•  ^ 


(5.7.3) 


‘  *Mi  .  ■ 

then,  after  having  passed  through  a  +  Mach  line,  the  Increment  fP  of 
the  quantity  P  will  be 


%PmH\  I 

and, after  having  passed  through  a  -  Mach  line.  It  will  be  }  (5.7.^) 

I 

The  constant  A  Is  chosen  here  as  a  number  convenient  for  the 
numerical  calculations,  e.g. ,  100. 

In  Pig.  5.7.1,  when  passing  through  the  +  Mach  lino  01  the  an¬ 
gular  Increment  amounts  to  -  0°,  and  the  pressure  In  tfio  range  b  Is 
characterized  by  the  quantity  100  -  when  passing  through  the  - 
Milch  line  I3,  the  angular  Increment  and,  therefore,  P  =  O®,  so 

that  the  pressure  In  the  region  _c  will  b*'  100  -  1  =  100  -  2^,etc. 

The  velocity  hodograph.  In  the  following  we  shall  frequently  make 
use  of  the  velocity  hodograph.  In  order  to  construct  It,  for  example. 
In  ti  e  case  of  a  gas  flow  In  a  channel  with  a  sharp  bend  In  one  of  Its 
walls  (of.  Fig.  5.7.1),  we  constioict  the  velocity  vector  of  the  un¬ 
disturbed  flow,  Oa,  originating  at  an  arbitrary  point  0.  In  the  region 
b  the  velocity  vector  will  be  Ob;  Its  construction  has  been  described 
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Mhen  the  flow  outside  the  obtuse  ai^le 
was  considered  and  can  moreover  be  seen 
from  the  figure.  We  continue  to  use  the 
same  method  In  order  to  construct  the 
velocity  vector  In  the  region  Oc,  then 
the  velocity  vector  Od  In  the  region  d, 
and  so  on;  the  velocity  Increases  all 
the  time,  as  It  must  do. 

Extinction  of  a  wave.  Returning  to  the  example  discussed  above. 

It  can  be  shown  that  no  reflection  can  occur  If  at  point  B  the  wall 
has  a  sharp  bend  whose  angle  Is  equal  to  d  (Plg.  5.7.2).  The  Incident 
wave  OB  will  be  extinguished  by  the  sharp  bend  In  the  wall. 

Reflection  of  a  wave  from  a  free  boundary.  Let  us  now  consider 
the  flow  from  a  free  boundary  whei^  the  pressure  must  remain  unchanged 
(p  »  const).  Let,  for  example,  a  unlfoim  flow  coming  out  of  a  nozzle 
whose  upper  wall  Is  cut  off  and  whose  lower  wall  has  a  sharp  bend  with 
an  angle  of  0  (Plg.  5* 7. 3). 

The  rarefaction  wave  01  Intersects  the  free  boundary  at  point  1. 
Since  the  pressure  must  remain  unchanged  behind  the  rarefaction  line 
in  the  region  of  point  1,  it  Is  necessary  that  a  "conqpresslon  wave" 

12  departs  from  point  1;  at  the  same  time  It  Is  only  the  pressure 
change  that  keeps  Its  value  when  the  flow  Is  deflected  Inwards  by  the 
angle  0.  For  the  pressure  to  resume  the  Initial  value  the  flow  must 
be  deflected  Inwards  once  more  by  the  angle  0,  the  total  deflection 
thus  amounting  to  an  angle  of  2i5.  The  compression  wave  12  Is  reflected 
from  the  surface  of  the  wall  OB  as  a  compression  wave  which.  In  turn. 

Is  reflected  from  the  free  surface  as  the  rarefaction  wave  34,  and 
so  on. 

Thus,  when  waves  are  reflected  from  a  free  surface  their  type  is 


Plg.  5*7.2.  Extinction  of 
a  wave  by  the  sharp  bend 
at  point  B  In  the  wall  CD. 
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Pig.  5. 7. 3-  When  a  wave  Is  reflected  from  a 
free  surface  it  changes  In  type  (a).  Velocity 
hodograph  of  the  flow  from  a  free  surface  (b). 

1)  Boundary  of  the  Jet. 

changed  to  the  opposite. 

Intersection  of  waves.  Let  us  consider  a  straight  initially  paral¬ 
lel  channel  with  a  sharp  bend  in  the  walls  with  the  angles  of  and 
^  (Pig.  5.7.4,a). 

Prom  the  vortices  of  the  bend  angles  O'  and  0”  a  compression  wave 
O'l*  and  a  rarefaction  wave  0"1",  respectively,  depart.  The  state  in 
region  d  can  be  determined  if  we  go  there  from  region  a  either  through 
region  b  or  thorugh  c. 

When  passing  through  b 

Prf  -  p. =(/»<-  p») +(;»»-  p#)  =  -  ( ^  - 

When  passing  through  region  _c 

Adding  these  equations  yields 

substractlng  them  yields 

Thus,  when  linearized  waves  intersect  they  do  not  interfere  be¬ 
cause  of  the  linearity  of  the  equation;  each  of  the  waves  behaves  aa 


If  the  others  did  not  exist. 


When  the  waves  Intersect  they  do 
not  Interfere  (a).  Velocity  hodograph  for 
Intersecting  waves  (b). 


A  nozzle  under  off -design  conditions.  The  discussed  cases  of 
reflections  and  Intersections  of  compression  and  rarefaction  waves 
render  It  possible  to  construct  the  flow  pattern  at  the  putlet  of  a 
geometrical  nozzle  under  off -design  conditions  (provided  the  deviations 
from  the  design  system  are  small). 

Figure  5.7.  SjH  describes  a  flow  pattern  construction  for  the  case 
of  overexpansion,  when  the  pressure  of  the  atmosphere  Into  which  the 
flow  streams  is  higher  than  that  In  the  Jet.  In  this  case  two  com¬ 
pression  waves  arise  at  the  end  of  the  nozzle,  with  Intensities  such 

that  the  pressure  at  the  boundary  of  the  Jet  Is  equal  to  atmospheric 
pressure  (cf.  Pig.  4.3.4). 

Figure  5.7.5,b  shows  the  pattern  of  a  Jet  In  the  case  of  under- 
expansion.  Instead  of  compression  waves  rarefaction  waves  arise  at 
the  end  of  the  nozzle. 


Regions  of  dependence  and  Influence.  As  has  been  shown  with  M  > 

m 

>  1  the  general  solution  to  the  linearized  equation  of  disturbance 
potential 
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'  M.}  /  oV/ffv/ 
4.A  /-tv  /,\ 


C‘0\V  0 


Pig.  5*  7.  5.  Nozzle  under  off- 
dealgn  conditions.  FloV'V  pat¬ 
tern  In  the  case  of  overex- 
panslon  (a).  Plow  pattei-n  in 
the  case  of  underexpansion  (b). 


Pig*  5*7*6.  Projection  of  the 
velocity  vector  on  the  Mach 

line. 


has  the  form 

f  -  •yi  (■»  -  "?)  +  ».  ^(Jr  + 

Taking  into  account  that,  owing  to  (5.5.4), 

projecting  the  velocity  vector  "w  onto  a  +  Mach  line,  and  bearing 
nstr. )>•> — ^  / >  —  ‘i"* In  mind,  we  obtain 

(Pig.  5.7.6):  eo»ii  +  •'^toip  H  sin p  =  ».|co« :.  +  (/, +/J) coin  + 

+  (/i  - /i)co$p|  -  r.  tosp(l  T  2/,); 
cos  p  +  w",  coin  —  BT*^  sin  ;•  «  ».  COS!*(t  +  2/]>. 
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since  »  const  along  a  straight  +  Mach  line,  the  projection 
Wjj  of  the  velocity  vector  "vf  onto  a  straight  —  Mach  line  remains  cons¬ 
tant  along  the  former.  Similarly,  when  moving  along  a  straight  —  Mach 
line  the  velocity  vector  projection  onto  the  straight  +  Mach  Line  re¬ 
mains  constant. 

It  follows  from  this  that  If  the  velocity  vector  is  given  for  a 
certain  line  AB  not  coinciding  with  a  characteristic  (Mach  line),  then 
the  velocity  vector  “w  In  the  rhomb  ACBD  is  defined  by  this  vector,  the 
rhomb  being  formed  by  the  characteristics  passing  through  the  points 
A  and  B  (Plg.  5.7.7). 

In  fact,  the  velocity  projection 
at  point  M  onto  the  straight  line  II 
must  be  equal  to  the  given  projection 
of  the  velocity  Tfg  at  point  L  onto  the 
same  straight  line,  Wjjj.  Exactly  the 
same  projection  cf  the  velocity  vector 
'vfjq  onto  a  +  Mach  line,  Wjjj,  must  be 
equal  to  the  given  projection  of 
the  velocity  vector  "wj^  onto  a  +  Mach 
line,  whence  we  obtain  the  velocity 
vector  Ujiij, 

The  state  at  the  point  Q  is  de¬ 
termined  by  the  conditions  on  the  arc 
PR  on  which  the  changes  of  state  at  the  sections  AR  and  BP  have  no 
Influence;  therefore  the  region  PRQ  Is  called  the  region  of  dependence 
for  point  Q« 

The  change  In  flow  conditions  at  point  S  can  become  app2trent  only 
In  the  shaded  region  bounded  by  characteristics  passing  through  this 
point,  and  lying  downstream  of  It.  This  region  Is  therefore  termed 


Elg*  5. 7.  7.  If  we  know  the 
velocity  at  points  on  the 
line  AB  we  can  determine 
the  velocity  at  any  point 
M  Inside  the  rhomb  ABCD 
formed  by  the  characteris¬ 
tics  passing  through  the 
points  A  and  B.  The  region 
PRQ  Is  the  region  of  de¬ 
pendence  for  point  Q.  The 
shaded  region  at  point  S 
Is  the  region  of  Its  In¬ 
fluence. 


I 


I 
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5.8.  CHARACTERISTICS 


Mach  lines  as  charact(;rlstlc3.  In  plane  slightly  disturbed  super¬ 
sonic  flows,  described  by  the  linearized  equation  (for  the  disturbance 
potential  cp) 

(M-consI), 

two  families  of  straight  lines  have  been  found  to  exist: 

x  —  my^C^.  Jt-f my  =  C,,  (5.8.1) 


along  which  all  parameters  of  motion  remain  constant;  these  are  the 
families  of  the  characteristics.  The  tangent  of  the  angle  of  slope  of 
these  straight  lines  to  the  x-axls,  more  exactly, to  the  velocity  vec¬ 


tor,  is 


tan  n  =  ±  -- 


;  sln^- 


(5.8.2) 


Thus,  the  characteristics  or  Mach  lines  bound  the  region  of 
disturbed  motion.  In  subsonic  flows  no  such  lines  exist.  All  the  para¬ 
meters  of  Its  motion  vary  continuously  and  In  a  steady  flow  these 
variations  cover  the  whole  region  occupied  by  the  flow. 

yl  li disturbances  In  the  super- 
I  //  sonic  flow  are  not  small  then  we  shall 

I  ih  obtain  the  following  equation  for  the 

I  ■“  «  velocity  potential: 


Fig.  5*8.1.  The  direction 
of  the  characteristics 
will  be  changed  together 
wltii  the  Mach  number  M. 


-S-  +  2-,-,  ^0:  ( 5.  8.  3 ) 

the  characteristics  for  each  flow  de- 


wlti>  the  Mach  number  M.  termlned  by  Eq.  (5*8.3)  will  now  be 

its  own.  Considering  an  arbitrary  flow 
we  find  Its  Mach  angle  defined  by  the  relation  sin  p  =  a/w  and  define 
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as  a  characterletlc  any  line  whose  tan/^ent  to  any  point  of  It  subtends 
the  angle  a  to  the  direction  of  the  velocity  at  this  point.  Two  charac¬ 


teristics  and  Ig  will  pass  through  each  point  of  the  flow  (Pig.  5.8. 
1),  their  angular  coefficients  being  determined  by  the  relations 

y\.u  <  5. 8. 4) 

Noticing  that 


we  can  write 


tg(.±P) 


€ 


l-eiPili* 


a 

7S-** 


t£*->g»» 


•»  • 


(5.8.5) 


But  when  and  Zg  are  the  roots  of  the  quadratic  equation  z^  + 

+  pz  +  q  e  0,  then  Zj^  +  Zg  =  -p  and  =  q,  and  therefore,  assuming 
^1  “  ^2  "  ^il*  obtain  the  differential  equation  of  the  charac¬ 
teristics 


I 


(5.8.6) 


Equations  (5.8.4)  and  (5.8.5)  can  be  written  In  the  form 

•*— J* 


<5-8-7) 

In  the  general  case  of  a  quasillnear  second-order  partial  dif¬ 
ferential  equation 


where  A,  B,  C,  ...  can  be  functions  of  x,  y,  4>,  h^/hx,  and  S4>/5y,  the 
characteristics  equations  are  Introduced  for  each  solution  and  are  de-' 
termined  by  the  relation  ^ 


-  332  - 


(5.8.9) 


Al.f2.)'-2B-^  +  C^0. 

\4ji  / 

In  accordance  with  this, 

UL^  (5.8.10) 

4m  a 


Velocity  variation  aloa7,  the  characteristics.  It  Is  possible  to 
determine  the  characteristics  In  the  x,y-plane  and  the  integrals  of 
the  differential  Eq.  (5«8-3)  when  we  know  the  velocity  field  w^(x,y), 
w Jx,y),  l.e.,  when  we  have  found  a  solution  to  the  basic  system 

y 

(5.8.3),  (5.8.6). 


Pig.  5.8.2.  The  relation  linking  w  and  w  on 

A  y 

the  characteristics  of  the  (x,y) -plane  can  be 
considered  as  a  mapping  of  these  characteris¬ 
tics  on  the  hodograph  plane  w  ,  w  .  a)  Physical 

X  y 

plane;  b)  plane  of  velocity  hodograph. 

It  Is  possible,  however,  to  determine  the  r'^latlon  between 
'x,y)  and  w  (x,y)  along  these  characteristics  Independently  of  a 

y 

solution  to  System  (5.8.3),  (5.8.6).  The  relation  between  w^  (x,y) 
and  w  (x,y)  on  the  characteristics  of  the  (x,y) -plane  can  be  con- 

y 

sldered  as  a  mapping  of  these  characteristics  on  the  hodograph  plane 

(w  w  ),  and  the  curves  R'  and  R"  (Fig.  5.8.2)  determining  this  rela- 
X  y 

tier  are  called  the  characteristics  In  the  hodograph  plane. 

Let  us  now  determine  the  relation  between  the  changes  of  w  and 

y 

w  ,  l.e. ,  between  dw  and  dw  ,  when  x  and  y  vary  along  the  charac- 
terlstlcs;  dy  and  dx  are  United  by  Eq.  (5.8.7)  or.  In  general  form. 
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by  (5.8.10) 


where  for  the  flrt  f2unily  and  - 

4M  A  A 

for  the  second  faally. 


We  have 

Since  the  flow  Is  a  potential  flow,  and 

Sm 

Determining  from  (5*8.3) 

djr  ^  "i— 

and  using  the  notations  x =«-*—«»,  B  =*»,»,,  C«tt*-a*,  we  obtain 

+«,  -2. 

'  \  ^  #jt  .  I  ^  ^  ^ 

Pl.t  -<  I*/  ■•  'u*  .7  J 


whence 


Therefore 


*  =  IWt  III 


(5.8.11) 

Thus,  If  X  and  ^  vary  along  the  +  Mach  lines  In  the  x,y-plane 
(nji  jj  «  i^)#  then  w^  and  Wy  vary  In  accordance  with  the  equation 
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- 


fB^-AC 


r^tr,  —  4  |/'r>  —  * 


and  If  alone  the  second  fanlly  (m^  =  rr^j),  then 


(f^\  _ ^ 

\  }\\  "  B  -i-  —  AC  * 


correspond! r.  ;  :.oint  to  the  -  f-'^ch  line  in  the 
velocity  hodograph  plane  w^,  w  .  l)  Tangent 

to  I;  2)  tangent  to  II. 


Here  we  have 


(5.8. 12) 


l.e. ,  the  normal  to  the  tangent  of  the  +  Mach  line  in  the  physical 
plane  of  the  flow  Is  a  tangent  at  the  corresponding  point  to  the  - 
Mach  line  In  the  hodograph  plane  (Fig.  5.8.3). 

Equation  of  the  characteristics  In  the  velocity  hodoo.r-aph  plane. 
Equation  (5.8.11)  Is  a  differential  equation  In  the  variables  w^  and 
Wy.  Since  It  does  not  contain  the  variables  and  the  characteris¬ 
tics  in  the  velocity  hodograph  plane  have  one  and  the  same  shape  for 
al'.  flews  In  the  physical  plane,  but  the  characteristics  In  the  physical 
plane  will  be  different. 

In  order  to  Integrate  Eq.  (5.8.11)  we  introduce  the  polar  coor¬ 
dinates  w  and  *1; 
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Noticing  that  when 

^  I 


w  varies  along  the  characteristics  (Pig.  5.8.4) 
holds  In  the  hodograph  plane,  we  have 


# 


<»-±  ^etg|»-±^VTi*ri 


or,  by  virtue  of  (4.2.8), 


In  order  to  Integrate  this  equation  we  put 


, 

V 


(5.8.13) 


V 


Pig.  5.8.4.  Por  deriving  the  e- 
quatlon  of  the  characteristics 
In  the  velocity  hodograph  plane. 


When  we  Integrate  we  obtain 


Then 


''  "  :*•+«* 


Differentiating  this  gives 

rfM* 

M» 

Therefore 


./,*(-£ - 

U»+ 1  i» 


iji) 

+  W 


Id*. 


-arctg  / 


(5.8. 14) 
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(5.8.14) 


*  —  1 )  —  arc  Ig  y  M’  —  I  -j-  0,  = 

*+l  '  '  ■ 

=  ^(M)  I  »c. 


Fig.  5*  8.  5.  The  an£]le  v  as  a  function  of  M*  and 
as  a  function  of  M  for  K  =  1.4. 

Figure  5»  8. 5  gives  the  values  of  v  (ir.  degrees)  as  functions  of 
M*  and  M  for  k  =  1.4. 

The  two  curves  -  d  _d  =  v(M)  +  »,  epicycloids  (Fig. 

5.8.6,b).  _ 

Since  M*  =  1  corresponds  to  w  =  a*  and  these  epi¬ 
cycloids  ar'e  obtained  by  rolling  the  circle  of  radius  *dLL_|^a* 

about  the  circle  of  radius  a  (M*  =  l)  with  no  slipping. 


Fig.  5»8. 6.  The  epicycloid  PQH  Is  obtained  by 
rolling  the  circle  K  of  radius  (K-l)/2  round 
the  unit  circle  (a).  The  constructed  epi¬ 
cycloid  (b). 

In  fact  (cf.  Fig.  5*  8- 6, a),  the  epicycloid  equation  for  a  circle 
of  radius  (K-l)/2  rolling  a'^ound  a  unit  circle  Is 
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Since  0  +  f ,  we  have 

(5.3.15) 

From  the  triangle  OQM  we  have 

-  #f* + i(#f  -  i)to«fP-a#f  (If  -  i)cM*a 


whence 


«0$*f  • 


lf»--M*« 

IC«-I 


I 


Moreover, 

Substituting  the  results  In  (5.8. 15)  we  obtain 

I  -  a:  »fe  tg  ^ ^  |/^  KtlTiii’  ^  5*  8. 16) 

which  agrees  with  (5.8.14). 

An  arbitrary  characteristic  is  obtained  from  a  base  corresponding 
to  C  e  0  either  by  rotating  it  through  an  arbitrary  angle  Oq  or  by 
mirror  reflection  In  the  real  axis  x  (the  angle  0  changes  sign). 

Choice  of  the  constant  In  the  characteristics  equation.  The 
characteristics  In  the  velocity  hodograph  plane  differ  from  each  other 
by  a  constant,  C,  entering  Eq.  (5.8,14).  It  Is  therefore  convenient 
to  enumerate  the  characteristics  In  such  a  way  as  to  maJce  the  calcula* 
tory  operations  In  practical  applications  as  simple  as  possible. 

Let  us  assume 


Then 


I 


Therefore,  If  we  re-enumerate  the  epicycloid  so  that  the  velocity 
direction  (angle  d)  corresponds  to  the  difference  of  the  numbers  of 
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the  epicycloids  passing  through  one  and  the  same  point  on  the  hodograph 
plane,  then  the  variation  of  the  angle  v(M*)  and  hence  of  M*  (i. e. ,  of 
the  magnitude  of  the  velocity  w)  will  depend  on  the  sum  of  these  two 
numbers.  Besides,  each  pair  of  epicycloids  for  which  the  difference 
of  the  numbers  is  constant  must  Intersect  at  one  and  the  Scune  radius 
and  the  epicycloids  having  one  and  the  same  value  of  the  sum  of 
the  numbers  will  Intersect  at  the  points  of  one  circle  M*. 

Ci=  1200-2^.  C,-800-2s.  (5.  8.  1?) 

Is  frequently  taken,  where  £  and  ^  are  the  epicycloid  numbers. 

Then 

♦  _200-s+^-(V-s)-200: 

,  (M*)=  -'4--  1000-y - s  =  1000-  s). 

Figure  5* 8- 7  shows  epi  /cloids  and  their  enumeration.  A  diagram 
of  the  characteristics  for  k  =  1.4  is  given  in  Appendix  6.  ,  amd  the 
values  of  v(M*)  are  tabulated  in  Appendix  8. 

The  adiabatic  ellipse.  If  the  x-axls  is  directed  along  the  tangent 
to  a  Mach  line  and  the  y-axls  is  perpendicular  to  it  then  (Fig.  5* 8* 8) 

sinp=-  — ==— . 


Pig.  5. 8.  7*  Enumeration 
of  characteristics. 


By  comparison  we  find  that  the  velocity 
projection  on  the  y-axls  is  equal  to  sonic 
velocity : 

a»—  a**—  (i£^  + 

whence 

I  ^1. 

*4-1  ^  (5. 8. 18) 

The  ratio  of  the  axes  of  the  ellipse 
(5-8. 18),  which  is  called  the  adiabatic 


ellipse,  depends  only  on  the  number  k  =  c^/c^.  The  major  semiaxis  is 
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Pig.  5.8.8.  The  projection 
of  the  velocity  vector 
onto  the  normal  to  a  charac¬ 
teristic  at  any  point  Is 
equal  to  the  velocity  of 
sound  at  this  point.  1) 

Mach  line. 


equal  to  "y  the  minor  seml- 

axls  to  a*.  One  certain  elllpae  can 
therefore  be  used  to  analyze  arbitrary 
motions  of  one  certain  gas  (that  gas 
whose  k  Is  equal  to  the  k  of  the  el¬ 
lipse).  In  order  to  determine  the  direc¬ 
tion  of  the  characteristics  the  center 
of  the  ellipse  Is  placed  at  the  origin 
of  the  velocity  vector  at  the  point 


considered  and  the  ellipse  Is  rotated  until  the  tip  of  the  velocity 


vector  comes  to  He  on  it  (Fig.  5*  8*  9).  This  v.ill  occur  In  two  posl 


Pig.  5.8.9.  Adiabatic  ellipse  for 
supersonic  flow  analysis  (a). If  we 
draw  the  velocity  vector  at  any 
point  on  the  ellipse,  the  major 
axis  will  be  the  tangent  to  a 
characteristic  (b). 

tlons  of  the  adiabatic  ellipse  and  In  each  of  these  the  major  axis 
will  be  directed  along  the  tangent  to  the  cheu’acterlstlc. 

Four  basic  problems  on  potential  gas  flow  solved  by  the  method 
of  characteristics  (Fig.  5.8.10).  I.  The  velocity  distribution  Is 
given  for  the  line  AB  which  Is  not  a  characteristic  In  the  physical 
x,y-plane.  Find  the  velocity  distribution  in  the  region  bounded  by 
the  line  AB  and  a  pair  of  Mach  lines,  one  plus  and  one  minus,  passing 
through  the  points  A  and  B.  These  two  characteristics  are  assumed  to 
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be  given. 

II.  The  velocity  distribution  Is  given  along  a  plus  and  a  minus 
Mach  line,  AB  and  AC.  Determine  the  velocity  distribution  In  the  field 
bounded  by  these  Mach  lines  anl  two  other  Mach  lines  passing  through 
points  B  amd  C,  respectively,  and  Intersecting  at  point  D,  which  are 
also  assumed  to  be  given. 

III.  The  velocity  distribution  Is  given  along  the  characteristic 
AB  which  intersects  a  solid  wall  at  point  A.  Find  the  velocity  distri¬ 
bution  In  a  region  bounded  by  this  wall,  a  given  characteristic  AE  and 
the  characteristic  BC  Intersecting  the  wall  at  point  C,  which  Is  also 
to  be  determined. 

IV.  The  velocity  dlsti’lbutlon  Is  given  along  a  certain  charac¬ 
teristic  AB  Intersec -Ing  the  free  surface  AC.  Find  the  velocity  dis¬ 
tribution  In  the  region  bounded  by  AB,  AC  and  a  minus  M.ach  line.  This 
problem  differs  from  problem  III  In  that  the  velocity  direction  alotig 
AC  Is  not  given  and  In  that  the  pressure  Is  constant  over  the  free 
surface,  p  =  const,  so  that 


The  boundary  conditions  to  these  four  Dacli*  problems  allow  us 
to  construct  the  net  of  characteristics  Inside  the  given  region  and 
so  to  obtain  the  solutions.  The  net  of  characteristics  Is  conctnjcted 
In  an  approximate  manner,  by  replacing  'urved  lines  on  which  the 
boundary  conditions  are  given  by  the  si  of  a  polygon.  The  more 
aides  we  take,  the  more  accurate  Is  the  solution.  Let  us  demonstrate 
here  tne  solution  of  problem  I;  for  details  we  refer,  for  example, 
to  the  course  by  N.  Ye.  Kochln,  I.  A.  Klbel'  and  N.  V.  Roze  In  ”Theore- 
tlcheakaya  gldromekhanlka"  (Theoretical  Hydromechanics)  [5.5]. 
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Pig,  5«8. 10.  If  the  velocity  distribution  is  given  on  the  line  AB, 
which  is  not  a  characteristic,  the  velocity  distribution  can  be  found 
in  the  region  bounded  by  AB  and  a  plus  and  a  minus  Mach  line  (l). 
Knowing  the  velocity  distribution  on  a  plus  and  a  minus  Mach  line,  AB. 
and  AC,  we  can  find  the  velocity  dlstrlbutlcn  in  the  region  bounded 
by  those  Mach  lines  and  their  conjugates,  BD  and  CD  (II). 

We  can  find  the  velocity  field  in  a  region  bounded  by  a  solid  wall, 
the  Mach  line  AB  with  a  given  velocity  distribution,  and  the  charac¬ 
teristic  BC  (III). 

Prom  the  given  velocity  distribution  along  a  characteristic  AB  the 
velocity  distribution  can  be  determined  in  the  region  bounded  by  AB, 
a  free  surface  AC  suid  a  —  Mach  line  (IV). 

Replacing  the  curve  AB  by  the  polygon  AM^M^M^. ..  we  construct  its 
image  on  the  hodograph  plane,  A'M^  M^  ...  Then,  with  the  help  of 
the  adiabatic  ellipse  we  mark  at  each  point  A,  M^,  Mg, ...the  Mach  line 
elements,  l.e. ,  the  characteristics  AP2,  MjPj'  ^1^1'  ^2^2'*** 
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etc 


In  order  to  determine  the  velocities  at  the  points  of  Intersection 


Ng,  we  can  use  the  net  of  characteristics.  To  the  motion  with 

respect  to  the  elements,  for  example,  of  the  —Mach  line  M^Ng,  on  the 
hodograph  plane  will  correspond  the  motion  with  respect  to  the  epi¬ 
cycloid  of  the  +  Mach  line  M^  NA  «  and  to  the  motion  with  respect  to 
the  element  of  the  +  Mach  line  correspond  the  motion  with 

respect  to  the  epicycloid  of  the  —  Mach  line  Their  Intersec¬ 

tion  determines  the  point  N^'  —  point  of  the  Image.  Thus  we  find 
the  velocity  at  the  points  N^,...  —  and  can  hence  construct  the 

velocity  distribution  on  the  line  P^,  Ng,  N^,...  and  Its  Image  P^  Ng 
..  Repeating  the  process  for  this  line,  we  can  construct  the  line 

until  the  region  ABC  Is  completely  covered  and 

thus  also  region  ABC. 

The  streamlines  can  easily  be  drawn  since  we  know  that  the  veloc¬ 
ity  at  each  point  Is  directed  along  the  bisector  of  the  angle  enclosed 
by  the  characteristics.  The  pressure  Is  determined  by  the  Bernoulli 
equation. 

5.9.  FINITE  DISTURBANCES  IN  A  SUPERSONIC  FLOW 


Classification  of  discontinuities.  Surfaces  which  Impose  a  Jump 
on  the  parameters  characterizing  the  state  of  a  gas  that  pass  through 
them  are  called  discontinuity  surfaces.  They  are  tangential  If  the 
velocity  of  the  flow  at  each  point  Is  tangential  to  them  and  normal 
If  the  discontinuity  surface  is  perpendicular  to  the  direction  of 
the  flow.  As  a  rule  tangential  discontinuities  are  unstable. 

Furthermore,  as  we  already  know,  the  discontinuities  are  termed 
strong  If  the  flow  parameters  themselves,  the  velocity,  pressure, 
tempe:‘ature,  etc.  are  discontinuous,  and  weak  If  It  Is  only  the  de¬ 
rivatives  of  the  flow  parameters  that  display  a  Jump. 


An  exam.ple  of  a  strong  discontinuity  Is  afforded  by  the  velocity 
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Jump  at  the  surface  of  a  body  placed  In  the  flow  of  an  Invlscld  fluid. 

Rarefaction  waves  are  an  example  of  a 

weak  discontinuity.  In  fact,  (Pig.  5.9.1), 

when  moving  along  a  streeunllne  AabB  of  a 

flow  streaming  round  the  outside  of  an 

obtuse  angle,  the  velocity  at  the  section 

Aa  will  not  vary  and  will  be  equal  to  Wj^, 

whereas  the  velocity  at  the  section  bB 

will  be  constant  but  equal  to  Wg.  Since 

^  “a*  •*'*^***  from  point 

0  we  can  draw  the  two  lines  Om^  imd  Ontg 

bounding  parallel  flows;  the  line  Om, 

A 

bounds  the  undisturbed  flow  from  the  right, 
which  is  parallel  to  the  wall  AO,  and  the  line  Omg  bounds  the  flow 
from  the  left,  which  is  parallel  to  the  wall  OB  and  Inside  which  no 
changes  occur  either.  The  change  of  the  velocity  from  w^  to  Wg  begins 
at  the  line  Om^  and  stops  at  the  line  Onig  (cf.  Pig.  5.9.  l),  and  for 
the  streamline  considered  —  from  point  a  to  point  b. 

The  velocity  derivative  with  respect  to  the  streamline  on  the 


Pig.  5* 9*1.  Weak  veloci¬ 
ty  discontinuity  -  the 
derivative  of  the  veloc¬ 
ity  Jumps  aa  Is  passes 
through  the  Mach  lines 
Oa  and  Ob. 


path  Aa  and  bB  Is  equal  to  zero.  At  point  a  It  chsuiges  Jumpklle  from 
zero  to  a  certain  value  and  at  point  b  It  Jumps  back  to  zero. 

The  parameters  chsinge  In  an  essentially  different  way  when  a 
supersonic  gas  flows  inside  an  abtuse  angle.  Since  the  flow  Is  slowed 
down,  (Pig.  5.9.2).  The  region  between  a  and  b  must  be  both 

the  region  of  the  undisturbed  flow  with  the  parameters  A  and  the  same 
region  with  the  parameters  B;  in  this  very  region,  moreover,  the  flow 
parameters  must  change  from  the  values  corresponding  to  region  A  to 
the  values  corresponding  to  region  B.  This  inconsistency  la  removed 
when  we  Introduce  a  discontinuity  line  between  Onig  and  Om^.  This  scheme 
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« 


# 


discontinuity  -  velocity, 
pressure,  etc.  Jump  as  they 
pass  through  the  line  OIC.  l) 
Diagonal  shook. 


is  verified  by  experiment  —  in  this 
region  there  arises  what  is  called 
a  diaronal  compression  shock. 

In  the  foregoing,  when  consider¬ 
ing  the  linearized  flow  wo  have  as¬ 
sumed  that  the  distui’bances  are  very 
small;  we  therefore  assumed 
the  region  was  replaced  by  a 

line  and  the  low-intensity  compression 
shock  was  considered  as  a  pressure 
wave. 

Prandtl -Meyer  flow.  The  flow 


,  1-0 


about  an  angle  greater  :i  an  1  0  was  Investigated  by  Prandtl  amd  Meyer 
in  1908.  In  order  to  find  ^h  streamline  equation  for  this  kind  of 


flov;  we  notice  that  up  to  the  line  Om^  determined  by  the  angle  = 
=  arctc — -  -  - .  the  flow  is  unlforTi  and  oarallel  to  the  x-axls.  It  will 


Flg»  5*  9*  3-  For'  deriving  the  streaunllne  e- 
quatlon  for  a  Prandtl -Meyer  flow. 

also  be  parallel  beyond  the  line  Om^  deternilned  by  the  angle  Ug  = 

1 

=  arc  tg  — -  —  counted  from  the  direction  of  the  velocity  w^.  In  the 

K  M^i — 1  t 


sector  m^^Cm,^  which  is  called  the  sector  of  rarefaction,  the  stream- 
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lines  will  be  ciirvillnear. 

A  continuous  turn  of  the  flow  through  the  finite  angle  6  can  be 
considered  as  the  limit  of  an  Infinitely  large  number  of  turns  through 
infinitely  small  angles.  All  rays  originating  at  the  vertex  of  the 
angle  In  the  region  of  the  Mach  sector  are  therefore  Mach  lines.  They 
will  be  +  Mach  lines  on  the  physical  plane  of  the  flow;  -  Mach  lines 
will  correspond  to  them  on  the  hodograph  plane. 

Let  r  be  jhe  radius  vector  drawn  from  the  vertex  0  of  the  angle 
to  point  P  on  the  streamline  (Pig.  5.9.3)  and  the  angle  cu  be  Included 
between  r  and  the  y-axls. 

Decomposing  the  velocity  jjj  into  Its  radial  and  normal  components 
Wp  and  w^,  respectively,  we  can  write 

whence 

=  — —  srctE/flX  ****  —  *  • 

V.  2  *  v  Kt-Hi  ' 

we  rewrite  (5.8.14)  In  the  form  (^^  ■  O): 

f =A.rctg  c  ^ 

V  •  y  K*-H- 

=Af^rctg(-i.clg|»)-i+^ 

However,  it  follows  from  Pig.  5.9.3  that 


l.e. ,  that 
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Therefore 


1  rfr  L'tn 


Integrating  this  equation  we  obtain 


(5.9.1) 


where  r^  Is  the  value  of  r  at  u)  =  0. 

The  11ml tine  (maxlrnum)  value  of  the  ancle  of  turn,  is  ob¬ 

tained  from  the  condition  that  for  any  streamline  with  finite  value 
of  Pq  the  radius  vector  r  can  be  arbltrar’lly  large.  It  follows  from 
(5.9.1)  that  this  Is  the  case  when  cos  (u'/K)  =  0  which  gives  us  = 

e  Kn/2,  In  this  case 


C-gHl 

'—.r—  •-"* 

1, e, ,  the  outermost  characteristic  coincides  with  a  streamline.  But 
cot  u  -*  *  if*  M*-*K=  (corresponding  to  M  -*  •) ,  l.e.  ,  the  maximum 

of  turn  corresponds  to  outflow  into  vecuum  and  the  flow  velocity 
is  equal  to 


Fig.  5.9.^.  The  flow  cannot  be  deflected  by 
aji  angle  greater  than  f-'ly-  (For 

air  k  •=  1.4  and  =  130.5°).  l)  Vacuum; 

iTklA 

2)  streamline;  3)  epicycloid. 
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The  maxlinuin  angle  of  deflection  is 


For  air  (k  =  1.4)  =  130.5°.  Thus,  when  the  angle  of  deflec¬ 

tion  exceeds  130.5°  there  remains  a  region  In  space  which  Is  theo¬ 
retically  not  occupied  by  the  air  stream  (Fig.  5.9.4).  The  numerical 
values  of  the  flow  parameters  for  k  =  1. 4  are  given  In  AH)endlx  8. 

Diagonal  compression  shocks.  Let  us  now  consider  a  supersonic 
flow  Inside  an  angle  of  less  than  180°  and  discard  the  supposition 
that  the  deviations  of  the  angle  from  180°  are  small.  We  assume  that 
the  angle  Is  curved,  and  that  the  curve  can  be  replaced  ty  a  polygon. 

In  a  flow  this  polygon  will  give  rise  to  a  system  of  pressure  waves 
(Mach  lines)  emanating  from  each  angle  of  the  polygon.  The  fundamental 
difference  between  these  compression  waves  and  the  rarefaction  lines 
has  been  explained  above. 

Since  the  slope  angle  of  these  rarefaction  lines  Increases  down¬ 
stream  they  will  form  a  system  like  that  shown  In  Fig.  5.9.  5#a,  and 
the  disturbances  which  sum  up  where  the  lines  are  curved  assume  a 
finite  value  —  a  compression  shock  arises  In  the  flow,  whose  parameters 
are  subject  to  a  finite  discontinuity  (cf.  photograph  of  Fig.  5. 9.  5»b). 

A  discontinuity  whose  plane  Includes  with  the  direction  of  velocity 
an  angle  that  differs  from  90°  Is  called  a  diagonal  shock. 

Conditions  of  dynamic  consistency.  Let  us  subdivide  the  reference 
surface  (Fig.  5.9.6)  by  two  streamlines  and  sections  parf.ilel  to  the 
discontinuity  plane  In  front  of  and  behind  It  and  let  us  formulate  the 
conservation  laws  for  the  gas  streaming  through  It.  Decomposing  the 
velocity  before  and  after  the  discontinuity  Into  the  component  normal 
to  the  discontinuity,  w^,  and  component  along  It,  w^,  the  continuity 
equation^ can  be  written  down  as 


N  ^ 
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(5.9.2) 


Since  the  resultant  pressure  force  (p^— p2)A  will  act  perpendicular 
to  the  discontinuity  plane,  then,  projecting  the  momentum  onto  the 
tangent  to  the  discontinuity  plane,  we  obtain 


/ 


or,  since  PiWu/O. 


(5.9.3) 


l.e. ,  the  tangential  velocity  component  remains  unchanged  when  passing 
through  the  plane  of  a  diagonal  shock. 

For  a  direction  perpendicular  to  the  discontinuity  plane 


(5.9.^) 


Fi =  (=•*«- ®u)- 


The  energy  equation  yields 


or 


(5.  9.5) 


ORAPEIC  HOT  HEPHOHJCIBLS 


Fig.  5*9.  5*  Forc.atlcn  of  diagonal  co.mpresslon 
shock  when  a  supersonic  flow  streams  about  a 
curved  wall  as  curves  compression  lines  of  the 
linearized  solution  (a);  photograph  of  diagonal 
shock  (b). 


For  a  perfect  gas 


The  Hugonloc  curve.  Comparing  Relations  (5.9.2)  -  (5.9.6) 

-  3^9  - 


(5. 9.6) 


3 


2 


Pig*  5* 9* 6.  For  deriving  the  conditions 
of  dynamic  cone  latency  for  a  diagonal 
shock,  l)  Streamline;  2)  reference  sur¬ 
face;  3)  diagonal  shock;  4)  discontinui¬ 
ty. 

with  the  analogous  Relations  (2.7.22)  for  the  normal  shock,  we  cam 


show  that  they  agree  completely  if  we  replace  w  in  the  normal  shock 
by  of  the  diagonal  shock  and  define  a  reference  stagnation  tempera¬ 
ture  in  the  diaigonal  shock  by  the  equation 


(5.9.7) 


The  conclusions  given  above  for  the  normal  shock  therefore  remain 


valid  for  the  diagonal  shock  too  when  velocities  and  temperatures  are 
replaced  as  Indicated,  l.e.  ,  when  the  equation  of  the  Hugonlot  curve 


can  be  written  In  one  of  the  following  forms: 


Pt-f\  jt  n  >— I  »i  ^ 

ft—h  n+fi  '  *-n  >■;  ’  fi  fLdLLx/i 

*-i  /« 


Furthermore, 


(5.9.8) 


(5.9.9) 


or,  what  is  the  same. 


It  follows  from  this  relation  that  the  velocity  drop  behind  the 
shock  is  greatest  when  the  shock  Is  normal,  l.e.  ,  when  w^  ■  0.  It 
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should  be  r.tressod  that  ly  virtue  of  the  tangential  component  the 
velocity  behind  the  shock  can  also  remain  supersonic. 

Practical  formulas  for  calculating  a  diagonal  compression  shock . 
We  have  from  Fig.  5.9.6. 


Since 


Vy—tCf/,  TO 


»i  _  t) 

•j  *Oi|» 


Moreover, 


which,  together  with  the  continuity  equation,  gives 


ri  v,ilR(i>  — I)  co«|iSin(!* -»)  lg(K  — •)’ 

Equation  (5. I  '0  tr  1  w  be  rewritten  in  the  form 

Since  ,  we  have 


(5.9. 10) 


(5.9.11) 


When  we  substitute  the  expression  for  P2/P2  Prom  the  equation  of 
the  Hugonlot  curve  (5-9.8)  Irdc  the  first  equation  (5.9.  11),  we  obtain 

/  »jrl  +  a 
^  I  +  kW]  slnV  [  1  -  ^ 

\  *-• 

Solving  it  with  respect  to  P2/P1  find 

Pi  *— 1 


Pi  *  +  »  *  +  l 


(5.9.  12) 


When  =  90  this  equation  goes  over  Into  Eq.  (•4.3.8)  for  the 
normal  ccmprosslon  shock.  If  sin  the  diagonal  shock  degenerates 

to  a  weak  wave  with  p^  ~  p^. 

Equations  (5-9-9)  -  (3-9-12)  express  the  connection  between  the 


variables  _p,  0. -"i.  ^'3.  Pi : Pi.  P«- Pe  any  two  from  them  can  be  taken  as  In- 
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dapendent  variables. 

If  we  use  the  velocity  coefficient  K*  and  Introduce  icia"eisiii|i,  m,m 
■  |»icos|i,  into  (5*9«^)  ve  obtain 

ut. 


With 


we  find 


Pt  -Pt^?i  MP  (•  -  coi*^-Mr  iln*|i). 

n  ft  r*  »  U  2*  \  *  +  i  / 

^  =  I  _  a;i||  — i^Mr’cos*i»-MP»ln*i>)- 


**“*  u«l 


(5. 9. 13) 


*  +  i  *• 


If  M.  =  90°,  this  relation  goes  over  to  (4,3.8).  In  this  way  we 


obtain 


*  «•*  «•*  ^  j  •** 


(5.9. 14) 


Taking  Into  account  that  a!=o*+ or  a'*—-4-;«!+ 

•'22  *+i  ‘  a  +  i  ' 

Relation  (5.9.9) 

-iTr*5-i^«?+-iTr-- 


leads  us  to 


*+l  a-fl 

«-i=±f, +_i _ * 

*+•  \  *  — I  mJ$Ii*|./  fl 

But  on  the  other  hand  (5.9.2)  and  (5.9.10)  yield 


(5.9. 15) 
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whence 


*!•  ft  lgt‘ 


l£  I*  J  +  tg  l»  t J I  ' 


1  *-l  5 

+  v— r-  + 


I 


1  ^  „  - -  - — - 


+  I-I 


I- 


*-I 


*+l  *  +  l  M*fla*H 


-  1 

MjtlaJf-J  ’J- 


(5.9.16) 


jlHgoi'ilot  cur\^  Is  a  curve  that  represents  the  Interrelation 
between  the  velocity  vector  behind  the  shock,  and  the  velocity 
vector  In  front  of  the  shock,  w^.  In  order  to  find  the  equation  of 
this  curve  we  decompose  th-  velocity  into  the  components  and 


Then  u'l  sin  |i;  cosp; 

S’*.  K'u  -  y'^%  +  (  »  ,  -  SIP  u  -  47i-,  -  u-;,)» 

arid  Eq.  {5*'^.  9)  reads 

tt',sln*p-i-,5inu  j/i-*,,  I  v«-~L  u-;co5*p. 

4  ♦  I  , 

Prom  Pig.  5.  9.  7  ' t  can  be  seen  that 

11'  ::co  We  obtain  for  cho  equation  of  the  Hugoniot  curve 

/••y  y  _ a*  M  <•»  / 

'  **  '  /EiV  _  j.  1 
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(5. 9.17) 


The  Hugonlot  curve  Is  a  third  order  curve  (strophold)  with  w^^  as 
the  symmetry  £ucls.  The  point  A  corresponds  to  a  normal  compression 
shock. 


The  Infinite  branches  CD  and  CE  of  the  polar  do  not  correspond 

to  any  real  state;  for  their  points  {points  3)  W'^ln  >  Pi/P2  > 

>  1,  which  contradicts  the  second  law  of  thermodynamics.  Thus,  two  shock 

waves  (points  1  and  2)  correspond  to  each  amglc  d  of  deflection 

of  the  flow.  At  the  point  B  points  1  and  2  coincide,  and  here  the 

maximum  deflection  of  the  flow  Is  at  the  angle  d  ®  d  The  branch 

max 

AB  of  the  Hugonlot  curve  specifies  the  "strong”  shocks,  and  BC  the 
"weak"  ones;  the  flow  past  the "strong"  shocks  Is  subsonic  (Pig.  5*9»8)' 


Pig.  5. 9. 8.  Two  possible  types  of  diagonal 
shocks;  "strong"  and  "weak"  shocks,  a)  on 
the  Hugonlot  curve,  b)  Inside  an  obtuse 
angle;  c)  for  a  wedge,  l)  "Strong"  shock; 
2)  "weak"  shock. 


The  experiment  shows  that  Inside  an  obtuse  angle  "weak"  shocks  occur, 
having  a  smaller  slope  angle  and  a  greater  velocity  past  the  shock 
(branch  BC). 

Flow  about  a  wedge.  Two  cases  may  arise  when  a  supersonic  flow 
streams  about  a  wedge  at  zero  angle  of  attack:  d  <  d^^^^  and  d  > 
where  d  Is  half  the  vertex  andgle  of  the  flow  and  d^^^  Is  the  maximum 
angle  of  flow  deflection  (Fig.  3*9.9,  a  and  b). 

Experiment  shows  that  with  d  <  d^^^  only  a  shock  wave  is  produced 
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Pig.  5.9.9.  Flow  about  a  wedge, 
a)  Attached  shock  C  <  b) 

IjIaX 

detached  shock  C  >  l) 

Shock;  2)  supersonic  region,  3) 
subsonic-  region. 


that  corresponds  to  point  2  of  the  Hugonlot  curve  (cf.  Fig.  5.9. 9»a). 

In  this  case  we  obtain  j.  at'^ached  diagonal  compression  shock. 

When  the  conyresslon  shock  leaves  from  the  wedge  placed 

max 

in  front  of  It  and  forms  a  so-called  detached  shock  (cf.  Fig.  5. 5. 9»b). 
The  shock  wave  forr.s  a  curve  corresponding  to  all  points  of  the  Hugo¬ 
nlot  curve  from  A  to  C  (cf.  Fig.  5.9.7).  In  the  central  part  of  the 
wave  surface  the  shock  Is  a  normal  one. 


Figure  5.9.10  gives  the  family  of  Hugonlot  curves  for  k  =  1. 4 
and  for  various  Mach  numbers  H.  The  region  Inside  the  arc  of  radius 
M*  «  1  Is  the  region  of  subsonic  velocities  Wg  and  that  outside  the 
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arc  Is  the  supersonic  region.  This  graph  can  be  used  to  determine  the 
velocity  Wg  behind  the  shock  for  various  velocities  and  for  various 
values  of  the  angle  through  which  the  flow  Is  deflected  at  the  shock. 

5. 10.  THE  METHOD  OP  SUCCESSIVE  APPROXIMATIONS  FOR  SUBSONIC  FLOWS 

In  the  linearization  of  the  equations  of  motion  of  a  compressible 
gas  the  disturbances  have  been  assumed  to  be  so  small  that  their  pro¬ 
ducts  are  negligible.  The  solution  obtained  is  a  first  approximation. 
This  naturally  raises  the  problem  of  the  second,  third  and  further  ap¬ 
proximations,  considering  the  terms  small  of  second,  third,  and  higher 
orders.  It  can  be  solved  by  expanding  the  velocity  potential  In  powers 
of  the  number  or  of  a  parameter  characterizing  the  thickness  of 
the  body. 

Expansion  of  the  velocity  potential  In  a  power  series  of  M  .  Such 
a  series  will  contain  only  even  powers  of  M^,  l.e. ,  M^,  ... 

This  Is  Immediately  evident  from  the  fact  that  If  we  choose  the  x^- 
axls  at  any  point  of  the  flow  to  coincide  with  the  direction  of  the 
velocity  at  this  point,  the  potential  equation  In  the  new  coordinates 
will  have  the  form 


The  approximation  corresponding  to  M  =0  holds  for  the  motion 
of  an  incompressible  fluid,  which  can  be  obtained  by  solving  the  veloc¬ 
ity  potential  equation 


I*  dJ* 

4-2^1 

ill 

1  1 

lU*i 

1  djfl 

dMdf  \ 

1 

»J»l 

(5. 10.1) 


and  assuming  a  =  «,  l.e.,  by  solving  the  Laplace  equation  ^  «  0. 
Substituting  the  solution  found,  ^  =  C>Q(x,y),  the  zeroth  approximation. 
Into  the  right-hand  side  of  Eq.  (5.10.1)  and  solving  the  Poisson  e- 
quatlon  obtained. 
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(5.10.2) 


we  find  the  first  approximation,  =  ‘l*j(x,y).  When  we  substitute  the 
latter  In  the  right-hand  side  of  (5. 10. l)  and  solve  the  new  Poisson 
equation,  we  obtain  the  second  approximation.  Continuing  this  procedure 
we  shall  find  more  and  more  new  approximations  In  the  form  of  a  series 

♦  .=  ♦,4. Ml®, +  Mt .  ^5. 10.  3) 

When  the  difference  between  two  subsequent  approximations  of  the 
velocity  potential  tends  to  zero,  the  process  Is  convergent.  Depending 
on  the  shape  of  the  body  this  process  can  be  convergent  only  for  a 
number  not  exceeding  the  critical  value  which  corresponds  to 
the  appearance  of  regions  In  the  flow  where  the  stream  velocity  becomes 
equal  to  the  sonic  velo- Ity;  fro:  the  mathematical  point  of  view  this 
Is  connected  with  a  chemge  In  he  type  of  the  equation. 

Plgur#'  5.10.1  shows  the  velocity  distribution  around  a  circular 
cylinder  for  =0.4  In  first,  second  and  third  approximation*.  When 
<  45°  the  local  velocity  shews  a  slight  Increase  for  an  Incompres¬ 
sible  fluid;  a  converse  picture  Is  obtained  for  90*  <  0*<  45*.  The 
maximum  local  velocity  Is  expressed  In  this  case  by 

^(*  ( 5. 10. 4) 

or  (for  k  =  1.4)  by 

-  2  +  1  +  2,58M!.  +  7.53M*.  d- . . . 

•- 

The  results  of  calculations  In  different  approximations  become  more 
divergent  as  the  number  Increases.  The  method  Is  therefore  only  a 
rougn  one  when  la  a  large  subsonic  number. 

Calculations  In  third  approximation  show  that  sonic  speed  arises 
when  M  =  0. 404,-  which  Is,  therefore,  the  critical  number  for  a  cylln- 

OU 

der. 


-  357  - 


i 

p 

1 

s 

■ 

■ 

R 

sa 

■ 

R 

P 

m 

■ 

p 

X 

a 

■ 

■IS 

SI 

■ 

Expanalon  of  the  thickness  parameter  Into 
a  power  series.  For  a  uniform  flow  streaadng 
parallel  to  the  x-axls  about  a  body,  the  veloc¬ 
ity  potential  can  In  general  be  written  In  the 
form 

♦  (5.10.5) 

where  9  (x,y)  denotes  the  part  of  the  potential 
due  to  the  presence  of  the  body.  If  no  body 
Is  present,  9(x,y)  «  0.  For  example,  for  a 
plate  at  zero  angle  of  attack,  ^  ■  ♦q  ■  w^x. 

The  additional  potential  can  be  assumed  to  depend  on  the  body  thick¬ 
ness,  and  we  can  aasume  that  9(x,y)  ^  0,  where  6  Is  a  parameter  charac¬ 
terizing  the  body  thickness,  and  write 

2, (5.10.6) 


Fig.  5. 10. 1. Telocity 
distribution  about  a 
circular  cylinder 
for  M  =0  and  M  ■ 

00  m 

B  0.4.  1)  Approxima¬ 
tion. 


Neglecting  all  powers  of  6  In  (5. 10.6)  higher  than  the  first, 
and  substituting  In  (5. 10.  l),  we  obtain  the  linearized  equation 


0.1  Jl* 


Pig.  5.10.2.  Velocity  distri¬ 
bution  about  a  profile  of  lOJJ 
thickness  for  various  Mach 
numbers  M.  l)  Supersonic  re¬ 
gion  for  M  -  0.83. 


The  equation  for  92  htts  the  form 


ilL 


iji  df 


if  ixif 


\ 


It  should  be  noted  that  solving 
the  problem  by  this  method  Is  a  rather 
cumbersome  task.  Fig.  5. 10. 2  shows 
the  velocity  distribution  over  a  pro¬ 
file  of  1056  thickness  for  various 
numbers. 
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5.11.  THE  HODOGP^PII  MTHOD 


The  method  oT  exact  linearization.  Two  methods  exist  which  can 
be  used  to  transform  the  nonlinear  equations  of  a  plane  potential  mo 
tlon  of  a  compressible  gas  exactly  to  linear  equations.  One  of  them, 
based  on  the  Legendre  transformation  consists  In  choosing  the  veloc¬ 
ities  w  and  w  as  the  Independent  x  and  and  going  over  from  the 
X  y 

velocity  potential  <t>  to  the  conjugate  potential  It  can 

be  shown  that  the  equation  for  the  conjugate  potential  has  the  form 


/»  _  +  2  ^  1  — -0. 

By  analogy  with  the  stream  function,  the  components  q^  «=  pw^  and 
q  =  pWy  of  the  mass  flow  density  vector  p'iT  are  taken  as  the  Independ¬ 
ent  variables;  the  stream  function  Is  replaced  by  a  conjugate  stream 
function  ^«=“ + 1*).  'j  aiding  the  linear  equation 

/,  _  "ili  _  2  ^  +  (l  -  -0. 

The  Legendre  transformation  maps  the  physical  plane  of  the  motion 
onto  the  plane  of  mass  flow  density.  This  Is  the  disadvantage  of  the 
method,  since  the  values  of  the  mass  flow  density  are  not  uniquely  de¬ 
termined;  to  each  value  of  pw  correspond  one  value  w  <  a  and  another 
value  w  >  a  (Fig.  4.2.4). 

Chapt.-.^ln  transformation.  This  second  transformation  leads  to  in¬ 
vestigating  the  motion  on  the  hodograph  plane.  In  this  case  the  veloc¬ 
ity  potential  and  the  stream  function  remain  unchanged.  Difficulties 
arise,  however,  on  establishing  the  toundai’y  cOi.dltlons. 

This  method  Is  widely  jsed  In  practice  because  the  linearity  of 
th-  equations  makes  It  possible  to  obtain  complex  solutions  by  adding 
simple  exact  solutions.  Moreover,  with  certain  simple  boundax’y  condi¬ 
tions  tl.e  exact  solutions  can  be  successfully  applied  to  a  study  of  mixed 
sub-  and  super- sonic  flews  when  the  approximate  methods  no  longer  apply. 
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Finally  there  also  exist  approximate  methods  of  solving  the  pro¬ 
blem  on  the  hodograph  plane  which  enable  us  to  overcome  the  dlfflcul- 
ties  connected  with  satisfying  the  boundary  conditions* 

We  Introduce  the  stream  function 


•  »M  ,  4, 

and  obtain  xa-x+iy; 

Then 


(5.11.1) 


iedz= ue~‘*  dz = {v),dx w^dz)^ 

•md^  +  i-^dVi  'll. 


(5.11.2) 


When  P  -  Pq  this  relation  reduces  to  that  found  before: 

(x— 

Let  us  now  consider  z  (or  x,y)  as  a  function  of  w  and  ». 
then  ♦-•(«,.  I);  r-T(«.l). 

To  find  the  equation  satisfied  by  thse  functions  we  calculate 

iw  U.  ^ 

fpMp 

under  the  condition  p  »  p(w}  reads 


"s; 


The  equation 


/  ^  j  «>»»•  \  *‘*  |/^  I  ifo  «r\. 

\  SM*  t  f  i» )  9 

1 4)»a»  ^  r  iwdz  tfwVr/Mjv 
V ai  ^  ,  it)  9  ' 


Taking  into  account  that 
imaginary  parts  we  find 


it* 


itiw 


.  and  comparing  the  real  and 


it  t  i9  * 


i9  w  Vr/J  M  a*\v  p/M 

However,  tpda= -‘•^= —a*— ;  — i. 

»  r  i9\fj  ,t\  dj  t 


(5.11.3) 


Therefore 


(5.11.'*) 


« 

_ H  /. _ ?L\^L=  _  »,  1  -  M»  dV 

#*  ^v\  «3/(M 

These  equations  are  linear;  the  coefficients  of  the  derivatives 


depend  only  on  the  Independent  variables  w  and  >5. 


To  eliminate  C  we  use  the  condition 


,  which  gives 


fjL  il  +  K,  _iL  +  xpio  =  _  iL  i::^^ 

(p  and  M  depending  only  on  w)  and  therefore 

System  (5*  H*^)  Is  analogously  solved  with  respect  to  ^'i'/cw  and 
b'ff/biJ,  giving 

+  =  <5- 11.6) 

These  equations  were  o'  ‘lined  by  S.  A.  Chaplygin  In  1902  auid  are 
named  after  him. 

Let  us  trace  the  transition  to  the  physical  plane  of  flow  after 
having  found  the  solutions  to  (5*  H- 5)  (5»11»6),  l.e.  ,  the  func¬ 

tions  <!»(»,*«)  and  Viw,  on  the  hodograph  plane. 

Then,  determining  the  real  and  Imaginary  parts  we  have  from  (3*11«2) 


t  '  1 

Jx-^  —  cos9d^ — =  sin  4*  ~  (5.11.7) 

which,  after  Integrating,  gives  j(  =  js(*.  K-).y=y(»,  v).  and  also  Tr^v(x.y). 

^  =  H  T=»r(x.y). 

Subsidiary  flow.  If  the  fluid  Is  Incompressible,  P  -  Pq  and,  re¬ 
written  In  the  coordinates  (w,;>),  the  equations  In  the  hodograph  plane, 
(5.11.3),  take  the  form 

M  ^  I 

M  49  ’  dm  9  ^  11.8) 

Let  us  state  that  In  Eq.  (5*  11*3)  the  velocity  w  Is  a  certain 
function  of  the  velocity  w  of  an  Incompressible  fluid.  This  unknown 
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function  of  w  1b  so  determined  that  Eq.  (5.11.3)  becomes  symmetrical, 
as  similar  to  (5. 11. 8)  as  possible,  and  assumes  the  fonn 


dm  Sm  m  ** 

Where  yfl  Is  a  certain  function  of  w.  Introduced  by  S.A. 

Owing  both  to  the  condition  w  =  w(w)  and  to  p  =  p(w), 
can  be  written  In  terms  of  the  variables  w,^  In  the  form 


(5.11.9) 
Chaplygin. 
Eq.  (5.11.3) 


■  BtP 


h)  dm 


d»  4lm  f  /  <• 


Whence  ^'y  comparison  with  (5. 11. 9)  we  arrive  at 


dm 


(5.11. 10) 


Going  over  to  the  velocity  coefficients  M*  =  'K':a*,  M*=rs-:a*,  where 
,  multiplying  and  differentiating  these  equations,  and 
applying  the  gasdynamlc  function  yields 


or 


1 


t 

r^=KT^^(i  + 


(5.11. 11) 


The  first  equation  of  (5. 11. 10)  now  gives 


WM«  _  f  M* 

“•  T  -m-  "■ 


(5.11. 12) 


The  analytical  expression  of  the  connection  between  M*  and  M*  has 


a  rather  complicated  form.  Figure  5. 11. 1  gives  a  graphical  representa¬ 
tion  of  this  relation  of  the  dependence  between  and  M*  from  Eq, 

(5.11.11).  To  solve  System  (5.11.3)  S.A.  Khrlstlanovlch  assumes  that 


the  functions  ^  and  'F  can  be  expressed  as  series  of  the  form 
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+  . ... 


(5.11.13) 

and  that  can  be  adopted  to  obtain  the  first  approximation 

In  System  Furthermore,  If  the  Mach  numbers  M  are  cm.all,  the 

^/2 

values  of  K  differ  slightly  from  unity,  as  can  bo  seen  from  Pig. 

V2 

5.11.1  and  from  expanding  K  Into  a  powei*  series  of  K: 

v/^= M^y’’ = 1  - M« + . . . . 

where  the  lowest  power  of  M  is  the  fourth. 

Thus,  If  we  restrict  ourselves  to  the 
first  approximation  and  suppose  that 
VsssT,  »  then,  solving  the  equation  of  gas- 
dynajnlcs  leads  to  finding  the  solutions  to 
the  corresponding  equations  of  motion  of 
ciH  Inocmpressible  fluid  In  the  hodograph 
plane  (w,v>).  Going  over  to  the  establishment 
of  the  correspondence  between  the  points  of 
the  flew,  we  have  to  take  Into  account  that 
the  X  aind  ^  coordinates  determined  by  in- 
tegra;.iag  (5.11.7)  will  depend  on  the  path 
of  Integration,  since  the  values  of  «l>  and  'i 
were  given  approximately.  These  considera¬ 
tions  make  it  expedient  to  Integrate  along  streamlines  for  which  7  = 
const,  l.e.  ,  for  which  d'?  =  0.  When  calculations  are  being  made  on 
the  boundaries  of  the  flow,  for  example,  on  the  contour  of  the  body 
!  ?ced  In  the  flow,  they  become  deformed  and  the  larger  the  number 
(M*),  the  greater  Is  the  deformation.  It  may  happen  that  a  closed 
coiifour  (wing  profile)  goes  over  into  an  open  one.  The  calculations 
snow,  however,  that  for  small  Mach  numbers  M  and  sufficiently  long 
cont.''ars  the  boundaries  change  but  slightly. 


Fig.  5. 11.  1.  Chaplygin 

function  y'K=  / r  —  m>‘ 

and  connection  between 

the  velocity  coeffi¬ 
cients  of  compressible 
and  Incompressible 
flows, 
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since  we  cannot  linger  to  consider  these  very  profound  and  com> 
plicated  bases  of  the  method  of  S.A.  Kristianovich  (5.2],  (5.3l,  which 
go  beyond  the  scope  of  the  course,  we  have  to  point  out  that  the  re¬ 
lation  found  between  M*  and  M*  allows  us  to  determine  the  pressure 
coefficients  Cp  In  the  gas  flow  If  the  pressure  coefficient  Cp  In  an 
Incompressible  fluid  flow  Is  given.  More  precisely,  for  given 

we  find  M*  from  the  graph  (5.11.1),  and  from  the  equation 


> 


m2 


we  find  the  value  of  M*  at  the  point  considered  to  which  the  M*  will 
correspond,  and  hence  we  have 

/»  _  P'“Pm  K  Pm  /  B  -V 


*4-1  >4-1  /  * 


Unfortunately  there  Is  no  convenient  analytical  expression  for 
the  relation  between  Cp  and  Cpj  there  are,  however,  tables  and  graphs 
which  give  c,-/(C^  M*  *). 

Approximate  solutions.  In  a  sufficiently  large  range  of  subsonic 

-  I  'I 

Mach  numbers  M  the  function  -M*)*! Introduced 

by  S.A.  Chaplygin  has  been  shown  to  deviate  little  from  unity.  If  we 

Vs 

put  K  »  1  this  corresponds  formally  to  k  =  — 1  for  any  M  <  1. 

In  nature  no  gases  exist  for  which  k  «  Cp/c^  Is  negative;  for 
calculations  on  subsonic  flows  it  is,  however,  very  useful  to  Introduce 
such  an  imaginary  gas  with  an  Isentroplc  curve  p/p**  ■  const  described 
by  the  equation  of  the  straight  line  pp  «  const,  or.  In  a  more  general 
..orm,  by 


,_A+». 


(5. 11. 14) 
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When  the  constants  A  and  B  are  properly  chosen,  this  straight 
line  can  be  made  a  tangent  to  the  true  Isentroplc  curve  (Fig.  5.11*2), 
or  a  secant  passing  through  two  given  points  which  can  be  chosen  at 
will. 

For  an  Incompressible  gas  the  "Isentroplc  curve"  has  the  form 
p  const.  S.  A.  Chaplygin  took  the  tangent  at  the  point  p^,  Pq,  which 
gives  a  good  approximation  at  small  velocities,  S.A.  Khrlstlanovlch 
(in  first  approximation)  and  also  Karman  and  Tslar.g  took  the  tangent 
at  the  point  p  ,  P  corresponding  to  an  undlstur'bed  flow  (cf.  Fig. 
5.11.2). 

If  k  *= -1,  from  the  energy  equation +  =  ^^sr*follows 

=r  a»  —  —  al  —  const. 


(5.11.15) 


At  the  same  tine  the  critical  velocity 


'  —flo 

®  r  M-i 


becomes  In¬ 


finite,  l.e.  In  an  imaglnery  gas  for  which  k  =  -1,  the  velocity  of 


.ig.  5.11-2.  Vari¬ 
ous  approximations 
of  the  adiabatic 
curve  by  straight 
lines,  l)  Incom¬ 
pressible  fluid;  2^ 
is-'ntroplc  line;  3, 
K£'.rman  -  Tsiang;  4, 
Chaplygin. 


sound  cannot  be  reached  and  there  Is  no  sense 
In  using  the  velocity  coefficient  M*  =  w/a*, 
since  for  k  =  — 1  the  number  M*  Is  zero  every¬ 
where.  The  dlmen.'lonless  velocity,  however, 
can  be  determined  as  the  ratio  of  the  flow 
velocity  and  a  certain  constant  characterizing 

the  velocity  of  the  given  flow. 

"•  d  d  ~ 

Since  it  Is  convenient  to 

Introduce  the  variable  or  7=Inw  ' 

the  same  time  Eqs.  (5.11.8)  become  Cauchy- 
Rlemann  equations: 


(5.11. 16) 
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(5.11.17) 


In  System  (5.11.4)  which  we  rewrite  In  the  form 


jl-i/g-  *  ** 

'  Vl-M*  dm 


dm  ' 


It  Is  likewise  convenient  to  substitute  and  write 

If  we  now  put  ds  »  ds  and  K  =  —1,  this  system  of  approximate  equa¬ 
tions  will  describe  the  compressible  gas  flow  in  the  hodograph  plane, 
which  coincides  with  the  flow  of  an  Isentroplc  fluid  (5.11.16).  At 
the  corresponding  points  of  these  flows  the  velocity  potentials  and 
jtream  functions  will  be  equal  and  the  velocity  directions  will  coin¬ 
cide.  The  boundary  conditions  of  these  flows,  determined  by  (5. 11. 7) 
<111,  however,  as  has  already  been  shown,  differ  more  as  M  approaches 
inlty  more  closely.  As  long  as  M  is  small  the  changes  in  the  bounda- 
cles  can  be  Ignored. 

Since  w  =  w(s),  Eq.  (5.11.3)  can  be  written  in  the  form 

<>*  •  0)  tdt'd*  I  rf;V»7“7VwJ'5r“ 

d*\fm/dP 

If  we  Introduce  the  dimensionless  velocity  coefficients  n  and 
L  for  w  and  w,  respectively,  referring  w  and  w  to  a  certain  constjint 
<hlch  is  characteristic  of  the  given  flow  velocity,  we  then  have 


(5.11.19) 

If  K  *=  1  this  will  be  a  set  of  ordinary  differential  equations. 
Ln  order  to  solve  them  we  put  z  =  Pq/p  in  (5. 11. 19); 


ds  Kid  ds  J  It  '  ds  I  ds  i  It  '  ds*  (  |l  / 
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and 


i»= 


c,^ 


.2 


1  —  Cji* 

Eliminating  ^  from  the  set  (♦)  we  find  -  dz/ds  =1,  and  Integration 
yields 

*=  InJ= -L  In const; 

*  '+*  f 

Talcing  Into  account  that  ^1^  =  1,  we  find  =  1;  here 


>  +  / 1  +  <Ci*»  f  I  _  , 


(5. 11.20) 


If  the  velocities  w  and  w  refer  to  2aQ,  l.e.  ,  i»  =  »:2fl».  y  =  :^:2af. 


then,  when  calculatlngi/^jj _  jt  «  / 1 

t  r 


_|V;e  find  C  =  1  and 


!»  =  —-“  .  1*-= 

1-1^ 


I  I  +  4k*  9  I  —  K* 


(5.11.21) 


Pig.  5.11.3.  Dependence  of  T/Pq  and  M*  on 
M*  for  various  values  of  the  constant. 

If  the  velocity  coefficients  p.  and  u  are  deteimilned  by  the  ratios 
ap:a»=M*  and  respectively,  where  a*  =  /-ifr*"-  .then  we  ob¬ 


tain  fi'orr.  (5.11.20) 

M* 


— 5!^.  (5.11.22) 

|_CM*>  l+rH-4C.M**  f 


The  dependence  of  M*  and  P^/p  on  M*  Is  shown  In  Fig.  5. 11.  3.  The 
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daahed  curves  give  the  exact  values  of  p^/p  and  M*  ■  f(M*)  got  from 
the  formula  of  S.A.  Khrlstlanovlch  as  a  result  of  integrating  (5>11>1^)> 
The  constanct  C  Is  chosen  according  to  the  range  In  which  the  M*  val¬ 
ues  vary. 

The  pressure  coefficient.  Dlfferen Mating  (5.11.14)  we  obtain 

and  since  <1’=^ .  we  havei4=.  —  .  Determining 

=  we  find  for  the  Imaginary  gas  with  k  ■  — 1 


(5.11.23) 


For  an  Incompressible  fluid 


This  Is  the  formula  given  by  Karman  and  Tsiang  In  1939.  As  can 
be  seen.  It  Is  obtained  from  an  exacter  solution,  given  by  S.A.  Khrls- 
tlanovich  as  a  first  approximation. 


profile  In  a  subsonic  gas  flow. 


This  Is  one  of  the  most  complex 
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problems  of  aeromechanics.  The  very  fact  that  the  above-mentioned 
Chaplygin  method  Is  a  method  of  passlnj  over  to  the  hodograph  plane 
and  of  replacing  the  exact  adiabatic  curve  by  a  linear  relation  be¬ 
tween  pressure  and  specific  volume  Is  of  great  significance  In  the 
solution  of  this  problem.  After  S.A.  Chaplygin  (1902)  had  developed 
the  method,  N.A.  Slerkln  (1937)  and  Tslang  (1939)  applied  It  to  solving 
the  problem  of  an  unstalled  circulation-free  flow  about  a  profile. 

In  1940  S.A.  Khrlstianovlch  developed  the  method  for  solving  the 
problem  of  a  profile  In  a  subsonic  gas  flow  with  circulation,  establish 
Ing  ohe  correspondence  between  the  physical  plane  of  flow  and  the  flow 
of  an  Incompressible  fluid  about  an  Imaginary  distorted  profile.  In 
order  to  establish  the  correspondence  the  method  of  successive  approx¬ 
imations  Is  used,  <t>  and  i:  t^lng  substituted  In  the  form  of  the  series 
(5.11.13).  The  method  of  w..  A.  Khrlstianovlch  was  further  Improved  In 
1946  In  a  paper  [5.3]  published  together  with  I.M.  Yur'yov;  another 
Imaginary  flow  was  Introduced  In  order  to  obtain  a  unique  solution. 

L. I.  Sedov  and  his  pupils  succeeded  in  their  most  recently 
published  papers  Inasmuch  as  they  directly  continued  the  Chaplygin 
method,  which  thus  led  to  a  simpler  method  of  calculating  subsonic 
gas  flows  [5.1].  A  dl.'^cusslon  of  those  papers  would  overstep  the 
bounds  of  the  course  and  hero  we  can  only  outline  the  paper  by  L.  I. 
Sedov  on  which  the  studies  of  his  pupils  are  based. 

It  follows  from  Eq.  (5«11*1^) 

it  ia  ’  *•  M 

that  0  +  17  Is  an  analytical  function  of  the  complex  variable  s  -  li5, 
x.o. ,  also  of  the  variable  We  put  e®  =  w/2aQ  and  we  shall  con¬ 


sider  the  variable 


aa  the  complex  velocity  In  the  auxiliary  plane  C  of  Incompressible 
fluid  flow;  we  shall  moreover  assume  that  its  complex  potential  Is 
expressed  by  the  relation 

♦  +  iT=.ir./(t).  (5.11.28) 

where  w*  is  a  certain  constant  with  the  dimension  of  a  velocity 
which  Is  Introduced  because  of  dimensional  considerations. 

In  order  to  establish  the  relation  between  the  variables  z  and 
^  which  should  map  the  Chaplygin  gas  flow  on  the  z-plane  onto  the 

fluid  plane  C,  we  rewrite  Eq.  (5.11.2)  for  dz,  taking  into  account 
that  according  to  (5. 11.21) 


w= 


*iiw 


dt  — 


^ :  y»-^  **  ..n.  -  (<4- 


-d9  +  i-^‘Z  dT 


4-  (rf«  +  idn-)  -  r»  (</♦  -  i  dH) = 


or.  In  the  form  suggested  by  Tslang, 


(5.11.29) 


(5.11.30) 

In  the  C -plane  we  have  a  certain  (unknown)  excluded  contour 
which  is  the  image  of  the  profile  given  in  the  z-plane.  Together  with 
the  contour  on  the  ? -plane  the  excluded  region  can  be  mapped  to  the 
interior  of  the  parameteral  t-plane  with  the  help  of  the  function 


5=-^+V+«.<»+...  . 


(5.11.31) 


Since  as  ;-»oo. /-»0t  and  assuming  that  —I  --=1. 

v-* 


we  obtain 


Though  the  coefficients  A,  Sq,  a^, 
the  complex  potential  on  the  t-plane,  namely 
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are  unknown. 


(5.11.  32) 

we  know 


r 


In/. 


(5. 11. 33) 


The  fundamental  Eq.  (5.11.30)  can  here  be  rewritten  In  the  form 


- (/-f ’  )•(/+  ^-  •)’-^  . 

0  ♦(/)  '  0 
0m 

where  r  =  4'flw»sln«o- 


(5.11.3^) 


Decomposing  dz  Into  real  and  Imaginary  parts  and  Integrating,  we 
obtain  X  and  ^  as  functions  of  the  parameter  _t.  The  unknown  coeffi¬ 
cients  aj^  appear  In  these  formulations.  If  we  assume  In  the  series 
of  X  and  ^  that  t  -  e^*^  and  If  we  le^  t  run  through  the  Interval  (0,27t), 
we  obtain  the  parametral  equation  of  the  contour  In  the  z-plane  as 
the  Image  of  the  circle  jt]  =  1  In  the  t-platne.  The  condition  needed 
to  determine  the  coefficients  Is  the  requirement  that  the  contour 
should  coincide  with  the  given  profile  In  the  z-plane. 

Examples  for  solving  triic  problem  approximately  are  dealt  with 
In  the  papers  by  L.  I.  Sedov's  pupils. 

5.12.  NEARSONTC  PLOWS 

Nearsonlc  flows  are  flows  whose  velocities  differ  only  a  little 
from  the  lucal  sonic  velocity.  Such  flows  can  bo  subsonic  everywhere 
and  supersonic  and  mixed  evei'yvbore,  i.e.  ,  these  flows  can  be  partly 
subsonic  and  partly  supersonic.  The  theoi*etlcal  Investigation  of  mixed 
flows  Is  difficult  since  the  differential  equations  which  describe 
these  motions,  the  so-called  Euler-Trlccoml  equations,  are  very  com¬ 
plicated.  Experimental  Investigation  is  rendered  difficult  by  the 
great  Influence  of  the  stream  boundaries  on  the  flow  around  the  model. 

Approximate  differential  equation  of  nearsonlc  flows.  Let  us  con¬ 
sider  a  thin  profile  placed  In  a  nearsonlc  flow  whose  velocity  w  Is 
only  slightly  disturbed  and  Is  near  to  the  velocity  of  sound,  l.e. , 

Jjet  us  calculate  the  coefficients  of  Eq.  (5.1.6): 
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-  ^  k;  +  a**  *  a*» +(*- 1)  («•“».)  «•* 


Neglecting 

(5. 1.6) 


the  tenn(*_,)a*(a*_K.j 


we  then  obtain  Instead  of 


-(*+l)(«.-a*)^-2«.,~*  +«•  V=0-  (5.12.1) 

Let  us  therefore  assume  for  the  velocity  potential 


Then 

*M  4m 

Substituting  In  Eq.  (5.12.1)  we  obtain 


(5. 12.2) 


(5.12. 3) 


4m  4jfi 

+..A.a 


•2(!”M:) 


*S.J^ 

4f  4m4j 


(5. 12.4) 


Since  the  boundary  conditions  at  Infinity  require  that  'x-*oo; 
y-*oo,  »,-*»■  H  we  obtain  from  Eq.  (5. 12.  3)  with  x,y  • 

^ _ a*.  (5.12.5) 

4m  4lf 

If  (dy/dx)j^  Is  the  slope  of  the  profile  surface  to  the  chord  and 
6  B  d/b  Is  the  relative  profile  thickness,  then,  since  we  have  sup¬ 
posed  that  the  disturbances  are  small,  the  boundary  conditions  on  the 
profile  surface  will  be 


$ 
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Y'M  -^ih. 

I*  \  dx  h 


where  is  si  dimensionless  function  of  the  order  of  one.  Owing 

to  the  small  profile  thickness  we  obtain  from  (5.12.3)  for  >=-0,  0<Jt:*<  I 


(l-Ml)-^  rt*SA.  (5.12.6) 

Similarity  rule  for  noarsonlc  flows  [5.6].  Let  us  try  now  to 
determine  a  dimensionless  coordinate  function  f  that  would  be  one  and 
the  same  for  similar  flows  which  have  one  and  the  same  value  of  a 
certain  parameter,  K,  which  depends  on  the  number  M*  and  the  thickness 

CD 

6  =  d/b.  This  can  be  done  If  we  put 

t“T’  ’'“*(*♦  !)•»•  (*“t)’  (5.12.7) 

where  the  powers  m  end  n  am  unknown  as  yet  and  the  disturbance  po¬ 
tential  Is  taken  In  the  terr. 

’.)  (5.12.8) 

Then,  going  over  to  the  new  coordinates  ?,ti,  wo  find  subsequently 


iM  H  dji  d{  * 

4  =  ^ 

4d  id  “  id  dd  »  41*  ’ 

JL  _*L  =  A  <*’!  •• 

4y  id  dij  4d  dy  >(*+  I)'"*’’  06^1 

Jt  Yl  =_?!__  JL 

^  ^  dy  (*  +  ir»*  ’ 

4  Jr  ^  «*  4>/ 

4y  4y^4yi  4y  dy  “  *(*+  dif  ’ 


(5. 12.9) 


Substituting  these  values  In  Eq.  (5.12.^)  we  obtain 

«  iV  4^ 

01^ 


(5. 12. 10) 


The  corresponding  boundary  conditions  will  be 


I,  T,-.±0O.  ^=-1, 


4f 


4^  ~ 

{*+ »*»**' 
1-M*. 


0; 

h(\) 
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(5. 12.11) 
(5.  12. 12) 


V 


It  can  b«  —a.  from  Bqt.  (5. 12. 10)  and  (5.12.12)  that  if  na  pat 
*■+*--*1  a  a— A 

and  Introduce  the  paraaeter  K  by  the  relation 

(5.12.13) 

we  then  obtain  Inatead  of  (5. 12. 10),  (5.12.11)  and  (5.12.12)  the 
equation  for  a  nearaonlo  flow 


^df  ay  ■  1  .y.7  »  V  ^  - 

\  *  +  i  (5.12.14) 


V7 

and  the  boundary  conditions  correspondlnc  to  (5.12.11)  and  (5.12.12) 
will  be 


1.  q-*±oo. 

#1 

,=0. 


(5. 12. 15) 

(5. 12. 16) 


At  the  same  time  the  dimensionless  coordinates  (5. 12. 7)  will  be 

(*+!)*.  (5.12.17) 

If  1  —  M*  and  6  are  quantities  of  the  same  order  of  magnitude, 
then  the  right-hand  side  of  (5.12.14)  can  be  neglected  and  we  can 
write 


(5. 12.18) 


When  the  boundary  conditions  (5.12.15)  and  (5. 12. 16)  are  taken 
into  account.  It  follows  that  If  K  has  one  and  the  same  value  for  dif¬ 
ferent  flows,  the  dimensionless  function  f(^,Tj)  will  also  have  the 
same  value  for  them.  The  parameter  K  may  thus  be  regarded  as  a  «i  mi  - 
larlty  criterion  for  nearsonlc  flows. 

For  further  calculations  It  Is  convenient  to  Introduce  M  In  the 
place  of  M*.  For  this  we  write 
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Since  fl* we  have 


A..  /  I 


y 


»+a  - 1)+  -  ij» 


Expanding  this  into  a  series  of  M  —  1,  we  obtain 


We  now  have 


(5.12. 19) 


I -Ml 


I— M. 


(5.12.20) 


K  >  0  corresponds  to  the  subsonic  flow  condition  M  <  1  and 
K  <  0  to  the  supersonic. 

The  pressure  coefflilcnt.  If  the  disturbances  are  assumed  to 
be  small  the  pressure  coefficient  can  be  written  In  the  form 


(5. 12.21) 


Accordlrig  to  (5.12.3),  however. 

Therefore,  when  (5.12.15)  Is  taken  Into  account. 


(5. 12.22) 


Since  the  function  f(?,T])  depends  only  on  the  shape  of  the  pro- 
ril’  and  on  K,  we  can  use  (5.12.13)  and  (5.12.19)  to  write 
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I,  ^  (5.12.23) 

Khert  0(K«(,i))  1«  a  function  of  K,  i,  and  q,  the  fora  of  tdileh  la  de¬ 
termined  by  the  family  of  profiles. 

Thus,  If  we  know  the  distribution  of  pressure  Cp  at  for  a 
profile  with  the  thickness  ratio  6^^,  then,  by  virtue  of  (5.12.23), 
the  pressure  coefficient  fora  profile  of  the  same  family  with  the 
thickness  ratio  6^  will  read 


(5. 12.24) 


with 


(5.12.25) 


The  lift  coefficient  Is 


3  (1-M,)W(IC) 
“*  +  l  fC 


Finally,  the  shape  drag  (pressure)  coefficient  Is 


(5. 12.26) 


(5. 12.27) 


All  functions  B(K)  and  H(K),  and  also  the  function  G(K),  are  func 
tl  ns  of  only  K  and  the  thickness  distribution  h(0.  The  case  ■  1 
corresponds  to  K  =  0,  regardless  of  the  thickness.  Prom  here  the  func¬ 
tions  B,  0  and  H  depend  on  the  profile  shape,  l.e.  ,  on  the  thickness 

distribution  and  not  on  the  thickness  ratio  6  =  d/b.  For  similar  pro- 

^  5/4 

files  Cy  is  proportional  to  6  and  C^p  ~  6  ,  and  the  lift/drag 
ratio  of  the  profile,  l/^l  =  C  /C  ,  is  inversely  proportional  to  6. 

y  ^ 

Description  of  the  transition  from  subsonic  to  mixed  flow.  Let 
us  consider  the  transition  from  subsonic  to  mixed  flow  in  a  plane 
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Laval  nozzle  (Fig.  5«12.  1).  If  the  counter-pressure  is  large  the  flow 
Is  subsonic  everywhere  and  M  <  1;  but  above  a  certain  M-value  small 
regions  In  which  M  >  1  appear  In  the  throat  (cf.  Fig,  5. 12. l,a  and  b). 

As  the  counterpressure  drops  the  velocity  In  the  nozzle  Increases 
until  sonic  speed  Is  reached  In  the  narrowest  cross  section  (throat) 

(cf.  Fig.  5*12.1,  c).  Any  further  pressure  drop  at  the  exit  leads  to 
a  normal  compression  shock  arising  at  the  walls.  In  this  case,  before 
the  throat  the  flow  will  have  a  Mach  number  M  <  1,  In  the  region  be¬ 
tween  throat  and  normal  shock  M  <  1,  and  behind  the  normal  shock  again 
M  <  1  (cf.  Fig.  5*12.  l,d).  As  the  velocity  Increases  further  the  normal 
shock  becomes  closed  behind  the  throat;  the  region  of  supersonic  flow 
grows  until  It  occupies  the  whole  region  behind  the  throat  (cf.  Pig. 

5*  12.1,e). 

Figure  5*12.2  Is  a  schematic  diagram  of  the  flow  of  a  nearsonlc 

stream  about  a  subsonic  profile.  At  M  =0.7  the  local  Mach  number  M 

00 

reaches  unity  and  a  small  region  of  supersonic  flow  appears.  As  long 
as  M^  Is  slightly  larger  than  M^^  no  shocks  arise  besides  a  X  shock. 
Then,  as  Increases  the  supersonic  region  grows  In  Its  size  and 
shifts  smoothly  backwards  without  giving  rise  to  shocks.  The  Interac¬ 
tion  of  the  X  shock  with  the  boundary  layer  leads  to  premature  stal¬ 
ling  (at  M^  =  0.9  -  cf.  Fig.  5*12.2). 

When  M^  Is  further  Increased  (M^  =  0.95)  the  X  shock  Is  displaced 
backwards  and  becomes  intensified.  Even  at  M  =  1.05  a  clearly  marked 

oo 

normal  detached  shock  appears  at  the  profile  nose.  As  M  Increases  It 

00 

becomes  curved  and  approaches  the  profile  (M^  =  1*3)*  By  way  of  example, 

the  coefficients  and  C.  are  shown  as  functions  of  M  for  a  subsonic 

X  y  00 

NACA  23012  profile  arranged  at  an  angle  of  attack  of  a  =  1.6  (Fig.  5. 
12.3). 
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Fig.  5- 12. 1.  Transition  through  sonic  speed  In 
a  Laval  nozzle.  1)  Shock;  2)  supersonic  zone. 


Fig.  5* 12. 2.  Character  of  flow  about  an  airfoil 
profile  at  the  transition  through  sonic  speed. 
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5.13.  IfYPERSONIC  FLOWS 


Fig.  5.12.3.  Pressure  dis¬ 
tribution  over  a  profile 
and  lift  and  drag  coef- 
clclents  as  functions  of 
M  (M  close  to  unity),  l) 
Above;  2)  below. 


Plows  with  very  large  numbers 
-  usually  Is  taken  to  be  greater 
than  7/8  —  are  called  hypersonic*.  The 
theory  of  hypersonic  flows  [5. 7l  Is  of 
freat  practical  significance,  especially 
nowadays,  for  example.  In  connection 
with  rocket  flights  at  very  high  speeds. 
Plight  at  these  velocities  Is  possible 
at  very  great  altitudes  where  air  den¬ 
sity  and  dr2Lg  are  small. 

With  Increasing  M  the  specific 

00 

heat  ratio  k  =  c/c„  varies  from  k  *= 

p  v 


1.4  to  k  e  1  because  of  the  dissocia¬ 
tion  of  the  gas  molecules  constituting 
the  air  (isothermal  change  of  state  of 
the  air),  during  which  the  air  at  the  surface  of  the  bodies  placed  In 
the  flow  Is  strongly  heated.  At  large  the  diagonal  compression 
shock  Is  adjacent  to  the  body  surface  and  Its  Influence  Is  restricted 
to  a  relatively  thin  layer  of  air  at  the  profile  surface. 

Approximate  differential  equation  of  hypersonic  flows.  Let  us 
consider  a  vortex-free  plane  flow  about  a  thin  profile.  Let  the  veloc¬ 
ity  disturbance  potential  be  denoted  by  qp,  and  assuming  '<I>(x.y)- 
s*®x  y),  we  can  write  for  It 


're 


(5. 13.2) 


Owing  to  the  suppositions  adopted 
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(5.13.3) 


«•<«.. 

we  can  approximately  derive  ,  from  (3.13.1) 
■  ['-<*+'> 


(5.13.4) 


hl\*^ 


In  the  seuDf;  way  as  when  analyzing  nearsonlc  flows  we  Introduce 
the  dimensionless  coordinates 


*  *  •  '  4  S:*  •  \  */ 


(5.13.5) 


to  obtain  the  similarity  criteria  and  we  assume  the  disturbance  po¬ 
tential  In  the  form 

(5.13.6) 


Then,  assuming  b  «  1  and  neglecting  the  hlgher^order  small 
terms  we  obtain  from  (5.13.^) 


(5. 13.  7) 


The  boundaiv  conditions  for  x  .♦  «  are 
profile  surface  they  read  (dfldy):fe,=ldy:dx)t  .  in  the  new  variables, 
neglecting  the  higher-order  small  terms,  we  have 

for  I  — -,cc  d//dt— 0.  d//^-<0.  I  (5.13.8) 

,  (0/Jdy)i=fblVk(l).  i 

and  at  the  profile  surface 

Here  ti(0  ^  {dyldx)t:»i3  a  dimensionless  function  of  the  thickness 
distribution,  independent  of  the  thickness  ratio  6, 

Considering  (5.13.7)  and  (5.13.8)  we  can  see  that  the  similarity 
criterion  for  hypersonic  flows  Is  the  parameter 
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The  force  coefficient.  Using  the  exact  connection  between  ^  and 
for  an  Isentroplc  flow  {U,2,9),  the  expression  for  9  (5.13.6)  and 

the  determination  of  the  pressure  coefficient  C.  =  -  /_£ _ i\ 

'  f.-i  “*M».  I/.  V* 

we  can  show  that 


where 


C,^VP(K„  k,  k.  r.). 


P(K^,  *.  t.  11)  = 


(5. 13. 10) 


(5. 13.11) 


For  the  family  of  profiles  having  the  same  thickness  distribution 
(i.e.  with  camber  and  angle  of  attack  proportional  to  6)  and  the  same 
k  =  function  P  depends  only  on 

Therefore 


=  A'20(AV  *). 

^  Ai/?(A*.  *). 


(5. 13.  12) 


Example.  Let  us  assume  that  we  know  C.  and  C  from  testing  an 

X  y 

symmetrical  profile  with  M  =  5  and  an  angle  of  attack  of  a  =  6® 
From  the  expression  of  the  siniilarlty  criterion  (5.  I3. 9)  it  follows 
that  =  5*  0. 08  =  0.  and  therefore  a  similar  h%  profile,  for  cxaimple, 

with  =  0.4/0.04  =  10  and  an  angle  of  attack  a  =  0. 04/0. 03)*  6®  =  3° 

will  have  the  coefficients 

’•  "■  (o!oi)  "  T  £03)  -  “  “T 

Infinitely  large  number  M_.  When  Is  unlimitedly  Increased, 
and  the  P-functlon  (5. I3. 11)  Increase  unlimitedly  and  together  with 
them  the  functions  Q  and  R  will  not  depend  on  the  thickness  ratio  6. 

In  this  rase,  as  can  be  seen  from  (5. 13. 12),  C  will  be  proportional 

2  ^ 
to  6  ,  and  proportional  to  6^  which  is  in  agreement  with  Newton’s 
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eorpiuettlar  thaoiy. 


Nuai- 

•orl]^ 

1 

1  Ko. 

[Fbotnotss] 

t 

1  296 

Only  near  the  stagnation  points  where  the  total  velooilgr 
becomes  zero  Is  the  disturbance  velocity  conqparable  with 
the  velocity  of  the  undisturbed  flow. 

299 

Ihe  notation  has  been  set  up  by  analogy  with  the  algebraic 
second -order  curves  governed  by  the  general  equatlon;ji^»ii^ 

+  .  If  B^-AC-  0  the  equation  Is  parabolic. 

301 

Remember  that  the  equation  of  the  form  P"(t)  -  kP(t)  la 
well  known  as  the  equation  describing  the  oscillations  of 
a  point  under  the  action  of  a  force  proportional  to  the 
displacement  of  the  point  from  Its  equilibrium  position. 

To  solve  It  we  put  P(t)  -  .  Then  P"(t)  -  ,  and 

therefore  The  number  k  can  be  both  positive 

and  negative.  If  k  >  0,  then,  assuming  k  ■  p^,  we  obtain 

312 

/ ■  A  •  ■  F(0 - .  If  k  <  0,then,  assuming  k  »  -  ■ 

-  we  find  + 

+  *  (*j  —  »a)  il* /<  - CM /€  +  rf,  tj«  iC 

E,  V.  Laltone,  New  Compressibility  Correction  for  Two-JH- 
mensional  Subsonic  Plow,  Jour.  Aero.  Scl. ,  Vol.  I8,  No.  5 

(1951).  p.350. 

• 

357 

I.  Iraal,  On  the  Plow  of  a  Compressible  Fluid  Past  a  Circular 
Cylinder,  Proc.  Phys.  Math.  Soc.  Japan,  Vol.  23,  1941. 
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This  Is  connected  with  the  fact  that  the  properties  of  air 
streaming  with  Mach  numbers  M  greater  than  7-8  begin  to 
deviate  considerably  from  those  of  sm  Ideal  gas. 
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Chapter  6 

THE  BOUNDARY  LAYER 

6.  1.  EQUATIONS  OF  MOTION  IN  THE  BOUNDARY  LAYER 

Prandtl’s  equations.  Let  us  consider  a  two-dimensional  steady 
flow  d!dz=0,  d/dt’=0)  of  a  viscous  Incompressible  fluid  along  the 

plane  boundary  of  a  solid  (It  Is,  however,  putslble  to  show  that  the 
derivations  apply  to  the  case  of  a  curvilinear  wall  as  well).  The 
continuity  equation  and  equations  of  motion  (no  volume  forces)  will 
then  read : 


I 

4m  ^  4y 


1 

f 

ax 

[  4Mi 

1 

^•4m  “ 

r 

,  axi 

+  — M 

^  4y*  )' 


(6.  1.  1) 


Let  the  x-axls  be  directed  along  the  boundary  and  the  y-axls 
along  l^s  normal.  Let  us  now  estimate  the  magnitudes  of  the  Individual 
teims  entering  this  equation,  with  greater  accuracy  than  we  did  be¬ 
fore  on  p.  105.  For  this  purpose  we  Introduce  a  characteristic  scale 
of  length,  J,  on  the  x-axls,  and  as  the  scale  of  the  y-axls  we  choose 
the  boundary  layer  thickness  6;  we  put 


where  ^  and  n  are  dimensionless  quantities. 

Multiplying  the  continuity  equation  by  dy  and  Integrating  It  be¬ 
tween  the  limits  0  and  6,  we  obtain  the  vertical  velocity  component 
at  the  boundary  layer  surface,  0) -O): 
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If  the  velocity  changes  from  zero  at  the  boundary  to  ■  certain 
value  Wq^  at  the  outer  boundary  of  the  layer,  which  Is  comparable  with 
a  certain  velocity  jj  characteristic  of  the  given  flow,  (for  exaaple 
with  the  velocity  of  the  undisturbed  flow),  then  the  derivative 
will  depend  a  little  on  the  leiyer  thickness  and  will  be  a  quantity 
of  the  order  of  w.The  value  of  the  transverse  velocity  w  insldle  the 

y 

layer  will  therefore  be  of  the  order  of  6w/lw. 

The  situation  in  the  left-hand  side  of  the  equation  is  than: 
the  order  of  magnitude  of  the  first  term  v  —  is  equal  to  w.^/1;  the 

*  iM  ~ 

order  of  meignltude  of  the  second  term  w  is  equal  to  w^/l. 

Taking  the  pressure  head  pw  /2  as  the  pressure  scale  the  situa¬ 
tion  in  the  right-hand  side  of  this  equation  is  that  the  order  of 
magnitude  of  the  first  termy-^,  is  equal  to  w^/l;  the  order  of  mag¬ 
nitude  of  the  second  term  is  equal  to  vw/l®;  the  order 

of  magnitude  of  the  third  term  is  equal  to  vw/<^. 

Considering  tJie  order  of  magnitude  of  all  terms  of  the  equation 
in  comparison  with  the  order  of  magnitude  of  w^/l  wc  find  that  the 


term  » 


will  be  of  the  order  of  l!L.J!LM_Z-=-L,and  the  order  of 


magnitude  of  the  term  » 


will  be-^:  — 

dtr*  p  / 


'/  Rt 

W  ^  I 
!»•  *“  I*  Ito  ' 


By  mutually  comparing  the  terms  characterizing  the  influence  of 

4^  P  P 

the  viscosity  we  can  show  that  will  be  times  as  large  as 

Experiment  shows  that  at  large  Re  the  ratio  6/l  is  small. 


Pw, 

i** 


At  large  Re  numbers  the  term  can  therefore  be  neglected. 

When  we  assume  further  that  all  terms  of  the  equation  must  be 
of  one  and  the  same  order  we  come  to  the  conclusion  we  arrived  at 
before  (cf.  p. 105  J,  viz.,  that  the  layer  thickness  must  have  the 
order  of  magnitude  of 
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(6.1.2) 

Estimating  similarly  the  order  of  magnlti  ie  of  the  terms  of  the 
second  equation,  we  obtain 


■ 

I  * 


-L  ■ 

i  '  9  if  •  * 


^  _  v»«  .  ^  V 

Since  all  the  terms  of  the  second  equation  are  very  small  com¬ 


pared  with  the  term  ^p/^y,  we  can  assume  that  for  large  Re  numbers 


0.  (6. 1. 3) 

•f 

l.e. ,  that  the  pressure  Inside  the  boundary  layer  Is  constant  along 
the  normal  to  the  body  contour  and  equal  to  the  pressure  on  the  outer 
boundary  of  the  layer  at  the  normal  considered. 

Thus  the  approximate  equations  of  continuity  and  motion  In  the 
boundary  layer  can  be  written  In  the  form 


4m  dy 


I  „  ^  if  t  ^ 


(6. 1.4) 


Let  us  stress  that  the  boundary  layer  thickness  6  Inside  which 

the  viscous  forces  play  a  considerable  pai't  Is  a  quantity  of  the 
/  ^2 

order  of  J/Re  These  equations  are  called  Prandtl's  boundary  layer 
equations ;  they  make  It  possible  to  determine  the  velocity  distribu¬ 
tion  In  the  boundary  layer  from  a  given  pressure  distribution  dp/dx. 

A  more  rigorous  derivation  shows  [6.1]  that  the  boundary  layer 
equations  are  the  general  equations  of  a  viscous  fluid  for  large 
Reynolds  numbers. 

The  plane  plate.  We  can  simplify  the  boundary  layer  equations 
in  the  case  of  a  plane  plate  In  a  steady  flow,  (6.1.4),  if  we  take 
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Into  account  that  the  velocity  of  the  outer  potential  flow  Is  uniform 
and  equal  to  the  velocity  Wq  of  the  undisturbed  flow  at  Inlflnlty.  In 
this  case  It  follows  from  the  Bernoulli  equation  “const  that 

the  pressure  ^  will  be  constant  too  since  dp'dx-j-pcjuj-O,  where  Wq  ■  0, 
l.e.  ,  ^p/^x  ■  0;  then 


dw. 


_  .<»£ 

dji>  * 


The  boundary  conditions 


for 

for 


y=0,  0<jr</ 
y  —  oo 


(6.1.5) 


The  principal  difficulty  In  solving  the  system  Is  that  the 
boundary  condition  for  y  =  0  must  be  satisfied  at  the  finite  section 
0  <  X  <  1.  It  has  proved  simpler  to  seek  a  solution  for  an  Infinitely 
long  plate  which  coincides  with  the  positive  x-axls  and  then  apply 
this  solution  to  the  finite  section  given.  In  this  case  the  length 
will  not  enter  the  boundary  conditions  and,  since  It  does  not  enter 
Eqs.(6.1.  5),  the  solution  will  not  contain  this  length  _1  either.  It 
has  to  be  noticed  that  Eqs.  (6.1.5)  were  obtained  for  large  Re  number 
and  that  the  solution  will  therefore  be  valid  only  for  parts  with  x  > 

>  0,  sufficiently  far  from  the  leading  edge. 

Let  us  assume  that  the  velocity  distributions  In  the  boundary 
layer  are  similar  for  all  sections  x  =  const,  l.e.  , 

Owing  to  the  estimate  (6.1.2)  we  can  suppose  that 


where 


The  definition  of  the  stream  function  ^(ti)  leads  to 
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1 


ir,= 


df 


dV  _dj 


^ _ «;9 _ 

JiVo'’ 


Therefore 

T = J  «►•(’»)  </*j = (O. 
l.e.  ,  /'(r,)  =  <J>(T,)  .  Now 

Boundary  conditions: 

For  tj=0  ir,=c,=0. 

Por  1  =  00  a',=  tt'o.  «',=0' 

All  terms  of  Eq.  (6.1.5)  can  thus  be  expressed  by  a  single  func¬ 
tion,  fCl);  calculating  -he  iorl  vat  Ives  and  dwjdy  and 

substituting  them  Into  (6.1.5)  we  obtain  an  ordinary  differential  e- 
quatlon  for  _f : 

//•+2/T-0 

with  the  boundary  conditions:  f'(Ti)  =  0atq  =  0  and  f(Tj)  =0  and 

The  results  of  a  numerical  solution 
of  this  equation  ai*e  given  In  Fig.  6.1.1 
for  comparison,  together  with  the  experi¬ 
mental  data.  In  the  form  of  a  function  <t>(q) 

.  V“o  ' 

It  can  be  seen  from  the  figure  that, 
although  the  solution  found  Is  asymptotic, 
the  velocity  Is  virtually  equal  to  the 
velocity  Wq  of  the  undisturbed  flow  as 
early  as  at  y=5.5  .  For  a  plate  placed 

/R«jr 

In  larrdnar  flow  this  value  can  be  taken  as 
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f '  (q)  =  1  at  q  =00. 
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Fij.  6.  1.  1.  Velocity 
distribution  In  the 
bour.dary  layer  of 
forces  on  a  plate  In 
a  laminar  flow,  l) 
Theory. 


the  thickness  of  the  boundary  layer  at  a  distance  x.  In  which  all 
viscosity  effects  are  concentrated. 

The  stress  of  the  friction  forces  on  the  plate  is 


C6.1.7) 

The  coefficient  of  local  friction  is  determined  fros  the 
relation  -jbdx^CfJbdx-^  Its  value  is  obtained  from 

^/ii“  « 

(6.1.8) 

3 

The  frictional  force  for  one  side  of  a  plate  of  width  b  and 
length  1  is 


and  the  mean  coefficient  of  friction  for  the  whole  plate,  referred 
to  a  wetted  surface,  is 


(6.1.9) 


The  method  of  successive  approximations.  This  method,  suggested 
by  M.  Ye.  Shvets  [6.2],  is  very  effective  for  solving  problew  on 
laminar  boundary  layers. 


Eliminating  the  vertical  component  with  the  help  of  the  second 
equation  of  (6.1.5)  and  Introducing  the  dimensionless  quantities 

'  ^  *  we  obtain  the  first  equation 

of  (6.1.5)  in  the  form 


d’a 


T 


£!!£. 


(6. 1. 10) 


the  solution  of  this  equation  must  satisfy  ohe  following  boundary  con 
dltlons:  at  y'  =  0,  *  0,  and  at 

The  first  approximation  is  obtained  when  the  right-hand  side  of 
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gives  .  The  second  apprc.clmatlon  Is  obtained  by  substituting 
the  value  found  for  In  the  right-hand  side;  when  Integrated  twice, 
this  gives 


When  we  determine  the  quantity 
further 


rfjr' 

,0  from 


we  find 


_L  iL  „  0-^  . 

dy'  •'  24  rfx  "  /F  ’ 

.  j__£: _ L  y 

3  s’  7687^* 


In  dimensioned  quantities,  we  have 


(6. 1. 11) 


Notice  that  this  method  can  also  be  used  for  a  boundary  layer 
with  longitudinal  pressure  drop. 

The  turbulent  boundary  layer.  According  to  the  two  modes  of  flow 
of  a  'Viscous  fluid,  we  distinguish  between  laminar  and  turbulent  bound¬ 
ary  layers.  In  a  laminar  boundary  layer  the  motion  of  the  fluid  occurs 
In  layers  without  velocity  pulsation;  In  a  turbulent  boundary  layer 
chaotic  velocity  pulsation  governed  only  by  statistical  laws  and  ac- 
ocmp'^nled  by  the  molar  mixing  of  the  fluid  takes  place. 

Let  us  consider  the  longitudinal  flow  about  a  plane  plate  arranged 
along  the  x-axis  In  a  turbulent  stream  which,  for  simplicity.  Is  as¬ 
sumed  to  be  two-dimensional:  '  =o  and  -r  »0  .  The  frictional 

stiess  at  the  wall  Is  obtained  from  (2.6.15)  as 


(6. 1. 12) 


In  the  Immediate  proximity  of  the  wall  the  first  component  plays 
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the  major  role  and  distant  from  the  wall  the  second  one  predominates. 
We  detenrlne  the  distance  at  which  the  effect  of  molecular  viscosi¬ 
ty  4  Is  essential  by  taking  Into  account  that  In  this  zone  the  order 
of  magnitude  of  the  velocity  Is  equal  to  and  that  the  cor¬ 

responding  Re  number  Re niust  be 
of  the  order  of  one;  hence  y**"*:w*. 
Since  ,  we  have 

(6.1.13) 

Thus  (Pig.  6.1.2),  there  exists 
In  the  Immediate  proximity  of  the  wall 
an  adjacent  thin  layer  of  fluid  In.  which 
the  average  velocity  Is  small  and  varies  linearly  from  zero  to  the 
value  w.^v^tTTT:  •  As  was  said  before  (cf.  Part  4.4),  this  layer  Is 
called  the  ^s^coua  sublayer.  In  a  tubulent  flow  the  longitudinal  com¬ 
ponents  of  the  pulsators  velocities  are  much  larger  than  the  trans¬ 
verse  ones,  and  the  flow  in  the  viscous  sublayer  will  also  be  turbu¬ 
lent,  the  averaged  velocities,  however,  being  governed  by  a  linear 
law.  Outside  the  zone  of  the  viscous  sublayer  (there  Is  no  sharp  In¬ 
terface  between  the  viscous  sublayer  and  the  remaining  fluid  flow) 
the  turbulent  stresses  play  the  main  part. 

In  order  to  determine  the  motion  In  a  fluid  of  the  density  p 
producing  the  stress  t^,  we  notice  that  we  can  combine  the  quantities 
P,  Tq  and  ^  determining  this  motion  to  form  a  single  expression  whose 
dimension  Is  that  of  Yxt.f.y.  so  we  arrive  at  the  equality 


I  nepe^d\^—  TjipSj//>eMiniiyu 


Pig.  6.1.2.  Boundary  layer 
structure  on  a  pi'.te.  1) 
Laminar;  2)  transient;  3) 
turbulent;  4)  viscous  sub¬ 
layer. 


(SI-''*) 

where  (c  Is  a  so-called  universal  constant  which  Is  determined  only 
by  experiment  from  the  results  of  measurements  In  tubes. 

Integrating  (6.1.14)  we  obtain  a  logarithmic  velocity  dlstrlbu- 
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w  =  (Injf4-C)=-^  In  ^ +C:  (6.1.15) 

where  is  the  so-called  dimensionless  distance  from  the  wall. 

Experiments  yield  for  tubes  (4.4.26) 

— =2.5lg^+5.5. 

In  the  Immediate  proximity  of  the  wall  where  the  conditions  cor¬ 
respond  more  to  the  flow  along  a  plate,  experiment  [6. ll  gives  Instead 
of  (4.4.26) 

-2-i=2.4Ig2?:2.4.5.84.  (6.1.16) 

••  » 


The  quantity  Tq  or,  what  Is  the  same,  w*  depends  on  th3  number 
’  and  there  exists  a  critical  number  Re^  at  which  the  laminar 
form  of  flow  changes  over  to  become  turbulent.  Thus,  as  the  velocity 
Increases  (the  other  condition-  remaining  unchanged)  the  transient 


zone  approaches  the  leading  edge  of  the  plate  or  of  another  stream¬ 
lined  body.  The  structure  of  a  boundary  layer  of  finite  thickness  is 
shown  In  Fig.  6.  1.  2. 

Integral  relations.  Besides  the  difficulties  arising  on  solving 
the  approximate  boundary  layer  equations  which  are  due  to  the  non¬ 
linearity  of  the  latter,  there  arc  those  due  to  the  necessity  of 
satisfying  the  boundary  conditions  at  the  wall,  where  the  fluid  veloc¬ 
ity  must  be  equal  to  zero,  and  at  Infinity,  where  the  viscosity  ef¬ 
fect  vanishes.  This  solution  s'cpposes,  strictly  speaking,  an  unlimited 
thickness  of  the  boundary  layer  In  which  the  velocity  as^TTiptotlcally 
approaches  the  velocity  of  the  undisturbed  flow.  Theoretical  estimates, 
as  made  above  (cf.  p.  38?)  and  as  verified  by  experiment,  however, 

show  that  In  a  leimlnar  flow,  for  example  even  at  a  distance  of  the 
lA 

order  of  l/Re  ,  there  Is  virtually  no  difference  between  the  velocity 
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of  a  potential  flow  and  the  velocity  in  the  boundary  layer.  The  Idea 
of  the  boundary  layer  has  proved  to  be  very  fruitful.  It  leads  to  the 
replacement  of  the  differential  equations  for  each  point  of  the  flow 
In  the  boundary  layer  by  Integral  relations,  which  are  obtained  by 
applying  the  conservation  laws  to  the  length  elements  of  the  layer. 
The  method  of  the  Integral  relations  Is  based  on  operating  with  a 
certain  kind  of  averaged  parameters,  proves  to  be  relatively  Insensi¬ 
tive  to  the  accuracy  of  the  law  governing  the  longitudinal  velocity 
distribution  with  respect  to  the  normal,  adopted  In  the  calculation; 
calculations  show  that  In  many  cases  It  Is  sufficient  for  the  distri¬ 
bution  applied  to  be  more  or  less  plausible. 


Pig.  6. 1. 3.  The  Integral  rela¬ 
tions  are  obtained  when  the 
con.servatlon  laws  are  applied 
to  boundai’y  layer  element  ABCD 
of  length  dx. 


The  Impulse  equation.  The  mass  passing  per  second  through  the 


face  BD.  This  Is  accompanied  by  an  increase  in  momentum  within  the 
volume  ABCD,  which  Is  equal  to 


tr»  — —  dx  ™  Vi,  — — 

*  dx  dx 


dx. 


where  Wq(x)  Is  tije  velocity  at  the  boundary  layer  surface. 

The  projection  onto  the  x-axls  of  the  momentum  flux  through  the 
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All  momentum  chances  in  the  volume  ABCD  will  therefore  be  given 


by 


•  • 

xr,  j  ~  j 


dx. 


They  must  be  equal  to  the  Impulse  of  the  forces  per  second,  these 
forces  consisting  of  the  frictional  force  T^dx  at  the  fact  AC  and  the 
resulting  pressure  force  equal  to  P"^*^**  as  can  be  seen  from  Fig. 

6.  1.3»  Thus,  reducing  by  dx  gives 


In  an  Incompressible  fluld/>-|- 

therefore  ——  —  . 

4*  4m 


(6.1.17) 

const,  at  the  boundary  layer,  and 


If  we  write  d6/dx  In  the  form  4m  and  take  Into  account  that 


~  «•#  j  ?«■#  j  t'  “  #  +  “"o  "TP  J  ^y* 

then  regrouping  the  terms  In  (6. i. 17)  gives 

^  j f K*,  («*•-  f  ?  ( “  0  -  J  ^y = V 


(6. 1.18) 


In  the  further  calculations  made  for  an  Incompressible  fluid  It 

2 

will  be  convenient  to  write  the  flr-st  Integi’al  In  the  form  Wq6**,  and 
the  second  as  Wq6*,  where 


(6. 1.19) 


l.m 


and  the  sign  j  means  that  we  Integrate  beginning  from  a  certain 
virtually  arbltraty  value  6  up  to  any  distance  from  the  wall. 


The  quantities  6*,  6**  have  the  dimension  of  a  length  and  are 
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called  the  displacement  thickness  and  the  thickness  of  Impulse  loss, 
respectively. 

Here  we  obtain  Instead  of  (6.1.18) 


_  U 
**  H 


or 


«rt* 


+  —  («•• +t*)  = 


rfx  ■  '  hU  '  (6. 1.  ?0) 

This  fundamental  Integral  relation  of  the  boundary  layer  theory, 
obtained  by  T.  Karman,  Is  called  the  impulse  equation. 

The  energy  equation.  This  equation  was  derived  by  L.  S.  Leybenzon 
In  a  similar  way».  When  the  energy  conservation  law  Is  applied  to  the 
laminar  boundary  layer  elements,  it  can  be  written  in  the  form 


*  rfii  '  * 


(6. 1.21) 


We  Introduce  here  the  thickness  of  energy  loss 

(6- 1-22) 

The  right-hand  side  of  Eq.  (6.1.21)  Is  called  the  dimensionless 
energy  dissipation  D*.  It  characterizes  the  work  of  frictional  forces 
In  the  boundary  layer  which  Is  converted  to  heat. 


Conventional  thicknesses  of  the  boundary  layer.  The  thicknesses 
of  displacement,  6*,  Impulse  loss,  6**^  and  energy  loss  charac¬ 

terize  the  zone  of  viscosity  effect  much  more  accurately  than  the 
very  Indistinct  conception  of  the  boundary  layer  thickness  as  the 
distance  from  the  wall  at  which  the  viscous  forces  are  comparable  with 
the  forces  of  Inertia.  This  distance  Is  often  taken  as  that  distance 
from  the  wall  where  the  velocity  in  the  boundary  layer  differs  from 
the  velocity  at  its  outer  boundary  by  some  small  predetermined  amount: 
10,  0. 10  etc. 
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plained  if  the  detornination  Is  2<?nerallzed  to  the  case  of  a  compres- 

•  • 

slble  gas  and  f  (Pca^#  — Is  rewritten  In  the  form 

=  p,xo(«— »•).  We  can  now  show  (Fig.  6.1.4)  that  the  displacement  thickness 
Is  that  distance  by  which  the  gas  flow  needs  be  removed  from  the  wall 
of  the  body  In  order  to  keep  Its  mass  flow  unchanged  when  the  body  Is 
In  the  potential  flow  of  an  Incompressible  fluid. 


Fig.  6.1.4.  The  displacement  thickness  Is 
the  distance  by  which  the  gas  flow  needs 
be  removed  from  the  wall  In  order  to  take 
the  effect  of  ^^ne  viscosity  on  the  flow 
Into  account  (a);  impulse  loss  thickness, 

(b). 

In  exactly  the  same  way  It  follows  from  the  definition  P#*^^** 
ha  t 

•  • 

j  ptr*  dy  =  j  dy  -  •  = 

•  =  f  i»  -  ***** 


1  e.  ,  the  Impulse  loss  thickness  Is  a  distance  In  addition  to  the 
displacement  thickness  by  which  the  flow  must  be  removed  from  the  body 
wall  In  order  to  keep  the  momentum  unchanged  when  the  body  Is  In  the 
potential  flow  of  an  Incompressible  fluid. 

It  should  be  noticed  that  the  pressure  distribution  over  the 
body  is  In  good  agreement  with  experimental  results  when  the  calculation 
Is  made  according  to  the  theory  of  the  potential  flow  of  an  Invlscld 
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gas  about  a  body  whose  contours  are  Increased  by  the  displacement 
thickness. 

In  the  roughest  approximation,  l.e. ,  linear  velocity  distribution 
In  the  boundary  layer  of  an  Incompressible  fluid,  we  shall 

have 

=  i»»=— j,  =  — 1 

2  e  4 

Separation  of  the  boundary  layer.  Experiment  shows  that  In  the 
motion  of  a  fluid  with  a  positive  pressure  gradient,  the  motion  of 
the  fluid  Is  reversed  (Fig.  6.  1.  5)  at  a  certain  point,  or,  more  exact- 
lyj  region,  at  the  body  surface.  In  physical  terms,  this  can  be  ex¬ 
plained  as  follows:  as  the  fluid  moves  In  the  direction  of  Increasing 
pressure,  the  particles  of  the  fluid  closest  to  the  body  surface  have 
the  lowest  velocity  due  to  friction;  oh-’se  particles  are  first  slowed 
down,  and  then,  under  the  action  of  the-  pressu.-e  directed  against  the 
main  flow,  start  moving  In  the  opposite  direction,  thus  causing  the 
boundary  layer  to  separate. 

It  follows  from  the  figure  showlnj^  the  velocity  distribution  in 
the  boundary  layer  (Plg.  6.1.6)  that  at  the  place  of  separation  the 
derivative  of  the  velocity  with  respect  to  the  normal  to  the  wall 
vanishes  at  the  wall  Itself; 

(irU-o-  (6.1.  S3) 

It  follows  from  the  boundary  layer  equations  that  as  y—O  r  I 
at  the  separation  point  .  but,  since  as  the 

distance  from  the  wall  Increases,  w  >  0,  we  have -^|  >0.  and 

moreover,  dp/dx  will  be  positive,  l.e..  In  the  separation  zone  the 
fluid  moves  fi-om  the  region  of  lower-  pr-essure  to  that  of  higher.  Owing 
to  the  Bernoulli  equation  the  velocity  w^  of  the  main  flow  will  drop. 

Behind  the  place  of  sepai^atlcn,  the  i-everse  motion  gives  rise  to 
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the  region  of  the  outer  flow  and  change  the  form  of  motion. 

Since  in  a  laminar  layer  fV-1/ and  when  Re  Is 
changed  only  the  transverse  scales  (length  and  velocity)  change,  the 
motion  remains  similar,  then  (cf.  Fig.  6.1.6)  l)  the  position  of  the 
separation  site  Is  Indepordent  of  the  Reynolds  number,  and,  by  virtue 
of  the  same  considerations.  2)  the  angle  between  the  direction  of  the 
separated  layer  and  the  tangent  to  the  body  surface  at  the  separation 
point  Is  Inversely  proportional  to  the  square  root  of  Re; 


HOT  ESPBOUaCIBLE 


Pig.  6. 1.  5.  Photograph  of  flow 
In  the  rear  region  of  the  body 
where  dp/dx  >  0  (  after  Prandtl). 


(6. 1.24) 
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Fig.  6.1.6.  Schematic  representation  of  re¬ 
verse  flow  and  separation  of  the  ooundary 
layer. 

6.  2.  CORRESPONDENCE  BETWEEN  THE  INTERNAL  AND  EXl’ERNAT,  PROBLEMS 

Velocity  distribution.  For  the  laminar  flow  of  a  fluid  In  a  round 
tube  1 t  has  been  found  that 


13-—.  /o -»  y*\ 

*•  ?.  ‘[T.-'il  (6- 2-1) 

Where  y  =  r^  -  r  Is  the  distance  from  the  tube  walls.  The  frictional 
stress  at  the  wall  Is 


a*  I  3  2u  I 

Ir-o  ft  r»2rojr— 


2^*  Ir-* 


or.  Introducing  the  dynamic  velocity, 


XT  (6.2.2) 

»  ^he  velocity  distribution  near  the  wall  Is  determined  only  by 
the  conditions  In  this  region  -  the  frictional  stress  Tq  at  the  wall 

_ the  dimensionless  distance  yw/v.  This  conclusion  Is  true  also  for 

a  turbulent  flow  In  a  round  tube;  for  example,  for  Re  numbers  to  which 
the  empirical  Inverse  seventh-power  law  applies,  ,  the 

frictional  stress  at  the  wall  Is  expressed  by  the  equality 


< 
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(6.2.3) 


These  facts,  already  established  In  the  20s,  furnish  the  basis 
for  the  supposition  that  the  velocity  distribution  In  a  boundary  layer 
for  an  external  flow  streaming  around  a  body  will  be  the  same  as  that 
for  the  flow  In  a  tube  at  the  same  Re  number  If  the  boundary  layer 
thickness  6  and  the  velocity  w^  at  Its  surface  are  assumed  to  play 
the  same  part  as  the  tube  radius  r^  and  the  flow  velocity  Wq  at  the 
tube  axis  (Fig.  6.2.1). 


Fig.  6.2.1.  Correspondence  between  In 
ternal  and  c.  c<^'rnal  flow  problems. 


The  region  of  transition  from  laminar  to  turbulent  flow.  It  has 
been  shown  by  very  carefully  made  experiments  on  the  determination  of 
the  transition  region  between  laminar  and  turbulent  conditions  in  the 
boundary  layer  of  a  plate  that  the  correspondence  applies  to  this 
transient  state  of  the  flow  as  well.  It  can  be  seen  from  Fig.  6.2.2 
that  If  the  Re  number  Is  determined  from  the  thickness  6  of  the  boundary 
iayer.Rci^  — - =5.5V'(^.  ,  then  a  sharp  Increase  of  the  boundary 


layer  thickness  on  a  plate,  due  to  the  transition  from  a  laminar  to 
a  turbulent  form  of  motion,  occurs  at  Re  =  3000/^000,  a  value  which 
Is  cf  the  same  order  of  magnitude  as  =  2200  for  a  round  tube*. 

In  ♦'hlc  connection  we  have  to  take  the  very  Imprecise  determination 
of  the  boundary  layer  thickness  4  Into  consideration.  If  we  introduced, 
for  example,  the  displacement  thickness  6*,  we  would  then  obtain  Re. 
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Pig.  6.2.2.  At  R*“  ^^-3100 

the  boundary  layer  thick¬ 
ness  and  the  frictional 
stresses  on  the  plate  in¬ 
crease  sharply;  this 
critical  value  corres¬ 
ponds  to  the  transition 
from  Ic min .r  to  turbulent 
flow. 


for  a  plate  of  the  order  of  IOOO/I5OO. 

The  characteristic  length  apparently 
lies  betv.een  these  figures  and  concequent- 
ly  '.'111  be  closer  to  2200. 

Figure  6.2.3  shows  us  an  oscillogram 
of  the  velocity  pulsation  In  the  boundary 
layer  of  a  plate,  from  which  It  can  be 
seen  that  the  Inflowing  turbulent  stream 
becomes  steady  by  Internal  friction.  The 
pulsation  frequency  first  drops  sharply 
and  then,  as  the  boundary  layer  thick¬ 
ness  and  Re^  number  Increase,  the  state 
of  the  laminar  layer  becomes  unsteady, 
the  disturbances  grow  and  new  disturb¬ 
ances  that  occupy  the  region  of  the 
turbulent  boundary  layer  arise. 


The  transition  from  the  laminar 

boundary  layer  to  a  turbulent  one  and  Its  connection  with  the  magnitude 
of  pulsation  is  seen  from  Fig.  6.2.^,  which  represents  the  pulsation 
distribution,  characterized  by  the  quantity 


where  w^^^^  Is  the  true  velocity,  w  the  averaged  velocity,  and  t  the 

P 

averaging  Interval.  As  can  be  seen,  the  site  of  maximum  pulsation 
coincides  with  the  region  of  sharp  change  of  the  boundary  layer  sur¬ 
face.  In  this  region  the  laminar  form  of  flow  loses  steadiness.  The 
magnitude  of  these  local  pulsations  depends  slightly  on  the  degree 
of  turbulence  of  the  Incoming  flow,  characterized  by  the  number  Kq. 


-  tiOO  - 


of  the  transient  region.  Since  for  a  laminar  flow  Kc»=5,5l'^Re,.  l.e. , 


Rt,-.Re*:30  and  ^Re-Kp:30.  the  position  of  the  transient  re¬ 

gion  depends  on  the  Initial  turbulence.  Figure  6.2.5  gives  the  results 
of  experiments  which  verify  this. 


ti>,x  ^ 
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Pig.  6.2.3.  Oscillogram  of  pulsations  and  random  ("natural")  disturb¬ 
ances  In  a  laminar’  boundary  layer  on  a  piano  plate  which  Is  placed  In 
a  longitudinal  air  stream.  The  measurements  were  made  at  a  distance 
of  0.57  mm  from  the  wall;  the  velocity  of  the  Incoming  flow  was  w^  r 

=  24  m/sec;  the  narks  (dots)  Indicate  the  time  Intervals,  which  wore 
1/30  sec.  1)  Distance  from  leading  edge  in  m;  2)  sec;  3)  transition. 


Example  l.In  order  to  calculate  the  laminar  boundary  layer  on 
a  plate  from  the  correspondence  with  the  flow  in  a  tuoe  we  choose  the 
V  looity  distribution  In  the  form  Here -=0;  *->-0  and 


wheTv, 


dwg  1 

*  L-* 


j^*o.  .  Assuming  6  =  0  at  x  =  0  we  obtain 


5.4»jr 


(6.2.4) 


The  frictional  force  and  coefficient  for  a  plate  of  width  b  and 


ler.gth  1  will  be 
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Fig.  6.2.^.  Velocity  pulsation  distribution  --  loo*/.  on  a  plane  plate 

•• 

for  two  values  of  Initial  turbulence  (wq  Is  the  velocity  of  the  In¬ 
coming  flow).  The  lines  are  lines  of  equal  pulsation  velocities. 


V'  1 


V  U 


The  frictional  force  and  coef¬ 
ficient  for  a  plate  of  width  b  and 


length  j  will  be 


I  I 


(6.2.5) 


■  .  c,. 


6.2.5.  Influence  of  initial 
turbulence  on  the  position 
of  the  transition  point  . 


As  was  shown  by  (6.1. 9),  Blaslus' 
exact  solution  gives 

r  1.^ 


Example  2.  The  turbulent  boundary  layer  on  a  plate  can  be  cal¬ 
culated  by  applying  a  power  law,  for  example,  the  Inverse  seventh 
power  law; .-.u’ofy;*)'/'. 

Since  dp/dx  =  0  p  =  const  here,  and  from  the  momentum  conserva¬ 
tion  law  we  obtain 


I 

From  Eq.  (4.^.  24),  « -1  / obtain 


whence 
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^^0.0225',wJ (y)* 


Vfhen  we  assume  that  the  turbulent  boundary  layer  begins  at  the 
leading  edge  of  the  plate  ( 1. e.  ,  6  =  0  at  x  =  O)  we  find  by  Integra¬ 
tion 


X.  1  =  0.37 


(6.2.6) 

Substituting  6  In  the  expression  for  Tq  we  obtain  for  the  fric¬ 
tion  drag  of  the  plate 


»/-’►  j  ,.^.-0.0376  »  J 


(6.2.7) 


whence  the  friction  drag  coefficient  calculated  for  one  side  of  the 
plate  Is  obtained  as 


^  o.vn 

Agreement  with  experiment  Is  better  If  we  take 


(6.2.8) 


Figure  6.2.6  shows  the  dependence  of  the  coefficient  of  friction 
for  a  smooth  plane  plate  at  various  Re  numbers. 
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Example  3.  In  order  to  determine  the  1‘rlctlon  drag  coefficient 
for  a  plate  with  mixed  boundary  layer  we  assume  that  at  the  site  where 
the  laminar  layer  goes  over  to  a  turbulent  layer  (Prandtl's  hypothesis) 
the  thickness  of  the  turbulent  layer  Is  Just  the  same  as  It  woull  be 
If  It  began  at  the  leading  edge  of  the  plate  (Fig.  6.2.7).  In  this 
case  we  can  say  the  friction  drag  will  be  smaller  than  the  friction 
drag  of  the  whole  plate  with  a  completely  turbulent  boundary  layer 
by  the  quantity 


2  ^^f  turb  ■  ®f  lam^ 

where  C^.  and  must  be  chosen  for  the  Re  numbers  determined 

from  the  length  of  the  laminar  section  of  the  boundary  layer,  since 
only  In  this  section  does  the  drag  Increase.  Therefore,  noting  that 
^®kr  ~ 

this  reduction  Is  equal  to  .  For  the  natural  tur¬ 

bulence  of  the  atmosphere  Re^^^  =  ^^85,000;  this  Re  corresponds  to 
^f  turb  '  0-00539  and  ^am  '  0.00290.  Thus, 

_  W  000(0.00539 -0.00190)  _  ims 

'  Rt  ~  R, 


and 


-  _  0.074  1700 

Tns  R«  (6.2.9) 

For  another  Initial  turbulence  (another  RCj^^)  the  coefficient 
1700  must  be  correspondingly  calculated. 

Although  Prandtl's  hypothesis,  which  Is  the  simplest  from  the 
standpoint  of  calculation,  has  no  physical  basis  at  all,  the  results 

of  calculations  made  on  this  hypothesis  (6.2.9)  coincide  satisfactorily 
with  expf  Iment. 

Drag  of  a  rough  plate.  This  is  calculated  on  the  basis  of  the 
correspondence  between  the  flow  In  a  tube  and  on  a  plate.  The  results 


of  the  calculations  (made  under  the  supposition  that  the  boundary 


JUttU  V  _ - 


Pig.  6.2.7.  ?OT»  the 
calculation  of  a 
mixed  boundary  layer. 
1)  Laminar;  2)  tur¬ 
bulent;  3)  transient. 


layer  Is  turbulent  from  the  leading  edge  on) 
are  shown  In  Fig.  6.2.8  by  the  values  of 
the  coefficient  of  local  friction  given 
as  functions  of  the  local  Re^  numbers  for 


various  values  of  the  parameter  x/h.  On 
the  basis  of  the  correspondence  between 
the  external  and  the  Internal  problems  the 
relative  roughness  Is  determined  as  the  ratio  of  the  height  h  of  the 
protuberances  and  the  boundary  layer  thickness  b.  The  coefficient 
of  over-all  friction  for  the  whole  plate  Is  given  in  Fig.  6.2.9. 


Fig.  6.2.8.  Local  friction  coefficient  for 
a  plane  plate  with  sandy  roughness,  l)  Hy¬ 
draulically  smooth  surface. 

Notice  that  the  ratio  h/r^  =  const  Is  constant  along  the  tube 
and  that  for  the  plate  h/6  decreases  (l.e. ,  the  boundary  thickness 
Increases).  We  may  therefore  observe  along  the  plate  a  flow  with  full 
roughness  effect  and  transient  and  smooth  flow  as  well. 

Admissible  roughness.  This  Is  determined  by  the  thickness  of  the 
viscous  boundary  layer,  on  the  supposition  that  no  vortlclty  may  arise 
beyond  the  Irregularities  completely  Immersed  In  this  layer.  The  ad¬ 
missible  height  h^  of  the  protuberances  on  the  plate  (for  sandy  rough- 
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ness)  la  defined  by  the  relation 


h  * 

*  “  Rtyej' 


(6.2. 10) 


Figure  6.2.10  [6.3]  gives  the  curves  determining  the  height  of 
the  protuberances  of  admissible  roughness  for  a  profile  In  laminar 
and  turbulent  boundary  layers.  As  the  height  of  the  protuberances  In¬ 
creases  the  transition  point  In  a  laminar  flow  approaches  the  leading 
edge;  In  a  turbulent  flow  the  protuberances  which  exceed  the  adrilsslble 


Pig.  6.2.9.  Coefficient  of  over-all  friction 
for  a  plane  plate  with  sandy  roughness,  l) 
Hydraulically  smooth  surface. 


height  give  rise  to  rough  turbulent  flow. 

Influence  of  the  pressure  gradient.  The  Influence  of  the  pressure 
gradient  on  the  plate's  boundary  layer  can  be  estimated  if  we  consider 
the  flow  near  the  wall  of  a  straight  convergent  or  divergent  channel. 

Figure  6.2.11  gives  the  velocity  distribution  curves  for  various 
divergence  angles  of  the  channel;  from  these  we  see  that  In  convergent 
chaitnels  the  boundary  layer  thickness  Is  considerably  smaller  than  In 
a  longitudinal  flow  along  a  plate  (l.e.  ,  a  =  O)  and  that  In  a  divergent 
channel  It  Is  considerably  larger.  In  the  case  of  a  steady  flow  (when 
the  boundary  layers  Join  at  the  channel  axis)  the  radial  velocity 
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distribution  Is  syrrjnotrlcal  and  the  boundary  layer  does  not  become 


separated  as  long  as  the  vortex  angle  of  the  divergent  channel  does 


not  exceed  4°.  At  larger  angles  the  velocity  distribution  changes 


considerably.  At  a  =  5°  separation 
may  occur  on  one  of  the  walls.  Ex¬ 
periments  showed  that  separation  oc¬ 
curs  between  the  limits  of  a  *  ^.8 
to  5. 1®.  At  a  »  6®  separation  can 
be  observed  clearly  on  one  of  the 
walls  and  the  reverse  motion  Is  begin¬ 
ning. 

Boundary  layer  on  a  wing.  This 
is  calculated  on  the  basis  of  the 


Pig.  6,2.  10.  Admissible 
height  of  (sandy  type) 
roughness  protuberances 
In  laminar  and  turbulent 
flows.  1)  Roughness  of 
profile  surface  (en¬ 
larged);  2)  for  tur¬ 
bulent  motion  (aerody- 
n/imlcallv  smooth  sur¬ 
face);  3)  for  laminar 
motion. 


correspondence  to  the  flow  In  a  tube, 
the  velocity  distribution  being  assumed 
to  satisfy  the  power  law 
[6.4].  If  we  assume  that  the  stress 
Tq  at  the  wall  Is  bound  to  depend  only 
on  the  conditions  close  to  the  wall, 

P»  y»  need  not  depend  on  the  tube 


radius  r^,  or,  In  other  words.  If  ir=/(?,  P.  y.  "•) ,  then,  assuming  w  » 
const  It  follows  from  dimensionally  considerations  that 


-  ^  ^  j  solving  this  for  we  find 
?=const|‘**?  *  s  *  0 


(6.2.11) 


Substituting  (6.2.11)  In  the  Impulse  equation,  we  obtain  the 


equa‘.  Ion 


where 


/_4; 

2(#  +  l) 

a-> 

2(f  +  l) 


I 


(6.2.  12) 


and  the  drag  coefficients  C.  a  function  of  Re,  Is  determined  only  by 
the  par  ti,  iter  The  values  of  ^  can  be  taken  from  the  table: 


1 

7 

2^ 

t 

2^ 

7 

2. 

io 

C-^^O.USO 

0,046 

0.039 

0,032 

1  0,0246 

1 

Integrating  Eq.  (6.2.12)  gives 


(6.2.  13) 


Another  way  of  using  the  results  of  the  semi -empirical  theory  to 
calculate  the  turbulent  boundary  layer  Is  based  on  representing  the 

tangential  stress  t  (or  t  "^^ )  (and  not 
the  velocity)  by  a  polynomial  whose 
coefficients  are  obtained  from  the 
boundary  conditions  at  the  wall  and 
at  the  outer  boundary  of  the  layer  [6.4] 
with  the  help  of  the  equations  of  motion 


In  the  boundary  layer.  The  representa- 
1/ 

tlon  of  T  ^  (and  not  of  i)  allows  us 


Fig.  6.2.11.  Velocity  dlS' 
trlbutlons  In  divergent 
and  convergent  channels. 


to  avoid  the  complex  transcendental 
equations  and  lead  to  fairly  simple 
algebraic  relations  for  the  velocity  distribution,  which  are  convenient 
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for  the  calculations.  At  the  same  time  the  Impulse  equation  Is  exactly 
Integrated  and  represented  In  a  form  convenient  for  carrying  out  suc¬ 
cessive  approximations  [6.  5l« 

Logarithmic  velocity  distribution.  If  we  consider  the  longitudi¬ 
nal  flow  about  a  square  plate,  w^  =  0,  and  use  a  logarithmic  velocity 
distribution 


=  2.5  In -^^+5.5. 


we  have 


(6. 2.  m) 


whence 


Or,  Introducing  =  and  Re4=-^  ,  we  obtain 


(6.2.15) 


whei*e 


\:y 


(6.2. 16) 


An  approximate  solu^  to  this  equation  may  be  written  In  the 


foimi 


1 :  ^ =-  5.75  Ig  Re**  +  3,8, 


and  hei.ce 


(5.75  ItRe**  +  3.8)J  33  (Ig  Re*  +  0.66)» 
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(6.2. 17) 


The  rerults  of  experiments  on  plates  at  large  Re  numbers  yielded 
the  approximate  relation 

I**”  '  (6.2.18) 

which  will  be  used  a  little  later. 

6.  3.  UNIVERSAL  METHOD  OF  CALCULATING  THE  BOUNDARY  LAYER  ON  CURVI¬ 
LINEAR  SURFACES 

— _ shape  factor.  The  velocity  distribution  In  a  boundary  layer 

is  determined  by  the  quantltes  dp/dx  and  Tq;  In  dimensionless  form 
we  can  write 


•  ’U  •  II  *  4x)' 

where  _1  and  w  arc  the  characteristic  linear  dimension  and  the  velocity 
for  which  we  take  in  the  further  calculations  6**  and  Wq,  respectively. 
Then,  taking  into  account  that  = we  can  write 

(6-3.1) 

On  solving  the  problem  it  proved  possible  to  combine  the  two 
effective  parameters  Re»*,  characterizing  the  tangential  stre»*es. 
and  Eu**,  .^characterizing  the  dimensionless  pressure  drop  (l.e.  ,  the 
shape  of  tljb  body).  Into  one  universal  parameter  /(Re**,  Eu**),  which 
Is  Independent  of  the  Re  number;  Its  Introduction  simplifies  the  solu¬ 
tion  of  the  Impulse  equation 

^  +  (6-3.2) 

whereby  Its  right-hand  side  becomes  a  function  of  this  parameter, 

I*:  px;  ■=«&(/)  .  This  combined  parameter /(Re**.  Eu»«), allowing  for  the  shape 
of  the  body  (Eu**)  and  the  tangential  stress  distribution  (Re**)  Is 
called  the  shape  factor. 

We  thus  put 

V,  -  \y :  /  (.t)).  (6.3.3) 

to  obtain  /(Re**.  Eu**)  and  in  the  form 
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(6.  3.3) 


/-Eu«0(Re**); 

H  ,  C(/) 

0(Re~)  * 


(6.3.^) 

(6. 3.5) 


Following  L.  0.  Loytsyanskly ,  we  first  consider  a  laminar  boundary 
layer  for  which 


Calculating 


-//(/)  2**. 

we  rewrite  the  Impulse  equation  In  the  fonn 


(6. 3. 7) 


(6.3.8) 


-^  +  ^‘*’|2+6(/)l=^'-(/) 

Multiplying  It  by  yields  the  equation 

,  '  /.5!!:L_V)=2;{/)_-!^|2+H(/)|.  (6.3.9) 

*  4m  \  •*  /  ' 

*0®***  •1®** 

The  dimensionless  combination - *-2: - : —  entering  this 

equation  Is  a  product  of  Re**  and  Eu**,  l.e.  ,  O (Rc**)«»Rc**  j  If  this 
product  Is  taken  as  the  shape  factor  j(x)—— —  *  then  for  this  func¬ 
tion  jT  equation  (6. 3»9)  remains  an  ordinary  differential  equation 


4X  \  9^  /  9g 

/^(/)-2r,(/)-/i2+// (/)]}. 


(6.3. 10) 


Carrying  out  the  differentiation  we  obtain  the  equation 

(6.3.11) 

4m  Wg  9q 

Which  can  be  Integrated  If  the  form  of  the  function  Wq(x)  Is  given; 
the  calculation  of  the  laminar  boundary  layer  Is  reduced  here  to 
finding  the  functions  P(f),  ;(f)  and  H(f). 

For  a  turbulent  boundary  layer  we  make  use  of  the  expression  of 
Tq  found  previously  for  a  plane  plate  (6.2.17)  In  the  case  of  a 
logarithmic  velocity  profile: 
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Jt-- _ ! _ 

330g«*«+O.M)«  • 


(6.3. 12) 


Since  =  0  on  the  plate,  we  have  for  It  f  =  0  andt(/)/^-t(0) 

=  const;  let  us  assume  that  const  =  1,  l.e. ,  Include  the  constant  In 
the  function  G(Re**);  we  then  obtain  for  a  plate 

0(Re**)=33(Ig  Re**+0.66)>.  (6.  3. 13) 

As  was  said  before  (6.2.18),  the  results  of  evaluating  experimental 
data  on  the  drag  of  the  plane  plates  at  large  Re'  numbers  can  be 
well  represented  by  the  relation 

0(Re**)- 153.2  (6.3- 1^) 

which,  over  a  wide  .nge  of  large  Re  numbers  virtually  coincides 
with  Eq.  (6.3.13). 

In  order  to  formulate  the  shape  factor  for  a  turbulent  boundary 
layer  we  multiply  both  sides  of  the  Impulse  equation  by  0(Re»*);  we 
obtain 


G(Re**)-!^+(2+«)/-C.  (6.3.15) 

We  rewrite  the  first  component  In  the  form 


or 


C/(Re**) 


4V* 

dx 


-  l**G'  (Re**) 

•. J  .  4m 


4  /,  «-o\  rfl»»  Re».0*(Re**>  ^ 

4x  V  w\}  C(Rc*’)  4x  0(Re*»)  ' 


1 1  :  m  (Rc**)|  G  (Re**)  (Re**) /. 


where  we  put 


V  Rc»»tO'(Bt-*)l  <i«0(Re**> 
'  ^  0(Re**>  tflaRc** 


(6. 3. 16) 


At  the  same  time  the  Impulse  Eq.  (6. 1. 19)  assumes  the  form 
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or 


dM  ••  •» 

^  (/)- (1  +  «)  ^  - 13 + "» +  (*  + »")  /• 


(6.3. 17) 


The  form  of  this  equation  Is  the  same  as  that  of  the  equation 
for  f  In  a  laminar  layer.  Into  which  It  goes  over  at  m  ■  1,  and  by 
virtue  of  (6.3.9).  G(Re**)  =  Re**. 

One -parametric  family  of  velocity  distributions.  In  order  to 
find  the  functions  P(f),  C(f)  and  H(f)  we  assume  a  family  of  velocity 
distributions  In  the  boundary  layer  cross  sections  to  be  given  by  the 
polynomial. 


(6. 3. 18) 


where  n  ■  1  -  y/6*  and  the  coefficients  a^,  a^^,  ag,...  of  the  poly¬ 
nomial  are  functions  of  x.  In  order  to  determine  the  coefficients  we 
write  the  boundary  conditions  as 

for  l—O.  i-l; 

•,-();  -^“0  for  y*.  ^-0. 

The  additional  coefficients  needed  to  determine  the  coefficients 
can  be  obtained  from  the  differential  equations  of  the  boundary  layer. 

Since  w  »  w  «=  0  at  y  «  0,  we  have 

A  JF 

.  (6. 3. 19) 

p  dM  H  4m  • 

Differentiating  the  second  equation  of  System  (6.1.4)  with  respect 


to  ^ 


or 


d9t 


is  ^  •  dMdj^  dy  dy 


dji* 
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and  taking  Into  account  that  for  an  Incor.ipresslble  fluid 
we  obtain 


and  hence  for  y  «  0 


V, 


'  dxdt  *  »j* 


-^-0.  (6.3.20) 

Since  «,=o.  “=0.  at  the  boundary  y  »  6, 

^_o.  (6.3.21) 

If  the  derivatives  of  with  respect  to  ^  are  continuous  up 
to  the  (n  —  l)th  order.  Including  that  at  y  -  6,  we  have 

^=0  («=1.  2.  3.  .  (6.5.22) 

This  means  that  the  graph  of  the  functions  =  f(y)  is  a  curve 
that  touches  the  straight  line  =  Wq  at  the  upper  sui*face  of  the 
boundary  layer,  and  that  the  number  n  determines  the  order  of  oscula* 
tlon. 

Here  It  follows  from  the  condition  w  =  w_,  w  =0,  that  If  y  ■ 

6,  Sq  =  1  and  from  Condition  (6.3.22)  we  find  that  a^  »  0,  Sg  -  0,..., 

“n-l  ■  O- 

Therefore, 

V,  -  £.-0(1+  a,»."  +  a, , ‘ +  a. - »T,' .»).  (6.3.23) 

Determination  of  the  polygonal  coefficients.  In  Expression  (6.3. 
23)  the  boundary  conditions  at  the  upper  boundary  of  the  layer  are 
allowed  for  by  taking  the  coefficients  from  a^  to  a^  ^  to  bt  equal 
to  zero,  and  the  coefficients  a^  are  determined  by  the  boundary  con¬ 
ditions  only  at  the  body  surface  at  y  =  0  (q  =  1).  In  our  case,  at 
tj  =  1,  w^  »  0 

_ 

if*  y  '  dy*  ''' 

Substituting  tills  Into  Series  (6.3.23)  we  obtain  a  system  of 


three  equations  in  tho  th;-"*  unknov.iis  a  ,  a  ,,  a  „  denendlnn  on  n 

n  n+ 1  n+  2  — 


and  X*.— 2— 


1  + 

^iw  V  •■pt* 

»i(»i-l)(n-2)a,  +  (n+l)/j(/j-l)^7,.,  +  («.!  2)(n  +  I)nrj,,,r=o. 
The  solution  of  this  systfjr  yields 


^  I  ,  (»i  +  2)(/i  +  I) 

*  2  6 

M  ,  ,  fn— Dfn  — 2> 

«*♦•*= - 'i - ; - 

<1+1  3 

_  «— 1  (n—\)n 

•  «  srz  ~  ^  « 

2(n  +  l)  6 


(6.3.2^) 


«•(.)  r '-jo-Tfh 


_  *«  _  *■*>  _  *«*»  . 
n  +  I  n  f  2  11+3  ' 


//••  (X)-  i!l  =  i-  f  ( 1  _  J^'  )dy==ff* - ?*_  - 

•  *  J  Wo  \  Wo  /  2n  + 1 

*«.»l  *«>>  ***«»»  _ 

2<i  +  3  2.'i  +  5  11  +  1  2n  +  3  <i  +  2  ' 


(6.3.25) 


(6.  3-26) 


Calculation  of  the  larrdnur  t(  iiM-laey  l  iyf:  .  In  this  case  the 
quantity  C  is  also  expressed  it.  term.'  of  X;  accordlnji  to  (G.  3.7) 


liWo  ^(y  I**) 

+  («  +  i)fl,.,T;+(«  +  2)<i.  , 

' '  <1+1  ‘  3 


(6.3.27) 


The  frictional  stress 


and  the  shape  factor 


dy 


(6.3.28) 


(6.3.29) 


-  nvj 


will  also  be  functions  of  the  two  par.aineters  X  and  n. 

Applying  the  exact  solutions  of  the 
boundary  layer  equation  for  ■  const  x®, 
L.  G.  Loytsyanskly  obtained  a  relation  link¬ 
ing  ji  and  X  In  the  form 

/i=0.!5).+4  (6.3.30) 

and,  fixing  various  values  on  n  beforehand, 

he  calculated  the  coefficients  a  ,  a  ,, 

n  nfl 

^n+2  quantities  H,  H*,  H**,  C, 

b  and  f.  The  dependence  of  Pf  and  H  on  f 

Is  given  In  a  table  presented  below,  and 

In  Pig.  6.3.1. 

Fig.  6.3.1.  The  func-  t..  w 

tlons  F(f),  4(f)  and  graph  of  Fig. 

11/  f  ) 

6.3.1  that  the  function  P^^  f  Is  almost 
linear  and  we  may  put  P  -  p-qf  where  p  =0.44  and  q  -  5.75. 

Table  of  the  values  of  f(f),  C(f)  and  H(f) 


/ 

c(h 

-0,089* 

1,04 

0.000 

3,85 

-0,085 

1.00 

0.019 

3.C6 

-0,08 

0,96 

0.039 

3,50 

-0.07 

0,88 

0,071 

3.28 

-0,06 

0.11 

0.097 

3.12 

-0.05 

0.74 

0.120 

3.00  ■ 

—0,04 

0,68 

0,142 

2.90 

-0,03 

0.615 

0,162 

2,82 

-0.02 

0.55 

0.181 

2.74 

-0.01 

0,50 

0.200 

2.67 

C</)  //(/) 


[  0.00  0,44  0.219  3.61 

^  0.01  0.38  0.236  2.SS 

0.02  0.33  0.253  2.S0 

I  0.03  0.27$  0.270  2.46 

■  0.04  0.22  0.286  2,41 

I  0.05  0.17  0.302  2,36 

!  0.06  0,12  0,311  2.32 

J  0.07  0,07  0.335  2.20 

!  0.08  0,02  0,350  2,24 

J  0,0S4  0.003  0.357  2.22 


(6.3.32) 


where  the  value  x  =  0  corresponds  to  the  forward  stagnation  point. 

Having  obtained  the  velocity  distribution,  for  example  from  a 
calculation  of  the  flow  potential  for  the  given  body,  we  calculate  f 
with  Eq.  (6.3.32)  and  then  we  can  find  all  re-  6*,  6**,  Tq  etc.  from 

the  table. 

The  separation  point  of  a  laminar  boundary  layer.  For  a  curvi¬ 
linear  surface  this  point  Is  found  from  the  condition  that  on  the  sur¬ 
face  Tq  =  0,  a  condition  to  which  the  value  f  =  -O.O89  corresponds. 

The  relation  applying  to  the  separation  point  Is  thus 

*^***  .  —0.089. 

Method  for  calculatlnr  the  laminar  boundary  layer.  From  the 
distribution  Wq(x)  given  In  a  series  of  cross  sections  we  find  w^(x) 
and  from  Eq.  (6. 3- 32)  we  find  f(x)  and,  therefore,  6**;  we  then  find 
^(x)  from  the  graph  6.3*1  the  table,  and  hence  ® 

and  the  abscissa  of  the  separation  point. 

Let  us  point  out  that  from  (6.3*32)  and  the  definition  /—  - 

we  obtain  an  expression  for  6**  which  does  not  contain  Wq. 

(6.3*3^) 

from  which  6**  can  be  found  without  graphically  differentiating  the 
ci'rve  Wq(x). 

Calculations  of  the  turbulent  boundary  layej:.  The  Idea  of  the 
shape  factor  has  proved  very  fruitful  for  calculating  the  turbulent 
layer  too.  Following  L.G.  Loytsyanskly ,  we  Introduce  normalized  quanti¬ 
ties,  the  shape  factor  being  normalized  In  such  a  way  that  at  the 
separation  point  It  equals  unity,  l.e.,  where  f^  Is  the  value 

of  the  unnormalized  shape  factor  f  a.  the  separation  point  (x  =  x^) 
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The  functions  C(f)  and  H(f)  are  so  normalized  that  at  f  ■  0 
(at  the  point  of  minimum  pressure)  the  values  of  ^(f)  and  H(f)  become 
equal  to  unity;  thus 

7=/:/,.  ’  =  :  C(0).  77-//. //{O).  (6.3.35) 

where  C(0)  and  H  (O)  are  the  values  of  the  unnormallzed  parameters  at 
the  point  of  minimum  pressure  (at  f  =  o),  which  are  different  for 
laminar  and  turbulent  boundary  layers.  The  values  of  the  normalized 
quantities  f,  and  H  are  given  In  the  table. 


Value.s  of  the  Parameters 


/ 

c 

H 

F 

T 

r 

H  7 

-0.95 

1.63 

0.85 

0.00 

0.0 

1.00 

1.00  -6.00 

—0.90 

1,60 

0.66 

—0.24 

0.1 

0,93 

1.02  -5.48 

—0.80 

1,53 

0.87 

-0.74 

0.2 

0.65 

1,08  -«.0« 

-0,70 

1,47 

0.88 

-1.24 

0.3 

0.77 

1.07  -«.«« 

—0.60 

1.41 

0.90 

-1.76 

0.4 

0,69 

1.10  -7.2* 

—0.50 

1.34 

0.915 

—2.28 

0.5 

0.60 

1.125  -7.88 

—0,40 

1.28 

0.93 

—2.78 

0.6 

0.515 

J.16  -O.SO 

-0.30 

1.21 

0.95 

•*3,30 

0.7 

0,42 

1.20  -0.21 

-0.20 

1.14 

0.97 

—3.82 

0.8 

0.31 

l.2«  -10.08 

—0.10 

1.06 

0.955 

-4.36 

0.9 

0.175 

1.35  -10.10 

0.00' 

1.00 

1.00 

—4.90 

1.0 

0,0 

l.a  —11.60 

Written  In  terms  of  the  nrrmallzed  quantities  the  differential 
Eq.  (6.3.17)  has  the  form 

where  (6.3.36) 

^ (7) = V  (7)  - 13  +  m  ( 1  +  m)  //,77(7)| /. 

Applying  the  experimentally  well  verified  supposition  due  to 

L.  G.  Loytsyanskly  that  the  functions  7^(1)  and  H(f)  are  the  same  for 

laminar  and  turbulent  boundary  layers  and  determining  the  values  of 

m,  fg  and  from  experimental  results,  makes  It  possible  to  substitute 

the  expression  ■?(!)  and  Ti(T)  taken  from  the  table  Into  Formula  (6.3.36) 

3.nd  so  to  dotoi’mlnG  P(T)  for  the  turbulent  layer.  With  an  accuracy 

sufficient  for  practical  purposes  the  function  7(7)  can  be  assumed 
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to  be  the  Game  for  turbulent  and  laminar  layers  and  to  be  a  linear 
function  of  T: 

^(7)=^~v7-  (6.3*37) 


Experiment  yields  p  =  0.6;  q  =  4.8. 

Substituting  (6.3-37)  In  (6.3-36)  and  Integrating  It  yields 


(6.3-38) 


Since  f  Is  finite  at  x  =  0  then.  If  the  layer  is  completely 
turbulent,  C  =0,  we  have 


?(•«)-  -  (6. 3-  39) 

or,  substituting  the  vah’ps  f  =  0.6  and  q  =  0.48  for  the  turbulent 
layer,  we  shall  have 


/(jc)-  -  0.6  8-  ^0) 

Transition  of  a  laminar  to  a  turbulent  boundary  layer  or.  a  curvi¬ 
linear  surface.  When  the  drag  of  a  wing  Is  being  calculated  it  Is  neces¬ 
sary  to  know  the  position  of  th*  point  (more  exactly,  of  the  region) 
of  transition  on  the  wing  profile  where  the  laminar  boundary  layer 
goes  over  to  a  turbulent  one. 

The  separation  conditions  of  the  laminar  layer  (6.3.33)  can  be 
rewritten  In  the  following  manner: 


Re"- -0.089.  (6.3*41) 

'bonce  It  can  be  seen  that  the  thicker  the  boundary  layer, the  smaller 
are  the  gradients  of  the  velocity  w^  of  the  outer  flow  at  which  the 
laminar  boundary  layer  becomes  separated. 

At  a  certain  distance  from  the  separation  site  the  laminar  layer 
loses  steadiness,  becomes  turbulent  and  disintegrates  Into  Individual 
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vortices  which  are  carried  along  downstream. 

Owing  to  the  pi’esence  of  disturbances  streaming  towards  the  wing 
of  to  the  production  of  disturbances  on  the  wing  surface,  e.g. ,  owing 
to  Its  roughness,  the  laminar  layer  ali’eady  becomes  unsteady  before 
the  separation  point  x^.  The  presence  of  disturbances  In  the  boundary 
layer  leads  to  pulsations  of  the  velocity  and  Its  derivatives.  Induc¬ 
ing  reverse  motion  and  vortex  formation. 

Thus,  depending  on  the  intensity  of  the  d Is  tui’banccs ,  the  begin¬ 
ning  of  the  region  of  unsteady  vortex  formation  niay  He  much  farther 

upstream  than  the  separation  point  x  of  the  steady  laminar  layer, 

s 

and  even  farther  upstream  than  the  point  of  minimum  pressure.  We  take 
this  region  ao  the  transition  I’eglon  and  In  ordei'  to  take  the  Influence 
of  these  disturbances  Into  account  we  Introduce  the  parameter  j-  /(Re,, 

’  11")  •  Noticing  that =  - ^™nu,Re^'  and  keeping  the 

\  ^  w#  /  Wp  WpM  W0  ^  •  W 

form  of  the  parameter  Re***  — 0.089,  that  characteivlzes  the  separation 

•• 

of  the  laminar  boundary  layer  unchanged,  we  find  that  at  the  separation 
point 

-0-089  (6.3.42) 

To  a  first  approximation,  the  quantity  J  can  be  taken  as  a  con¬ 
stant  and,  as  Is  shown  by  a  re-calculation  of  the  experimental  results,, 
_J  varies  from  —0.5  to  -2.5;  It  depends  only  on  the  character  of  the 
flow  and  Is  almost  Independent  of  the  magnitude  of  the  velocity,  of 
the  profile  shape,  etc. 

Passing  over  to  the  dimensionless  quantities  k-,  :  if».  x=x  •.^,we 
find  from  (6.3-34)  that 

M 

Re***--^-^j’?;<j:  Ref(i).  (6.3.43) 

where 
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,.-5^p.<r„  Re=-'^5.  (6. 3. '*4) 

In  dimensionless  quantiles  . 

Rc  ' 

Substituting  this  In  (6. 3*^2)  we  obtain 

(-^-^+>)Re9(I)=<?(x.y.  Re)=- 0.089.  (6.3.45) 

When  we  determine  the  values  and  construct  the  graph  of  the  func¬ 
tion  Q(x,  J,  Re)  with  the  values  C  ,  J,  Re  for  a  given  profile,  we  can 

«/ 

find  the  value  x  =  at  which  Eq.  (6.3-45)  will  be  satisfied. 

Boundary  layer  equations  for  a  compressible  gas.  These  equations 
must  take  thermodynamic  processes  Into  account  too,  l.e. ,  the  system 
of  Eqs.  (6.1.4)  must  be  completed  by  adding  the  energy  equation  and 
taking  the  temperature  dependences  of  viscosity  and  thermal  conductivi¬ 
ty  Into  account.  The  energy  equation  can  be  derived  In  the  same  way, 
by  estimating  the  magnitudos  of  the  Individual  terms  of  the  dlffrentlal 
energy  Eq.  (2. 3. lO). 

Omitting  the  rather  cumbersome  calculations,  we  give  two  forms 
of  the  energy  equation  [6.1]  for  a  steady  laminar  plane  boundary  layer 


.i 


In  a  viscous  gas : 

first  form,  containing  the  enthalpy :  j 

second  form,  containing  the  absolute  temperature  /  (6.3.46) 

The  equations  of  continuity  and  momentum  conservation  will  read 


I 

iM  ^ 


0. 


d* 


(6.  3.47) 


A.  A.  Dorodnltsyn*s  transformation.  A  universal  method  of  boundary 
layer  calculation  based  on  representing  the  profile  In  the  boundary 
layer  In  the  form  of  a  function  of  a  single  parameter  was  generalized 
by  A.  A.  Dorodnltsyn  for  the  case  of  a  compressible  gas  [6.6]. 
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Choosing  the  first  form  of  the  energy  Eq.  (6. 3. A6)  and  keepli^g 

In  mind  that  ^-0;  we  can  write  the  system  of  boundary  layer  equa¬ 
tions  as 


P-fRT,  |i-=k(7).  ).^X(7). 


(6.3. 48) 


Assuming  for  simplicity  that  Pr  =  1  and  that  no  heat  exchange 
with  the  walls  occurs  (cT/iy  =  0  for  y  =  O),  we  obtain  1^  =  const  as 
a  particular  Integral  of  the  energy  equation,  l.e. ,  the  total  heat 
content  Is  equal  for  all  points  of  the  boundary  layer,  and  we  there¬ 
fore  have  for  them 


We  put 


(6.3.49) 


*“  yiif  ’  (6.3.50) 

and  Introduce  the  new  Independent  variables  (the  so-called  Dorodnltsyn 
variables) 


5  = 


dJ, 


I-i) 


(6.3.  51) 


where  It  Is  taken  Into  account  that 

Then,  assuming  that  the  vlscolsty  p  satisfies  the  law 
and  taking  Into  account  that 

i  f  t 

6*  F%  *  fi 

we  obtain  from  the  second  equation  of  System  (6.3.48) 
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1*0 

^0 


''  ii 


dt  •• 
dx 


d-Tt 

d^ 


Putting 


S,. - Si-j--*! 

'  ‘  djr  • 


(6.3.  52) 


we  can  rewrltte  (6.3*52)  In  the  form 

dWg  -  dWg  I— •*  ^  r  .  ,  a-l  1 

Introducing  the  stream  function  ? 


(6.3.  53) 


(6.3. 5^) 


»»/»“• 


dy  •  '  4s 

and  going  over  to  the  variables  tj  we  obtain 


f,  ’  1  — 


1.  e.  , 


1  ay 

_L  *1. 

H  «  ■ 


(1  *-i 


_  ^ 


At  the  same  time,  the  continuity  Eq.  (6.3* ^8)  will  read 

dWf 


(6.3.55) 

Solving  System  (6. 3* 5^) -(6. 3- 55)  analogously  to  the  system  of 


Eqs.  (6.1.4)  for  an  incompressible  fluid,  we  can  find  the  distributions 

of  velocities  w  and  w  from  the  given  pressui-e  distribution. 

X  y 

On  the  basis  of  these  considerations  and  also  of  Eq.  (6.I.I8), 
we  can  write  down  the  Integral  relation 

S  S 

■•oj  (t^  (6.3.56) 


where  6^  denotes  the  value  of  n  for  which  w^  =  w^. 

Introducing  the  conventional  thickness  of  displacement  and  the 
thickness  of  impulse  loss  by  analogy  with  (6. 1. I9) 
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and  omitting  the  subscript  ij  at  6  we  can  rewrite  Eq.  (6.3.56)  In  the 


form 


where 


\  »«  l-»i/  «ro(l— •#)  \  /,-«■ 


(6.3. 67) 


•_  *  . 


If  we  assume  that  the  velocity  distributions  In  the  boundary 
layer  ci'oss  sections  can  be  ^Ivcn  by  the  single-parameter  family 


(6.3.  58) 


t  hen 


Substituting  (6.3.59)  In  (6.3.57)  we  find 

1  +[2—--;*^]—  + 

2  rff  t  >» 


(6.3. 59) 


*0  »•*»  „,n_  C(r> 


(6.3.60) 


or,  multiplying  by  (l-a^)  and  noticing  that 

t  »*•» 


<  <*  — «b)***  t  I**?  (M)  ^ 


1  (i-«i)i**5  1-4 


-4  /  I 

■r  1="’-  ^(7=4  (6-  3-«n 


Let  us  choose  as  the  shape  factor 


/  = 


’»<i-4* 

The  differential  equation  defining  It  will 
then  be  (6.3.6I) 

d  I  (I  — '•i'*  1  •  ~4 

/^(/)- 2  g(/)-/12 +  //(/)!) 


(6.3.62) 


(6.3.63) 


-  h2U 


or,  il’  the  differentiation  in  (6.3-63)  is  carried  cut 


*1 


— 'vtrrf 

If  we  return  in  Eq.  (6.3-6^)  to  the  variable  x  we  have 

U  “•o' 


(6.3.64) 


(6.3.65) 


At  a  =  =  0  Eq.  (6.3-65)  goes  over  to  the  equation  ^or  an 

incompressible  medium. 

Equation  (6.3-65)  can  be  Integrated  if  we  know  F(f).  Since  Ex¬ 
pression  (6.3.58)  for  w^/wq  does  not  depend  explicitly  on  the  number 

M  ,  It  must  be  the  saune  for  both  compressible  and  Incompressible 
00 

fluids.  The  forms  of  the  functions  F(f),  H(f)  and  C(f)  nrust  therefore 
be  equal  too.  Assuming  therefore  that  F(f)  =  p  -  qf,  we  find  by  in¬ 
tegrating  (6.3-65)  that 

M 

•-  (6.3.66) 

where 


Notice  that  the  number  M  Influences  the  velocity  distribution 

00 

(6.3.58)  Implicitly  through  the  quantities  w^,  6**,  q,  and  f. 

For  the  coefficient  of  friction  we  have 


2i»c 

“  V 


(6.  3-67) 


Substituting  the  value  of  the  quantity  form  (6.3-69) 

into  (6.3.66)  and  knowing  the  relation  Unking  q  and  we  obtain 

(6.3.63) 

The  calculation  of  profiles  by  the  above  method  shows  that  the 
separation  point  lies  considerably  closer  to  the  leading  edge  of  the 
profile  in  a  compressible  gas  than  it  does  in  incompressible  fluid, 
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which  leads  to  an  Increased  profile  drag. 
6.4.  BOUNDARY  LAYER  AND  SHOCK  WAVES 


The  sound  barrier.  The  Investigation  of  boundary  layers  at  near- 
sonic  velocities  proves  very  complex,  particularly  at  the  transition 
from  M  <  1  to  M  >  1.  This  transition  through  the  so-called  ''sound 
barrier"  (M  »  l).  Is  accompanied  by  vibrations  of  the  aircraft  and  a 
deterioration  In  Its  controllability;  these  phenomena  are  caused  by 
the  unsteady  interaction  between  the  boundary  layer  and  the  shock 
waves  leading  to  the  separation  of  the  boundary  layer.  Similar  ef¬ 
fects  arise  cn  the  blades  of  turbines,  guide  mechanisms  and  propel¬ 
lers  whe.i  the  air  speed  relative  to  the  blade  profile  approaches  the 
sonic  speed. 

Let  us  consider  the  flow  about  an  airfoil  profile  placed  In  a 
nearsonlc  stream.  At  the  leading  part  of  the  profile  op/cx  <  0  and 
behind  the  point  of  maximum  profile  thickness  the  flow  Is  slowed  down 
and  op/dx  >  0. 

At  M  numbers  close  to  unity,  the  acceleration  of  the  flow  at 
the  leading  part  of  the  profile  may  lead  to  a  local  Mach  number  M 
In  the  region  of  maximum  thickness  being  equal  to  1.  Further,  owing 
to  the  expansion  of  the  flow  (as  In  the  Laval  nozzle)  the  M  number 
exceeds  unity.  Past  the  profile,  however,  the  flow  remains  subsonic, 
as  before.  This  means  that  in  the  rear  part  of  the  profile  the  super¬ 
sonic  flow  must  pass  over  to  subsonic  flow.  Since  a  transition  from 
supersonic  to  subsonic  flow  Is  virtually  Impossible  without  shocks, 
a  shock  wave  must  arise  in  this  region.  Experiments  showed  that  the 
character  of  this  wave  depends  on  the  Re  number  at  the  site  where  the 
shock  wave  "contacts"  the  profile  and  on  whether  the  boundary  layer 
at  this  "contact"  site  is  laminar  or  turbulent.  The  word  "contact" 
may  only  be  used  conditionally  because  the  shock  cannot  touch  the 
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wall.  Since  the  flow  before  the  shock  is  supersonic  we  can  In  fact 
subdivide  the  boundai*y  layer  on  the  profile  before  the  shock  Into 
two  zones:  a  supersonic  zone  (M  >  l)  and  a  subsonic  zone  (M  <  1) 
adhering  directly  to  the  profile,  separated  by  the  Interface  M  =  1 
(Plg.  6.4.1).  The  compression  shock  may  arise  only  In  the  supersonic 
zone  of  the  flow,  and  therefore,  cannot  pass  through  the  subsonic 
part  of  the  boundary  layer  or  touch  the  profile  surface. 
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Fig.  6.4.1.  Boundary  layer  structure  and 
X-shaped  shock,  l)  Main  shock  wave;  2) 
strong  shock  waves;  3)  secondary  diagonal 
shock  waves;  4)  laminar  layer  (before  the 
shock);  5)  wall;  6)  separation  point  L; 

7)  transition  oolnt  T;  8)  small  region  of 
rarefaction;  9)  boundary  layer;  10;  back 
flow;  11)  region  of  large  losses  In  the 
normal  shock  wave;  12)  small  losses  In  the 
diagonal  shock  waves;  13)  losses  due  to 
separation  and  frictional  drag. 


Laminar  boundary  laver.  In  this  case  a  >.-shaped  shock  arises  at 
the  profile  In  the  region  of  the  shock  wave  (cf.  Fig.  6.4.1).  Near 


the  profile  surface  In  the  subsonic  part  of  the  boundary  layer  the 
pressure  changes  continuously  from  pressure  p^^  before  and  pressure 
p^  after  the  shock.  In  the  supersonic  zone  a  pressure  shock  occurs, 
from  Pji^  to  P2-  This  leads  to  the  pressure  at  the  wall  in  the  shock 
zone  not  being  equal  to  the  pressure  at  a  point  at  a  small  nonnal 
distance  y  from  the  wall,  l.e.,^/^0. 

On  the  other  hand,  since  the  shock  propagates  only  In  the  super¬ 
sonic  part  of  the  boundary  layer  and  the  pressure  gradient  In  the 
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shock  becomes  theoretically  Infinite,  hp/ox  will  differ  from  zero  In 
the  shock  zone  of  the  boundary  layer. 

,  Thus,  In  the  shock  zone  of  a  boundary  layer 

The  presence  of  a  noticeable  longitudinal  gradient  Sp/^x  In  the 
laminar  boundary  layer  causes  It  to  become  thicker  and  even  to  separate. 
The  thickening  of  the  boundai’y  layer  before  the  direct  shock  wave  gives 
rise  to  a  secondary  diagonal  shock  wave  or  several  weaker  diagonal 
shock  waves  which,  above  the  boundary  layer.  Join  the  strong  normal 
shock  wave.  The  whole  of  this  wave  system  Is  called  a  X-shaped  shock 
wa'^e. 
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Fig.  6.4.2.  Development  of  a  X-shaped 
shock  with  M  =  const  and  Increasing 
Re  number,  l)  LEimlnar  boundary  layer; 

2)  X-shape<^  sh'^ck  wave;  3)  subcrltlcal 
Re  number;  4)  turbulent  boundary  layer; 
5)  small  Re  numbers;  6)  main  shock 
wave;  7)  Re  very  large. 


The  turbulent  boundary  layer.  This  layer  has  a  greater  store  of 
kinetic  energy  than  the  laminar  one.  It  Is  less  sensitive  to  pressure 
changes  an  therefore  In  a  strongly  turbulent  boundary  layer  the  system 
of  diagonal  X  shocks  Is  replaced  by  a  single  shock  wave  (Fig.  6.4.2,c). 

From  the  point  of  view  of  total  pressure  loss  In  shocks,  the  X- 
shaped  system  Is  preferrable  to  the  normal  shock.  The  X-shaped  shock 
Is,  however,  usually  accompanied  by  separation,  which,  finally.  Is 
very  undlserable.  A  particularly  promising  method  of  rendering  separa¬ 
tion  after  the  X-shock  Impossible  Is  that  of  sucking  off  the  boundary 


-  428  - 


layer. 


1  Butwui 
nomoK 

M, 


fi02C3iiJ’iHbiU 

cnsit 


/hV'  ii 

Pig.  6.4.3-  Diagram  of  X- 
shaped  shock  In  the  region 
of  separation  of  a  turbu¬ 
lent  boundary  layer,  l) 
External  stream;  2)  boun¬ 
dary  layer;  3)  wall. 


Conditions  of  separation.  A 
schematlzatlon  of  the  flow  as  given  In 
Pig.  6.4.3  makes  it  possible  to  analyze 
[6.10]  the  conditions  of  separation 
of  a  turbulent  boundary  layer  In  a 
supersonic  flow.  At  the  separation 
pressure  let  a  shock  wave  AB  be  formed 
In  the  boundary  layer  and  let  the  flow 
leave  the  wall  at  the  angle  i5.  The  centrifugal  forces  then  appearing 
must  be  counterbalanced  by  the  pressure,  whose  gradient  transverse 
to  the  flow  Is  equal  to  ^n/on.  We  shall  assume  that  the  outer  flow 
changes  Its  direction  together  with  the  boundary  layer  surface  by  the 
same  angle  -0;  to  this  deflection  correspond  the  shock  wave  BC  and  a 
pressure  shock  p^  -  p^.  In  the  boundary  layer  a  shock  wave  BD  corre¬ 
sponds  to  the  pressure  shock  p^  -  Pg. 

The  experiment  shows  tnat  In  the  separation  zone  the  Mach  numbers 
M  are  linked  by  the  relation 

(6.4.1) 

where  A  is  a  constant. 

Let  us  put 

it  then  follows  from  (5-9-12)  that 

Pi  2k  ..j  *—1  2* 


/I 


Ml  sln*j»  — 

*+l 


*  t  J 


•-rl. 


(6.4.2) 


Since  large  pressure  gradients  cannot  arise  In  the  boundary  layer, 

2  2 

the  quantity  e  must  be  small.  Determining  the  ratio  from  the 

energy  equation  g’;  =  Q» -}- using  (5-9-12)  and  (5-9-15)> 

and  neglecting  small  terms  of  higher  than  first  order,  we  find 
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This  gives  us 


and  Instead  of  (6.4.2)  we  obtain 


Px  ^2 


l-A 


(6.4.4) 

7 

Figure  6.4.4  shows  the  experimental  values  of  the  ratio  Pg  /Pl 


1^-— —  itM* 


as  a  function  of  M, ;  better  agreement  Is  obtained  with  Foi-mula  (6.4.4) 
if  we  take  A  =  0.65*.  * 

If  we  assume  that  the  deflection  of  the  boundary  layer  In  the 
separation  zone  takes  place  continuously  and  lay  the  ^-aocls  along 
the  flow  and  the  T]_axls  along  the  noi’mal,  we  obtain  from  the  equilibri¬ 
um  condition 


=  (6.4.5) 

^  A 

and,  consequently, 

(6.4.6) 

Using  A.  A.  Dorodnltsyn’s  transformation  (cf.  p.  421)  and  some 
considerations  on  the  velocity  distribution  In  the  boundary  layer 
we  can  obtain  [6.10]. 
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Pig.  6.4.4.  The  pres¬ 
sure  Pg  behind  the 

diagonal  shock  of  a 
X-shaped  shock  In  the 
separation  zone  of  a 
turbulent  boundary 
layer  (k  =  1.4). 


f»~lL 

Pt  Pi 


A +  0.328 - ^ 

V  • 


— i — rV  (6.4.7) 

j 


_,y 

«>!  1  / 

If  we  write 
0^-0.328- 


(6.4.8) 


then  j?» [l  1  (j/|  _£l\1 
Pi  I  +  it  0  ^ 


(6.4.9) 


The  values  of  the  experimental  points  and  the  curve  represent¬ 


ing  Eq.  (6.4.9)  are  shown  In  Fig,  6.4.5. 


Pig.  6.4.5.  The  pres¬ 
sure  p^  behind  the 

normal  shock  of  a  X- 
shaped  shock  (total 
pressure  shock)  In  the 
separation  zone  of  a 
turbulent  boundary 
layer  (k  =  1.4). 


These  relations  can  be  applied  to  de¬ 
termining  the  separation  and  the  appearance 
of  shock  waves  In  a  nozzle. 

6.5.  AERODYNAI'UC  HEATING 

Aerodynamic  (kinetic)  heating.  A  body 
In  a  gas  flow  streaming  with  high  super¬ 
sonic  velocity  Is  heated.  Owing  to  the 
friction  In  the  boundary  layer  and  the  com¬ 
pression  In  the  stagnation  zones  at  the 
leading  edge  kinetic  energy  Is  converted 


to  heat.  Since  air  at  this  temperature  la  adjacent  to  the  body  surface 


(Pl^.  6.5.l)»  the  heat  goes  over  from  the  boundary  layer  to  the  body. 


the  rate  of  this  transition  Increasing  with  the  velocity. 


The  temperature  difference  between  the  body  surface  and  the  free 
stieam  depends  on  the  flow  conditions. 

If  we  suppose  that  at  the  forward  stagnation  point  pure  adiabatic 


compression  occurs. 


then  for  this  point  we  have 
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(6.5.1) 
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Fig.  6.  5«  1.  Region  of  heat¬ 
ing  at  supersonic  flying 
soeed.  l)  Compression  shock; 
2)  flow;  3)  zone  of  heating 
due  to  compression;  U)  Iso- 
thcim;^) body ;  6)  zone  of 
heating  due  to  friction. 


(Figure  6. 5«2).  Experiment  shows  that 
near  a  body  In  the  flow  is  not  only 
a  velocity  Induced  (viscous)  boundary 
layer  but  also  a  temperature-induced 
boundary  layer.  In  which  the  tempera¬ 
ture  varies  -  rapidly  from  Its  value  at 
the  boundary  of  the  body  to  the  value 
In  the  outer  stream.  Prom  the  theoret¬ 
ical  point  of  view  the  temperature 
boundary  layer  (like  the  velocity-induced,  dynamical  boundary  layer) 
has  an  Inflnli^^.y  laige  thickness.  In  practice,  however,  the  tempera- 
tui’e  does  not  vary  ar.y'  more  even  at  a  short  distance  from  the  wall; 
this  distance  may  be  conventionally  adopted  as  the  thickness  of 
the  temperature  layer. 

Equation  (6.5. l)  can  be  looked 
upon  as  a  first  approximation.  The 
heat  liberated  In  the  viscous  boundary 
layer  must  be  added  to  the  drag -In¬ 
duced  heat  and  the  heat  removed  due 
to  thermal  conductivity  through  the 
thin  thermal  boundary  layer  must  be 
subtracted.  The  Prandtl  number  (cf.  p. 


Fig.  6.5*2.  Temperature  at 
the  stagnation  point  of  the 
wing  of  an  aircraft  as  a 
function  of  the  speed.  1) 
Heating  of  the  aircraft;  2) 
heating  at  the  stagnation 
point;  3)  heating  of  air¬ 
craft  surface;  4)  m/sec. 


) ,  Pr  =  M^Cp/X  Is  a  measure  pf  the 
relative  magnitude  of  these  two  op¬ 
positely  directed  effects. 

In  strongly  rarefied  gases  or 
at  very  high  cosmic  velocities,  however,  radiant  heat  plays  the  main 
part.  If  these  influences  are  Ignored,  then  at  M  =  3  the  temperature 
In  the  boundary  laj'er  will  be  about  600°K. 
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Slinllarlty  criteria.  The  presence  of  heat  cxchanc^  makes  It  neces¬ 
sary  to  consider  In  greater  detail  the  similarity  criteria  established 
above  (2.  5- 2). 


The  presence  of  temperature  fields  In  the  gas  at  high  strengths 
of  the  volume  forces  f,  for  example  In  the  rotating  cavities  of 
turbines,  may  lead  to  an  Increase  In  magnitude  of  the  buoyancy  forces 
arising  due  to  changes  In  volume. 

If  we  denote  the  coefficient  of  thermal  expansion  by  P  and  the 
particle  temperature  increment  due  to  heating  by  AT,  then  the  buoyancy 
force  per  unit  mass,  due  to  the  change  In  volume,  will  be  f^T.  This 
quantity  represents  the  strength  of  the  buoyancy  force.  The  similarity 
criterion,  when  allowance  Is  made  for  buoyancy  [second  equation  of  the 
system  (2. 5.1)1  therefore  assumes  the  form  lf0AT/w".  This  similarity 
criterion  Is  usually  given  as  the  product 


mr/*  ^ 


a  Pv* 


=G.- 


(6. 5.2) 


9^ 


The  dimensionless  number 


Of- 


a 


(6.5.3) 


is  called  the  Grashof  number. 

Unfortunately  there  are  no  papers  dealing  with  the  analysis  of 

the  Influence  of  buoyancy  on  the  flow  In  the  turbine  section  through 

2 

which  steam  passes,  though  It  Is  possible  that  at  Or  -  Re  this  force 
snould  be  taken  Into  account*.  In  connection  with  the  flow  about 
airplanes  under  usual  conditions  the  buoyancy  effect  is  meaningless. 

Heat  transfer,  l.e. ,  the  process  of  the  propagation  of  heat 
thi'cugh  a  space  may,  as  Is  well  known,  be  achieved  In  three  ways: 
thennal  conduction,  convection  and  thermal  radiation.  The  thermal  con- 
auctlvity  is  connected  with  the  molecular  transfer  of  heat  and  Is  slm- 
llc.r  LO  other  transfer  processes  such  as  diffusion  (transfer  of  mat  - 
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ter),  viscosity  (transfer  of  momentum)  and  electrical  conduction 
(transfer  of  electrons).  According  to  Fourier’s  law 

(6.5*^) 

l.e.  ,  the  heat  flux  (amount  of  heat  passing  per  unit  time  through  a 
unit  area  of  an  Isothermal  surface)  Is  proportional  to  the  temperature 
gradient.  The  coefficient  of  thermal  conductivity,  X,  characterizing 
the  ability  of  the  material  to  conduc’’  heat.  Is  a  physical  constant 
of  the  material. 

In  nonsolld  bodies  such  as  liquids  and  gases,  the  heat  Is  trans¬ 
ferred  via  Individual  finite  volumes  (moles)  of  the  medium.  The 
radiant  heat  transfer  connected  with  the  conversion  of  heat  Into  energy 
of  electromagnetic  oscillations  occurs  Independently  of  the  presence 
of  an  Intermediary  substemtlal  medium.  It  Is  accepted  that  the  heat 
exchanges  due  to  thermal  conduction  and  convection  are  united  by  the 
single  conception  by  contact  heat. 

Usually,  especially  at  the  Interface  with  the  surrounding  medium, 
all  the  three  modes  of  heat  exchange  coexist.  In  order  to  estimate  the 
total  heat  exchange  at  the  body  surface  quantitatively  we  make  use  of 
Newton's  relation 

(6.5.5) 

where  AT  =  -  T^  Is  the  temperature  difference  between  the  wall  (T^) 

and  the  fluid  (T  ) ;  u  In  kgm/sec-m  Is  the  coefficient  of  heat  transfer 

OP 

(heat  exchange)  determined  either  for  each  Individual  point  or  for 
the  whole  surface  as  a  certain  mean  value. 

The  heat  transfer  coefficient  a  affects  all  the  conditions  of 
Interaction  of  the  body  with  the  surrounding  medium  —  the  temperature 
of  body  and  medium,  the  velocity  and  nature  of  the  cedlum's  motion, 
the  size  and  shape  of  the  body,  the  state  of  the  surface,  etc.  For 
example,  liquid  drops  are  virtually  opaque  for  Infixed  (thermal)  ra- 
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dlatlon,  which,  therefore,  does  not  Influence  heat  exchange  Involvlnc 
liquid  drops.  On  the  other  hand.  In  strongly  rarefied  media  (upper 
atmospheric  layers.  Interplanetary  space)  heat  Is  virtually  exchanged 
by  radiation  alone. 

The  fundamental  difficulties  are  ccrjiccted  with  the  proper  choice 
of  the  temperature  of  the  medium.  If  the  body  Is  located  In  a 
virtually  unbounded  space,  has  to  be  taken  the  tempera t»>re  at  a 
sufficiently  large  distance  from  the  body.  In  other  more  complex 

cases  T  represents  some  means  temperature  of  the  sur-rouridlng  medium. 

00 

Let  us  consider  the  heat  exchange  conditions  at  the  Interface 
of  a  body  to  a  liquid  (or  gas);  heat  la  tr?>n3fex*rrd  here  owing  to  the 
thermal  conductivity  alone.  According  to  Rq.  (6.5.4),  when  heat  Is 
transferred  from  the  flulv-*  o  the  wall,  the  heat  flux  Is  equal  to 


on  the  other  hand  (according  to  (6.5»5))»  q  =  ci  (T^  -  T^).  Combining 
(6. 5* 4)  and  (6.5-6)  makes  It  possible  to  Introduce  a  dimensionless 

t 

heat  traitsfer  coefficient,  the  Nusselt  number 


(6.5.6) 


which  Is  sometimes  Incorrectly  designated  as  a  similarity  criterion. 


In  tiie  American  and  British  literature  the  Stanton  number  Is  widely 
used;  It  Is  defined  as 


Remembering  the  discussions  In  (2.5)#  we  can  say  that  the  velocity 
(w'w^)  and  temperature  (T/T^)  fields  and  also  the  Nusselt  numbei*  (Nu) 
ar-e  f  unctions  of  the  position  (x/1,  yA ,  2/I)  and  of  the  similarity 

criteria  Re«=— ,  Pr=-^.  M  =  — and  =  .  .  Among  these  the  numbers 

«  *  w  ^ 

Re,  Ir  and  M  are  of  fundamental  significance.  The  Influence  of  the 
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temperature  difference  6T  between  body  and  gas  is  taken  Into  account 
by  comparing  It  with  the  adiabatic  temperature  lncrementWV,=r,— ^ 
In  the  form  of  the  dimensionless  ratio 

from  which  It  follows  that  the  production  of  heat  by  friction  and 
compression  Influences  the  temperature  field  essentially  only  at  large 
speeds,  when  the  temperature  of  aldabatlc  compression  Is  comparable 
with  the  temperature  difference  6T  between  the  body  and  gas.  e.g.  , 
on  the  flight  of  rockets  to  great  altitudes.  If  this  Is  of  the  order 
of  absolute  temperature  of  the  body,  then  the  dimensionless  temperature 
can  be  simply  expressed  In  temis  of  the  Mach  number  M,  namely 


^ _ < 


*-! 


Mi. 


(6. 5.9) 


3 

Thickness  of  the  thei*mal  boundary  layer.  Let  us  consider  the 
term  of  the  dimensionless  energy  Eq.  (2.5.1)  that  takes  the  heat 
transfer  into  account  V*^*  •  for  plane  motion,  considering  V.q, 

«T  M 


we  obtain 


where  the  subscript  "1"  denotes  the  dimensionless  quantities,  and 
where  x  «  x^_l»  y  “  ^1— * 

In  the  expression  the  order  of  magnitude  of  the  first  term  in 

p  p 

the  parentheses  will  be  T/_l  and  that  of  the  second  term  T/6^,  where 
6^  denotes  the  thickness  of  the  thermal  boundary  layer,  l.e. ,  the 
distance  from  the  wall  at  which  a  sharp  temperature  change  occurs 
(Pig.  6. 5*  3).  Neglecting  therefore  the  term  d*rjdx]  as  compared  with 
the  tenri  we  find  that  If  the  heat  transfer  due  to  conduction 

Is  of  the  same  order  of  magnitude  as  the  convective  heat  transfer, 
we  have  cr  l/PiRe .  Noticing  that  6.  Is  the  thickness 

of  the  dynamic  ( velocity -Induced)  boundary  layer,  we  have 
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(6.5. 10) 


»» .w  I 

For  gases  Pr  =  1  and  6^  =  6^,  l.e. ,  the  thicknesses  of  the 
thermal  and  the  dynamic  boundary  layers  are  quantities  with  equal 
orders  of  magnitude. 
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Fig.  b.f.3*  Curve  of  temperature 
dlstrlb’  Lion  near  a  wall.  1) 

Tempera tui’e  of  the  flow;  2)  cold 
wall;  3)  heat  Insulated  wall;  4) 
hot  wall. 

Analogy  between  friction  and  heat  exchange.  The  similar  structure 
of  the  formulas  applying  to  local  friction  and  to  heat  transfer  during 
approach  to  the  wall  Indicates  the  similarity  of  the  mechanisms  of 
the  processes  connected  with  these  effects; 

♦“-‘tU-  (6.5.11) 

Integrating  these  two  expressions  gives  us  the  amount  of  heat 
passing  through  the  surface  enclosed  by  the  flow,  and  the  frictional 
drag ; 

I  -  ^ 

— — — ;  =  ^ 

wi.ji’o  A  and  B  are  numerical  factors. 

r’cr  gases  the  Prandtl  number  Pr  Is  near  to  unity  and  the  thickness 
of  the  thermal  5^  and  dynamic  6^  boundary  layers  are  equal  by 
virtue  of  (6.5*10),  =  6^.  Therefore 
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and,  since 


% 


Introducing  the  local  drag  coefficient  for  a  plate  (6.1.8) 

In  a  laminar  flow,  we  obtain 

Nu,«»Re,^.  St,— (6.5.12) 

Like  the  solution  (6.1.7),  this  solution  applies  to  flow  sections 
(x  >  0)  sufficiently  distant  from  the  leading  edge  (cf.  p.  386). 

The  turbulent  boundary  layer.  A  similar  relation  exists  for  a 
turbulent  flow,  where  the  viscous  sublayer  Immediately  adherent  to 
the  wall  plays  the  leading  part.  In  t!.ls  case  (6. 5*  12)  Is  replaced  by 

SI— (6.5.13) 

where  the  number^  Is  determined  by  the  equa.lon  [6.  i3]. 

.  -  P,,[i + 5  /f  (1  -  P..)(^ + i  0  -  O'.) + 

+(k- +t(^-')1} 

and  <  Is  a  universal  constant  In  the  theory  of  mixing  length  (cf.  p. 
254);  pr  aie  the  Prandtl  numbers  for  laminar  and  tur- 

bulent  flows,  respectively.  If  Pr^^  *  Pr^  =  1  then  s  «  1  and  (6.5*13) 
goes  over  to  (6.5*12). 

without  pausing  to  dwell  on  detail  which  can  be  found  In  special 
literature  (6.131,  It  must  be  pointed  out  that  the  coefficient  of 
local  friction  decreases  considerably  as  the  Mach  number  M  Increases. 
Pig.  6.5.4  gives  the  dependence  of  the  ratio  of  the  coefficient  of 
local  friction  In  a  compressible  flow  to  the  coefficient  of  local 
friction  In  an  Incompressible  flow  on  the  Mach  number  M,  as  calculated 
using  the  theories  of  Prandtl  and  Karman,  for  two  values  of  the  Re 
number.  The  experimental  points  are  plotted  too;  It  can  be  seen  that 
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they  lie  between  the  points  obtained  from  the  calculations  based 
on  these  theories. 


Plane  plate.  If  Pr  =  1,  the  lines  T  =  const  and  the  lines  = 
«  const  coincide  regardless  of  the  form  of  the  dependences  p(T)  and 
X(T). 


Pig.  6.5.4.  Comparison  if  the  local  surface  friction  coefficients 
obtained  theoretically  ano  c^ipcrimentally  for  a  turbulent  boundary 
layer  on  plates  with  Re  =  i:.'  /107.  Calculation  was  carried  out  using 
Pranotl's  theorj’  of  the  mixture  length,  _1  =  xy,  and  Karman's  theory, 
1  t  xw'/w»  1)  Mixture  length;  2)  Prandtl;  3)  Karman. 


Let  us  In  fact  take  the  ene  jy  equation  In  ♦ second  forr 


(6.3.46)  and  wi*lte  the  system  of  equations  for  dp/ux  =  0: 


(6.5.  14) 


Let  us  assume  T  =  T(w^).  Then 


'ft;  third  equation  of  the  system 


will  be 


dw, \  iT 


€f  \  dy  )  Pr  dy  \  dy  dw,)' 


when  we  carry  out  the  lntegx’at!cn  In  the  last  term,  allowing  for 
(**)  or  the  system,  we  obtain 


We  see  from  this  tha*-  the  supposition  that  T  =  T(w  ),  l.e.  , 
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that  the  lines  T  ■  const  and  ■  const  coincide,  can  be  a  solution 
to  System  (6. 5» 1^)  If  at  the  sane  time 

i  o*  (6.5.15) 

Integrating  the  second  Eq.  (6.5.15)  we  obtain 

TM — (6. 5. 16) 

The  constants  and  Cg  must  be  determined  from  the  boiuidazy 
conditions. 

Let  us  consider  the  conditions  of  heat  transfer  when  the  boundary 
conditions  have  the  form:  T  »  T„  at  w^  ■  0;  T  =  T  at  w  «*  w  .(6.5.17) 

8  X  CO  X  0B  ^  ' 


This  gives 


(6. 5. 18) 


The  problem  of  the  direction  of  the  heat  flux  Is  solved  by  the 
sign  of  ^1  (since  >0  ). 

Differentiating  (6.5.18)  we  obtain  for  y -♦  0  (which  corresponds 
to  w^  0) 


(6. 5. 19) 


If  heat  is  transferred  from  the  gas  to  the 


wall. 


It  can  therefore  happen  that  in  a  gas  flow  whose  temperature 

T  Is  lower  than  the  wall  temperature  T  (T  -  T  <  O)  the  heat  flux 
00  8  ^8' 

will  be  directed  from  the  gas  to  the  wall  -  this  will  occur  if 

In  the  general  case  of  ^  1  the  direction  of  the  heat  transfer 
from  the  wall  to  the  gas  or  from  the  gas  to  the  wall  Is  determined 
by  the  Inequality 
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The  >  sign  refers  to  heat  transfer  from  the  wall  to  the  gas  and 
the  <  sign  to  transfer  from  the  gas  to  the  wall. 

I  The  case  of  no  heat  exchange,  sQ  and  therefore  dT/dw  = 

4f  l)^*}  X 

■  0  at  w  B  0  and  T  «  T^  at  w  b  w  leads  to  the  solution 

*  00  X  «B 


The  wall  temperature  T  ,  corresponding  to  w  »  0, 

w  X 

the  proper  wall  temperature.  In  the  general  case  of  Pr 

r^-r.-vTT^. 


is  called 
^  1: 


The  recovery  coefficient.  The  calculations  show  that  It  Is 
convenient  to  define  the  proper  wall  temperature  by  the  expression 


r.-=r.+.^.  (6.5.22) 

Here  o  denotes  the  so-called  recovery  coefficient;  It  expresses  the 
ratio  of  the  difference  between  the  proper  wall  temperature  and  the 
stagnation  temperature  of  the  gas  to  the  difference  between  the  same 
temperatures  under  the  same  conditions  when  there  Is  no  external  heat 
exchange  and  purely  adiabatic  stagnation: 


€■ 


r,~r. 

r,-T, 


(6.5.23) 


Other  definitions  of  the  temperature  recovery  coefficient  also 
exist  [6.12],  [6.13]. 

For  a  laminar  boundary  layer,  as  can  be  seen  by  comparing  (6.5. 
20)  and  (6.5.22),  we  have  o  =  (pr) 

Many  formulas  exist  for  a  turbulent  boundary  layer.  Good  agree¬ 
ment  with  experiment  Is  obtained  with  the  formula  [6.14]. 

•«=I-4.55(l-Pf)Re"r  (6.5.24) 


For  a  supersonic  turbulent  layer,  on  the  average  0  =  O.90/O. 98. 
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Calculation  of  heat  transfer.  Let  us  write  the  expression  for 
the  heat  flux  In  terras  of  the  Stanton  number,  assuming  that  the  tem¬ 
perature  and  Mach  number  at  the  boundary  layer  surface  are  and  M^, 
respectively: 

+0  Mj)-r.]=piw;.  (6. 5. 25) 

Figure  6.5»5  shows  the  composite  graph  of  the  dependence  of 
the  Stanton  number  St  on  the  numbers  Re  and  M  for  a  plane  plate.  This 
graph  can  be  used  for  calculating  the  heat  ti’ansfer  for  other  bodies. 

For  example,  for  cones  the  local  heat  transfer  coefficient  is  taken 
as  being  equal  to  the  heat  transfer  coefficient  calculated  for  a  plate 
at  a  Re  number  equal  to  half  that  of  the  cone  at  the  same  Mach  number 
M  2ind  with  the  same  ratio  of  wall  temperature  to  free  stream  temperature, 
but  with  the  Re  number  for  the  cone  [6.13]. 

However,  these  and  all  the  relations  presently  available  for 
other  shapes  (cylinder,  sphere)  are  based  on  more  or  less  plausible 
suppositions;  they  have  complex  forms  and  to  state  them  would  be  to  go 
beyond  the  limits  of  our  course. 


Pig.  6.5.5.  Dependence  of  the  dimensionless 
St  number  on  the  numbers  M  and  Re  for  an 
Isolated  plane  plate  in  free  flight.  1)  Lami¬ 
nar;  2)  turbulent. 


Boundary  layer  control.  A  laminar  boundary  layer  Is  in  the  position 
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to  "survive"  only  very  slight  pressure  Increases  without  separation 
occurring.  In  a  turbulent  flow  the  danger  of  separation  of  the  bound-i 
i  ary  layer  from  the  body  In  the  flow  Is  reduced  since  the  boundary 
layer  has  a  greater  store  of  kinetic  energy  owing  to  the  transfer  of 
a  certain  momentum  from  the  external  flow  during  turbulent  mixing. 

The  separation.  Increasing  the  head  drag,  reduces  the  lift.  Drag  and  . 
heat  transfer  are  much  higher  In  turbulent  flow  than  In  laminar  flow. 

Boundary  layer  control  essentially  tends  to  avoid  separation  and 
to  extend  the  laminar  part  of  the  boundary  layer  on  the  body.  The  lat¬ 
ter  Is  of  especial  Importance  for  nearsonlc  and  supersonic  velocities; 
for  nearsonlc  velocities  the  extension  of  the  laminar  part  is  accom¬ 
panied  by  avoiding  separation  with  simultaneous  replacement  of  the 
normal  shock  wave  by  a  system  of  diagonal  \  shocks  with  lower  total 
pressure  losses,  and  for  supersonic  velocities  by  a  decrease  In  kinetic 
(aerodynamic)  heating  of  the  body  because  the  laminar  boundary  layer 
transfers  less  heat  to  the  wall  than  the  turbulent  one  (cf.  Pig.  6.5.5). 

Figure  6.5.6  represents  three  methods  of 
boundary  layer  control  with  the  help  of  additional 
devices;  forcing  air  Into  the  boundary  layer,  the 
hlgh-llft  wing  (leading  edge  flap  or  flap), suck¬ 
ing  off  the  air  from  the  boundary  layer. 

In  the  first  variant  air  Is  forced  through 
slits  Into  the  boundary  layer  from  high-pressure 
containers  within  the  wing.  The  Injected  air 
raises  the  kinetic  energy  of  the  boundary  layer 
and  so  hinders  separation.  In  the  second  variant 
the  fluid  stream  extracted  from  the  gap  between 
the  leading-edge  flap  AB  and  the  main  wing  CD 
withdraws  the  boundary  layer  formed  on  the  leading  edge  flaps  into  the 
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Pig.  6.5.6.  Vari¬ 
ous  systems  for 
boundary  layer 
control,  a)  Air 
Jettisoning;  b) 
flap;  c)  bound¬ 
ary  layer  suck- 
off. 


V 


Paccmof>Hut  tm  8tct  nnk  i 
mi^a 

Fig.  6. 5. 7«  Bound  - 
ary  layer  structure 
in  the  case  of 
cooling;  a)  without 
cooling,  = 

3.  3I;  b)  cooling, 

»  2.08;  c) 

cooling,  T^/T^  = 

1*79*  1)  Distance 
from  cone  vertex;  2) 
cm. 


the  outer  flow  before  separation  cein  occur. 
Beginning  at  point  C  a  new  boundary  layer 
forms  which  may  reach  the  trailing  edge  with¬ 
out  being  separated. . 

Sucking  off  the  boundary  layer  reduces 
Its  thickness,  and  a  thin  boundary  layer  has 
less  tendency  to  go  over  to  the  turbulent 
state  than  a  thicke”  one.  Besides,  sucking 
off  a  laminar  boundary  layer  raises  the  con¬ 
vexity  of  the  velocity  dl.strlbutlon  and  In¬ 
creases  Its  stability,  or,  what  Is  the  same, 
leads  to  a  higher  critical  Re  number. 

Boundary  layer  control  Is  particularly 
significant  for  gliding  and  ballistic  rockets. 
Delaying  the  transition  from  laminar  to  tur¬ 
bulent  boundary  layer  may  lead  to  a  reduction 


of  the  pressure  gradient,  for  example,  when  a  very  long  body  which 


also  reduces  the  wave  drag  Is  used. 


A  very  effective  method  of  boundary  layer  control  Is  to  cool  the 
laminar  layer  at  the  surface,  e.g. ,  by  fuel  circulation.  Cooling 
stabilizes  the  flow  and  raises  the  convexity  of  the  velocity  distribu¬ 
tion.  Pig.  6.5*7  shows  schematic  diagrams  a  boundary  layer  drawn 
after  photographs,  which  make  the  stabilizing  effect  of  cooling  appar¬ 
ent  [6.13). 
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Manu¬ 
script  (Footnotes] 

Page 

No. 

39^  Starting  from  the  boundary  layer  equations,  V.V.  Golubev 

obtained  a  general  formula  of  Integral  relations  yielding 
Kannan's  Impulse  equation  and  Laybenso's  energy  equation 
as  particular  cases. 

399  L.O.  Loytsyanskly,  Aerodynaimlcs  of  the  boundary  layer.  Part 

III,  §2,  QTTI,  1941. 

430  In  paper[6. 10]ln  the  denominator  of  Eq.  (6.3.4)  the  factor 

A  Is  omitted  and  from  the  conditions  of  coincidence  with 
experiment  the  author  obtains  tne  value  A  =  0. 55. 

433  For  example.  In  the  case  of  a  turbine^  1  m  In  diameter,  turn¬ 
ing  at  15,000  rpm,  f  =  ~  0.  5*  1500*.  For  a  temperature 

drop  AT  ■  100*C  (possible  if  the  secondary  air  Is  badly  mixed 
In  the  combustion  chaiuber),  a  flow  velocity  of  300  m/sec  and 
a  profile  chord  of  0. 1  m,  we  obtain 

Ct  o.5iaa)»o.i»»i(» 

R**  “  373>a00>.0.1* 


REFERENCES 

6.1.  Loytsyanskly,  L.G. ,  Mekhanlka  zhldkostl  1  gaza  [Mechanics  of  Li¬ 
quids  and  Gases],  GTTI  (State  Technical  and  Theoretical  Press], 

1952. 

6.2.  Shvets,  M.Ye.,  0  priblizhennom  rc-'henll  nekotorykh  zadach  gldro- 
dlnamlkl  pogranlchnogo  sloya  [Approximate  Solution  of  Certain 
Problems  In  the  Hydrodynamics  of  the  Boundary  Layer],  "Prlkladnaya 
matematlka  1  mekhanlka"  [Applied  Mathematics  and  Mechanics],  No. 

3,  1949. 

6.3.  Goshek,  I.,  Aerodlnamlka  bol’shlkh  skorostey  [Aerodynamics  of 
High  Speeds],  IL  [Foreign  Literature  Press],  1954. 

6.4.  Fedyayevskly,  K.K.,  Raschet  trenlya  poverkhnostey  s  mestnoy  1 
obshchey  sherokhovatostlyu  [Friction  Calculations  for  Surfaces 
with  Local  and  General  Roughness],  Trudy  TsAGI  [Trans.  Central 

-  445  - 


V 


Aerohydrodynamlcs  Institute ],  No.  250,  I936. 

6.5.  Pedyaevskly,  K.K.  and  Glnevskly,  A.S.,  Metod. rascheta  turbulent- 
nogo  pogranlchnogo  sloya  prl  nallchll  prodol'nogo  gradlenta  dav- 
lenlya  [Method  for  Calculation  of  Turbulent  Boundary  Layer  In 
Presence  of  Longitudinal  Pressure  Gradient],  ZhTP  [Journal  of 
Technical  Physics],  XXXII,  2,  I957. 

6.6.  Dorodnltsyn,  A. A.,  Lamlnarnyy  pogranlchnyy  sloy  v  szhlmayemom 
gaze  [Laminar  Boundary  Layer  In  a  Compressible  Gas],  Sbomlk  teor- 
etlchesklkh  rabot  po  aerodlnamlke  [Collection  of  Theoretical  Pa¬ 
pers  In  Aerodynamics],  Oboronglz  [State  Scientific  and  Technical 
Publishing  House  of  the  Defense  Industry],  I957. 

6.8.  Shllkhtlng,  Teorlya  pogranlchnogo  sloya  [Theory  of  the  Boundary 
Layer],  IL  [Foreign  Literature  Press],  I956. 

6.9.  Strumlnskly,  V.V. ,  Teorlya  prostranstvennogo  pogranlchnogo  sloya 
na  skol'zyashchen  kryle  [Theory  of  the  Three-Dimensional  Boundary 
Layer  on  the  Slipping  Wing],  Sboralk  teoretlchesklkh  rabot  po 
aerodlnamlke  [Collection  of  Theoretical  Papers  In  Aerodynamics], 
Oboronglz,  I957. 

6. 10.  A.  Mager,  On  the  Model  of  the  Free  Shock  Separated  Turbulent 
Boundary  Layer,  "journ.  Aeron.  Scl,"  Ho.  2,  I956. 

6.11.  Bam-Zellkovlch,  G.M. ,  Raschet  otryva  pogranlchnogo  sloya  [Calcvi- 
latlng  Detachment  of  the  Boundary  Lay  u-],  Izv.  OTN  AN' SSSR 
[Bull.  Dlv.  Tech.  Scl.,  Acad.  Scl.  USSR],  No.  12,  I954. 

6.12.  Khllton,  Kh. ,  Aerodlnarnika  bol'shlkh  skorostey  [Aerodynamics  of 
High  Speeds],  IL  [Foreign  Literature  Press],  1955, 

6.13.  'Van  Drayst,  Yo.,  PrcLii:,/  aci'odlnamlcheskogo  nagreva  [Problems 
of  Aerodynamic  Ileatlr.g].  "Voprosy  raketnoy  tekhnlkl"  [Problems 
of  Rocket  Engineering],  No.  5  (4l),  I957. 

6.14.  Shirokov,  M.  F.  ,  Flzlchecklyc  osnovy  gazodlnamlkl  [Physical  Pound- 

-  445a  - 


atlons  of  Gasdynamlcs],  Plzmatglz  [State  Publishing  House  of 
Physlcomathematlcal  Literature],  I958. 


i 


« 


-  i»45b  - 


Chapter  7 

WING  OP  FINITE  SPAN 

7. 1.  WING  OP  FINITE  SPAN  IN  INCOMPRESSIBIE  FLUID 

Vortex  sheet  behind  the  wlnp;.  At  the  end  of  the  formation  process 
of  the  starting  vortex  and  of  the  circulatory  motion  about  a  wing  (this 
process  being  closely  connected  with  the  fluid's  viscosity),  the  motion 
assumes  a  steady  character. 

The  circulation  about  a  wing  of  Infinite  span  is  determined 
from  the  Zhukovskiy -Chaplygin  condition  by  Relation  (3*5»10) 

r = 4rr,ti'.  sin  *,=sr:a'.fc  slo  *, «  *bWm\, 

where  Is  the  aerodynamic  angle  of  attack,  Tq  the  radius  of  the 

generating  circle,  and  the  chord  of  the  wing. 

Owing  to  frictional  losses, the  coefficient  it  In  this  expression 

is  replaced  by  a  somewhat  smaller  quantity,  k  ,  which  Is  determined 

00 

by  experiment;  thus 

(7.1.1) 

The  lift  of  the  element  d_l  of  an  Infinite  wing  will  be 

dR^=famTdt di, 

and  the  lift  coefficient 


For  a  wing  of  finite  cp-n,  the  fluid  at  Its  ends  will  flow  from 

a  region  of  higher  pressure  (under  the  wing.  If  C  >  0,  1. e. ,  If  the 

aerodynamic  angle  of  attack  Is  positive)  Into  a  rarefaction  zone 

(Pig.  7*1.1).  Owing  to  this,  the  velocity  above  the  wing  will  have  a 
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eomponent  directed  from  the  ends  of  the  wing  to  Its  center,  and  under 
the  wing  the  additional  velocity  components  will  be  directed  from  the 
center  of  the  wing  to  Its  ends;  behind  the  wing  a  vortex  zone  of  finite 
thickness  forms,  with  vortices  whose  axes  flow  off  In  the  direction  of 
the  stream. 


d  I) 


Pig.  7.1.1.  Overflow  of  a  fluid  at  the  ends  of  a  wing  with  C  >  0  (a). 

Pressure  distribution  on  the  profile  (b).  Formation  of  vortex  zone 
beMnd  the  wing  (c).  Section  through  the  vortex  zone  behind  the  wing 
(d).  1)  Span  of  wing;  2)  first  axis;  3)  rarefaction;  4)  pressure. 

The  vortlcity  of  the  vortex  sheet  Is  Independent  of  Its  thickness; 
the  sheet  thickness  may  be  taken  as  being  equal  to  zero,  and  behind 
the  wing  the  vortex  sheet  can  be  regarded  as  being  equivalent  to  the 
velocity  discontinuity  surface. 

We  shall  assume  that  the  whole  lift  of  a  finite  cylindrical  wing 
is  concentrated  on  a  certain  straight  line  (lifting  line)  running 
through  the  span  of  the  wing  where  the  vortex  sheet  also  originates. 

Connection  between  the  circulation  on  the  wing  and  the  vortlcity 
In  the  sheet.  Let  us  place  the  coordinate  origin  at  the  midpoint  of 
the  lifting  line  (of  the  span),  the  x-axls  being  directed  along  the 
stream,  and  the  z-axls  along  the  lifting  line  (Plg.  7.1.2).  Let  us 
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consider  a  finite  section  of  the  layer  between  z  =  l/2  and  z.  If  Cj 
is  a  certain  contour  enveloping  the  separated  section,  then  the  vbr- 
tlclty  of  the  vortex  sheet  on  this  section  will  be  equal  to  the  cir¬ 
culation  r  with  respect  to  the  contour  C^.  If  the  contour  is  displaced 
along  the  vortex  band,  the  wing  section  z  can  be  reached  without  a 
single  vortex  line  being  intersected,  and  therefore  the  circulation 
in  this  section  will  be  f  (z). 

Thus,  the  vortlcity  of  the  vortex  sheet  adjacent  to  the  section 


between  the  end  of  the  wing  and  a  certain  wing  cross  section  is  equal 
to  the  circulation  in  this  wing  section.  If  we  consider  now  two  nelgh- 
Dorlng  sections,  z  and  z  -t  dz  (Contours  and  Cg),  then  the  vortlcity 
of  the  vortex  band  ^  will  be  equal  to  (dr/dz)dz,  1.  e.  ,  to  the  dif¬ 
ference  of  the  circulations  in  the  sections  z  and  z  +  dz.  The  con¬ 


tinuous  formation  cf  a  vortex  sheet  during  the  motion  of  a  finite 
wing  is  connected  with  the  consumption  of  energy  in  the  form  of  work 
done  by  the  drag  force  or  the  wing. 

Fundamental  equation  for  a  finite 
wing.  In  order  to  deterinlne  the  forces 
acting  on  a  finite  wing  it  is  necessary 
to  find  the  distribution  of  the  addi¬ 
tional  (induced)  velocities  due  to  the 
presence  of  the  vortex  sheet.  An  exact 
solution  of  this  problem  requires  allow¬ 
ance  for  the  motion  of  the  sheet  Itself 
and  for  its  possible  distortion,  and  is 
therefore  very  complex.  In  order  to  solve  the  problem  approximately 
we  suppose:  1}  that  the  mean  velocity  circulation  is  small  compared 
with  the  speed  of  the  main  flow;  2)  t.hat  the  intrinsic  motion  of  the 
vortex  sheet  itself  can  be  neglected,  and  3)  that  the  vortex  lines 


Pig.  7. 1.  2.  The  vortlcity 
of  the  (free)  wake  vor¬ 
tices  at  an  arbitrary 
wing  section  is  equal  to 
the  change  in  circulation 
in  this  section.  1)  Lift¬ 
ing  line. 
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forming  the  band  are  straight  and  directed  along  the  streamlines. 

The  theory  of  the  finite  wing  Is  based 
on  the  hypothesis  of  plane  cross  sections : 

It  Is  supposed  that  the  wing  profile  In  each 
of  Its  cross  sections  Is  subject  to  the  con- 
Plg.  7.1.3.  Velocity  dltlons  associated  with  the  plane  flow  at 
1)  First  axis.  (local)  velocity  at  Infinity. 

Let  us  consider  a  wing  element  In  the 
cross  section^  (Fig.  7*  1.3).  The  velocity  u(z)  Induced  by  the  vortex 
sheet  Is  directed  downwards  (if  C  >  O);  It  reduces  the  angle  of  at- 
tack  by  ta— arc(ga(2)/t0.  and  raises  the  velocity  to  the  value  of  tp./cos**. 

When  the  above  assumptions  are  made  about  the  magnitudes  of  the 
induced  velocities 


tas&{gta  =  b/2D.;  co$Sxs«sl 

and  owing  to  (7.1.1)  the  angle  of  attack  will  not  be  a  but  b,-8»=»,- 

di 

-  -—•  .  We  can  therefore  write  the  equation  of  the  finite  wing  theory 
as: 

Prom  the  symmetry  conditions  for  a  vortex  with  the  vortlclty  p, 
which  extends  along  the  x-axls  from  -<»  to  +»  It  can  be  shown  that  the 
velocity  induced  by  a  semi -vortex  beginning  at  x  =  0  and  reaching  to 
Infinity  (x  =  «)  will  lie  In  the  plane  zOy  and  will  amount  to  half  Its 
value,  l.e.  ,  It  will  be  equal  to  rAnr.  The  velocity  u(z).  Induced 
by  the  vortex  sheet  between  x  =  0  r.id  x  =  «  at  the  point  2  (Fig.  7.1.4) 
will  therefore  be 


d'. 
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Fig.  7.1.4.  Velocity 
Induced  at  point  z 
by  the  vortex  at 
point  C. 


Substituting  this  In  (7.1.2),  we  obtain 
the  basic  Integro -differential  equation  of 
Prandtl*3  theory  of  a  finite  wing  In  the  form 


r{z)=k.(2) 


Zhukovskiy's  theorem  (Plg.  7. 1. 5)  gives 
the  forces  acting  on  the  wing  as 


X 

/?,=?«•-  f  r(z)dz, 

i 

-T 

I 

T 

S  r(z)ti(z)dz. 


(7. 1.4) 


Solution  of  the  basic  equation  of  the  finite  wing.  In  order  to 


solve  the  basic  Integro-dlfferentlal  equation  we  put 


(7.1.5) 


Since  at  the  ends  of  the  wing  at  0  =  0  and  0  =  tt  the  pressure 
leveling  causes  the  lift  and  also  the  circulation  to  vanish.  It  Is 
convenient  to  represent  the  circulation  In  the  form  of  a  series  of 
multiple  sines,  namely 

(7.1.6) 

The  vortex  sheet  originating  at  x  =  0  and  extending  to  Infinity 
«*(*)  Induces  at  the  wing  itself  a  velocity  which  can 

now  be  written  In  the  form 


Pig.  7.1.5.  The 
forces  <UV(^) 
and  dRj^^(z)  on 

the  element  dz 
of  a  finite  wing. 


...  1  C 

«{6)=_L  I  ami 

I  #  / 


where  the  variable  angle  qp  determined  the  position 
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of  the  vortex.  However,  as  has  been  found  on  considering  the  fine 
wing  (cf.  3»6*19)t 


'  J  cotf— co*l  UbI 


We  therefore  have  the  f^Tiowlng  expression  for  the  point  dcto:.:d...cd 

by  the  angle 


T  nAa  tia  nl 

_ 

•.  tial 


(7. 1.7) 


The  basic  Integro-dlfferentlal  equation  then  assumes  the  follow¬ 
ing  form: 


Sa*./  ^  sin  n9— k.w^b 


CJ  n0atlBiil\ 


If  we  introduce  the  notation  iid.  ,  we  have 


2/ 


•ml 


(S  nAa six'll  I 


or 


2fiaS*i'  n#(Rii-|-sIn #)=!»*, sin#. 


a-l 


(7.1.8) 


(7.1.9) 


Many  methods  exist  for  determining  the  series  of  coefficients 
for  the  circulation  with  the  help  of  this  equation  [7,1].  For  example, 
Ir  the  case  of  a  symmetrical  wing  we  may  restrict  ourselves  to  only 
four  coefficients,  and,  requiring  that  the  series  of  (7.1. 9)  broken 
off  after  the  first  four  terms  satisfies  Eq.  (7. 1. 9)  exactly  at  the 

points  »  =  —  ,  -I,  JL-.  J. ,  we  obtain  a  set  of  four  equations  for  doter- 

S  4  8  2 

mining  the  first  four  coefficients 

The  forces  on  the  wing.  In  order  to  determine  the  lift  and 


the  drag  we  have 


♦  a-l 


(7.1.10) 
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>•1' 


-j_U 

■la*  j  2 


slnlJ*» 


(7. 1. 11) 


•«1 


The  respective  coefficients  are 


”  _ k 


(7. 1. 12) 


where  .  Is  the  aspect  ratio,  _1  the  span  and  A  the  area  of  the 
“•  kr 

wing. 

Since  all  coefflclerts  enter  (7.1.12)  as  squares  and  the  lift 
ic  determined  by  the  first  coefficient  alone,  and  when  C  0,  the 

induced  drag  will  be  minimum  If  all  B  =  0  vanish  with  the  Exception 
of 


In  this  case  r<=28'./B, sis t. 


Or,  taking  Into  account  that 


sinO 


we  have 


at  z  =  0 


and  we  can  also  write 

% 

r-r./n^ 

or 

n(f)  ,  *1  ^  ^ 

*•  (7.1.13) 

Thus,  a  wing  will  have  minimum  drap;  If  its  circulation  wlhh 
re^spect  to  the  span  satisfies  an  elliptical  distribution  law. 
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In  this  case  the  induced  velocity 

(7.1.14) 

is  constant  over  the  whole  span  of  the  wings  all  points  of  the  vortex 
sheet  have  the  same  velocity,  l.e.  ,  it  moves  like  a  solid  surface.  In 
this  case  the  Induced  drag  coefficient  (7.1.12)  and  the  down-wash 
(7.1.7)  will  be 

(7.1.15) 

With  elliptical  circulation  distribution  there  exists  a  simple 
interrelation  between  the  slope  angles  of  C  with  respect  to  a  for 

y 

A  c  00  When  A  is  given. 

We  put 

C,=o2ifc.<t.n2JbA. 


Since 


then 


«4=««  +  *a— b.  +  JS:, 

•A 


whence 


2» 


(7. 1. 16) 


When  the  circulation  deviates  from  the  elliptical  distribution 
the  Induced  drag  Increases,  but  only  slightly.  The  correction  to  the 
angle  of  attack  is  more  considerable.  The  down-wash  (induced  velocity) 
is  constant  along  the  span  only  In  the  case  of  an  elliptical  wing 

=  const).  For  all  other  circulation  distributions  It  will 

be  variable.  The  true  aerodynamic  angle  of  attack,  a—  —  will  therefore 

« 

differ  for  different  sections. 

In  determining  the  mean  rake  angle  6a  we  take  Into  account  that 


any  reduction  of  the  angle  of  attack  by  the  angle  6a  causes  a  rcduc- 
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tlon  In  lift  at  the  section  which  amounts  to 


^  7 


For  a  part  of  the  wing  with  the  same  profile  and  with  the  area 
Art  this  reduction  can  be  estimated  in  the  case  of  a  plstne  flow  by 
Introducing  a  mean  rake  angle  with  the  help  of  the  relation 


whence 


(7. 1. 17) 


However j 


S  ffSatlia* 

«<«) 


Therefore,  In  the  case  considered. 


n  *  - 

J  •-  ^  J  3 


Iklltfla 


ifi-. 


If  we  take  now  Into  account  that 


ftianltflv  — rtlaR*^iil>-  — (I— cotm)  3 
j  "if  ■  ^  t  a«2»— I, 


a  aaZi;  S 


we  obtain 


+a,  +  a,+...  I- 


(7. 1.18) 


For  an  elliptical  wing 


Thus 
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whence 


u 

U. 


l+t. 


iBu-t 

«-i _ 

*1 


Bi 


(7. 1. 19) 


T  Is  a  coefficient  that  accounts  for  the  difference  between  the  angle 
of  attack  of  the  wing  having  any  given  circulation  distribution  and 
that  of  a  wing  with  elliptical  circulation  distribution  (Pig.  7.1.6). 


kpujia  i  Huane  ^ 

“7“ 

ydfu- 

MtHUi 

U6 

It 

1*X 

It 

^  j  ^  SMunmuHtenot  upvn  3 

f-l 

e/tt 

0,318 

Tpantdtxti/dnet  KpMO  4 

s-i 

0,318 

0fl8 

1  1  llpxtcjto/imst  npune  5 

s 

0,33S 

O^S 

■  ;■  ^  Kpur.o  CP  CKtiuwitutiie  6 
'I  uppad  trOHUtMU 

s-$ 

o;n8 

0,338 

•■f'  c  JixpyifiemikiMu 

■  1  /  KOtktABttl  j 

S~B 

0,318 

0,365 

PtuSmiarMpp  kpupo  8 

- 

0,315 

0,368 

Pig.  7«1«6.  Table,  of  the  coefficients  of  Influence,  (l  +  6)  and  (l  + 

+  t),  for  various  wing  plans,  l)  Wing  plan;  2)  aspect  ratio;  3) 
elliptical  wing;  4)  tapered  wing;  5)  unswept  wing;  6)  wing  with  rear¬ 
wards  raked  tips;  7)  wing  with  rounded  tips;  8)  diamond -shaped  wing. 

The  moments  of  a  finite  wing.  The  lift  of  the  wing  will  in  general 
give  rise  to  a  moment  about  the  x-axls; 


-  j"  MdKy^ 


0 


» 

-T 

a,  sin  cos  I  y  sin  I  M 


J  2  ^  =  Y 


(7.1.20) 
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I  ii  i  ®  wing  with  a  symnetrlcal  load  distribution,  and  -  0. 

1?iie  Induced  drag  of  an  asymmetric  wing  yields  a  moment  about  the  y- 
axls;  In  the  case  of  symmetrical  load  distribution  both  emd 
vanish.  The  moment  can  be  given  for  each  wing  section  In  the  form 
(theory  of  the  fine  wing) 


It  can  be  calculated  relatively  easily  If  it  Is  assumed,as  usual, 
that  the  lift  Is  concentrated  at  a  distance  of  1/4  from  the  leading 
edge. 

Calculation  of  the  wing  characteristics.  In  the  foregoing  we 
have  obtained  Expression  (7.1.12)  for  the  coefficient  of  Induced 
drag  of  a  wlngt 


C,i= 


We  railtiply  and  divide  the  right-hand  side  by  ^  and  make  use 
of  the  relation  and  thus  obted.n 


“•T' 


or 


where 


(7.1.21) 


Let  the  subscript  "1”  refer  to  the  given  wing  and  "2''  to  the 
wing  whose  characteristic  Is  to  be  determined. 

Supposing  that  the  profile  drag  coefficient  remains  constant  aixl 
that  Cy  Is  the  same  for  both  wings,  we  can  write  for  the  first  wing 
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C,.=C^  +  C„=C,,+  ^C»; 

«Ai  ' 


and  for  the  second  one 


I  ^  *i 
■A| 


Pig.  7.1.7.  Recal¬ 
culation  of  wing 
characteristics 
for  a  different 
aspect  ratio. 


Hence  we  obtain  for  the  Increment  of  the 
drag  coefficient 

and  for  that  of  the  angle  of  attack 


>«= 


=--.-C-5 


d_4j»_ 

1  «A| 

•A,y 

(7. 1.  22) 


It  should  be  kept  In  mind  that  the  angles  are  given  In  radians. 
Thus,  If  a  polar  curve  «jf  first  kind  (Fig.  7.1.7)  Is  given  and 
If  for  convenience  Cy  is  plotted  as  a  function  of  the  angle  of  attack, 
a,  on  the  same  graph,  then,  drawing  the  parabola 

and  the  straight  line  ]C'_=SC,.  we  obtain  the  curves  L  and 

V  *•*1  / 

f(a)  I'or  the  given  wing  by  transposing  the  values  of  6C  ,  and 
>'  xl 

fia  for  a  series  of  C  values. 

y 

Finite  wing  In  subsonic  linearized  gas  flow.  Since  in  a  subsonic 
linearized  gas  flow 

=2*.,/n 


and 


We  obtain  from  the  relation  C  =  2k  (ot  +  a^) 

y  «  '  0' 
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(-)l« 


The  dlmenelonleee  form  derived  by  dividing  by  b  t*  will  be 
(**  ■  a/1) 


Pig*  7. 1. 8.  Influence  of 
aspect  ratio  A  on  the  coef¬ 
ficient  Cy  for  various  num¬ 
bers  In  subsonic  flow. 


The  distribution  of  the  circu¬ 
lation  with  respect  to  a  finite  wing 
In  a  subsonic  flow  will  thus  be  the 
same  as  that  with  respect  to  a  cer¬ 
tain  wing  In  sm  incompressible  fluid 
flow  which  differs  from  the  given 
one  by  Its  angle  of  attack,  o,  and 
Its  zero-lift  angle,  o^,  being  In¬ 
creased  by  a  factor  of  i; 
and  by  the  aspect  ratio  being  re¬ 
duced  by  a  factor  of  V  |— jn» 

Since  the  lift  curve  slope 


dCy/da  for  a  wing  with  an  aspect  ratio  of  In  an  incompres¬ 

sible  fluid  Is  determined  by  Relation  (7.1.16) 


thus.  In  a  subsonic  gas  flow. 


Cymtm 


(7.1.23) 


As  A-»oo  as  A -►  0,  Cy  becomes  Independent 

of  the  number  M  . 

CO 


Figure  7. 1. 8  shows  how  A  Influences  C  when  a  >  const,  for  one 
profile  and  various  M  . 

CO 
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7.2.  METHODS  OP  RAISING 

Swept  wing.  This  Is  a  wing  whose  span  axis  Includes  a  certain 
angle  x  with  the  lateral  axis  (Pig.  7.2.1).  The  wing  axis  Is  usually 
placed  at  one  fourth  of  the  local  chords.  The  angle  x  is  called  the 
angle  of  sweep. 

Iiet  the  wing  axis  Include  the  angle  x  with  the  wind  velocity. 
The  components  of  the  velocity  w  will  then  be 

MIX  ■  VWt— «>SlOX. 

Since  the  lift  arising  on  a  wing  placed  In  an  oblique  flow  Is 
determined  solely  by  the  normal  velocity  component  mix <*•• 

the  effective  number  M  will  be 

m 

M.-M.CMX.  (7.2.1) 

The  shock  stall  on  a  wing  in  an  oblique  can  therefore  arise 
only  when  w^^  and  not  the  total  velocity  w^  exceeds  the  critical 
value,  l.e. ,  when  >  Mj^.  Plgure  7.2.2  shows  the  function  ■ 

-  f(M.)  for  wings  with  various  sweeps  and  aspect  ratios. 

Streamlines  of  swept  wing  in  subsonic  flow.  Plgure  7. 2.  3  shows 
how  the  streamlines  of  a  swept  wing  are  curved  at  the  rarefaction 
face.  The  undisturbed  velocity  component  w^  sin  x  will  be  constant 
and  the  component  w^  cos  x  will  vary  during  the  flow  about  the  wing. 
Sufficiently  far  from  the  wing,  at  the  points  A  and  0,  the  flow  Is 
undisturbed.  As  It  approaches  the  wing  the  normal  component  (w^  cos 
x)  of  the  particle  velocity  begins  to  decrease  and,  as  can  be  seen 
from  the  velocity  triangle,  the  particles  are  deflected  to  the 
right.  At  point  B  the  trajectory  is  a  tangent  to  the  trailing  edge 
contour  (since  there  Is  no  normal  velocity  component).  Behind  point 
B  the  pressure  drops  and  the  velocity  Increases  as  far  as  point  D 
(the  point  of  minimum  pressure).  At  point  C  the  pressure  Is  zero. 
Behind  point  D  the  velocity  decreases  as  far  as  point  P.  Point  E  Is 
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analogous  to  point  0. 


Advantages  and  disadvantages  of  a  swept  wing.  The  advan* 
tage  of  swept  wings  Is  the  reduction  of  drag  at  high  velocities, 
which  is  due  to  the  Instant  at  which  shock  waves  arise  shifting  to¬ 
wards  higher  nunbersi  The  increment  of  Mj^  of  a  swept  wing  (sweep 
X)  compared  with  an  unawept  wing  (x  -  0)  Is  theoretically  equal  to 


(7.2.2) 


Fig.  7. 2. 1.  A  swept 
wing  is  equivalent  to 
a  wing  in  an  oblique 
air  stream.  1)  Swept 
wing. 


However,  owing  to  the  Influence  of 
the  boundary  layer  and  especially  of  the 
center  effect  (no  sweep  In  the  central 
part  of  the  wing)  the  Increment  of 
will  be  less. 

As  shown  by  experiment  [7. 3J  the  true 
Increment  of  can  be  determined  from 
the  relation 


(7.2.3) 


A  disadvantage  of  wings  with  positive  sweep  Is  the  premature 


Pig.  7*2. 2.  Influence  of  sweep  and 
aspect  ratio  of  a  wing  on  Its  drag 
coefficient. 
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separation  of  the  flow  from  the  wing 
tips  (this  gives  rise  to  the  deterio¬ 
ration  of  controllability  at  low  ve¬ 
locities  in  aircraft  with  wings  of 
X  >  0,  1. e. ,  at  take  off  and  landing). 

A  wing  with  negative  sweep  (x  <  0)  does 
not  suffer  from  these  shortcomings. 

Purtheiinore,  as  the  sweep  in¬ 
creases  C  diminishes  and  the  of fee - 

y 

tlveness  of  the  landing  flaps  and 
slots  decreases. 


Pig.  7.  2.  3*  Curvature  of 

streamlines  of  a  swop  Wing  of  small  aspect  ratio.  A 

wing  in  a  subsonic  flow. 

l)  Trailing  edge;  2)  lead-  second  way  of  raising  11  is  to  reduce 
ing  edge. 

the  aspect  ratio  of  the  wing.  Experi¬ 
ment  shows  that  near  M  =  1  the  drag  decreases  in  the  shock  stall 
region  as  the  aspect  ratio  becomes  smaller  (Fig.  7. Alr'planes 

for  nearsonle  or  supersonic  flight 
speeds  thereforu  have  a  small  aspect 
ratio  which,  from  thi;  standpoint  of 
strcni'jth.  Is  also  cconoiifci.c"  i. 

Also  included  among  the  small  as - 


Pig.  7.2.^.  Influence  of 
aspect  ratio  of  a  wing 
on  Its  drag  In  high¬ 
speed  flows. 


pect  ratio  wings  am  delta  vdngs  which 

are  plane  triangular  wings  (A=l-:-2). 

7.3.  WING  OP  FINITE  SPAN  IN  SUPERSONIC 
PLOW  [7.5] 


In  theory,  finite  wings  In  a  subsonic  flow  constitute  a  vortex 
oheec  consisting  of  elementary  horseshoe  vortices:  an  adjacent  vortex 
and  tv.'o  free  vortices,  which  together  form  the  vortex  sheet.  In  the 


solution  of  the  linearized  problem  on  a  finite  wing  In  a  supersonic 
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flow,  the  flow  pattern  can  be  built  up  with  the  help  of  particular 
solutions  of  the  wave  equation.  Por  an  elementary  flow  bounded  by 
the  surface  of  the  Mach  cone  each  of  these  solutions  yields  the  con¬ 
centrated  lift  applied  to  the  vertex  of  the  cone.  At  a  sufficiently 
large  distance  behind  the  wing,  the  flow  near  the  axis  coincides 
with  the  flow  near  subsonic  horseshoe  vortices  (Plg,  7. 1. 3).  Thus, 
an  Induced  drag  also  exists  in  the  case  of  a  supersonic  flow.  Within 
the  framework  of  the  linear  theory  the  relationship  between  Induced 
drag  and  lift  Is  considered  to  be  one  and  the  same  In  both  cases. 


Fig.  7*  3.I.  Horseshoe  vortex  in  sub¬ 
sonic  and  supersonic  flows,  l)  Mach 
cone. 


Region  of  plane  flows.  Since  not  all  disturbances  leave  the 
bounds  of  their  Mach  cone,  a  certain  part  of  the  finite  wing,  lying 
between  the  Mach  cones,  will  be  in  a  zone  of  plane  flow. 

Figure  7.3.2  shows  these  zones  with  several  design  shapes  of 
finite  wings  shaded  In.  As  can  be  seen.  It  Is  possible  that  the  flow 
about  an  unswept  profile  Is  entirely  plane.  Calculations  are  made  on 
such  wings  by  the  methods  of  plane  flow  with  subsequently  Introduced 
corrections. 

Supersonic  and  subsonic  edges.  We  decompose  the  velocity  of  an 
undisturbed  oblique  flow  about  an  unswept  wing  (Fig.  7.3.3)  into  the 
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two  components  alone  the  leading  edge  i£’«.(-=xp« sinx  ,  and  perpendicu¬ 
lar  to  It,  cosx- 

Since  the  sonic  velocity  is  a  =  w  sin  u,  we  can  divide  the 
normal  velocity  component  of  the  flow  by  it  to  obtain 


ti  ••‘Ji  .  «®*T 

(7.3.1) 

This  will  be  the  number  of  the  corresponding  plane  flow. 

If  the  angle  the  corresponding  flow  is  supersonic  (cf . 

Pig.  7. 3.3ja),  and  if  i»4-x>90"  ,  it  is  subsonic  (cf.  Pig.  7. 3. 3,b). 
In  the  first  case  the  leading  edge  is  called  supersonic,  in  the  sec¬ 
ond  subsonic.  The  character  of  the  flow  about  the  trailing  edges  is 
determined  similarly. 

Plane  flow  for  v;  ng  .  'th  positive  sweep.  Let  us  consider  a  wing 

of  infinite  span  with  x  as  lis  angle  of  sweep  and  a  as  its  angle  of 

attack.  Let  the  leading  edge  bo  placed  in  front  of  a  Mach  lino.  The 

normal  velocity  component  will  then  be  supersonic  (Pig.  7. 3.^0* 

Let  us  decompose  the  velocity 

or  the  corresponding  number  M  into 

00 

t,;ree  components:  M^  cos  x  cos  a  in 
the  plane  of  the  wing  normal  to  the 
leading  edge,  M^  sin  a  normal  to  the 
plane  of  the  wirii;;,  and  sin  cos 
a  in  the  plane  of  the  wing  along  the 
leading  edge.  Lot  us  denote  a  flow 
in  which  the  component  along  the 
leading  edge  Is  taken  to  be  zero  as 
an  equivalent  flow.  For  such  a  flow 
(subscript  "e")  we  obtain  from  Fig. 

7.3.5 


>-i 


Fig.  7.  3- 2.  Zone  of  plane 
flow  for  various  wing  plans 
in  a  supersonic  flow, shaded. 
1)  Mach  cone;  2)  Mach  line. 
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(7. 3. 3) 


*> 

Pig.  7. 3.  3.  Supersonic  leading 
edge  (a).  Subsonic 

leading  edge,  „  <  a  (b).  1) 

Mach  line.  “ 

If  we  assume  that  the  tangential  velocity  component  does  not 
Influence  the  drag,  then  the  total  pressure  drag  component  In  the 
w^-dlrectlon  will  be  equal  to  cos  x» 

Therefore 

=C„co$z(l  -iln*xcoi*«)  (7.  3.  6) 

or 

^ C^.cosX (I- sin’ X «»*»).  (7* 3*  7) 

For  a  given  profile  with  given  M^,  Xt  ®  and  "S,  the  correspond* 
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A-t 


H«sina 


Pig-  7-3-^-  For  the  analysis  of  a  swept  wing 
of  Infinite  span. 


Ing  values  of  and  can  be  obtained  with  the  help  of  (7. 

3.2)-(7.3.4). 

The  corresponding  values  of  the  force  coefficients  C  C  are 

ye  xe 

determined  on  the  theory  of  plane  flow.  The  values  of  C  and  C  for 

y  X 

a  swept  wing  are  dete.'mlr-’  f:  3m  Formulas  (7.3.5)  and  (7.3.7). 

The  total  drag  coefflcl  .-it  can  be  found  by  summing  the  fric¬ 
tional  drag  coefficlen'.  and  the  pressure  drag  coefficient 

(7- 3- 8) 

Approximate  formulas.  For  small  angles  of  attack 

cos  a  %  1 ;  tg  a a. 

In  this  case  Eqs.  (7.3*2),  (7.3.3)  can  bo  rewritten  in  the 

form 


M«  •  «  M«  cos  X;  a  a;  — —  ;  C^C  cos’  / :  1 

cos  X  '  '  ■  ' 


(7.3.9) 


C,„««Cj,cos*7,  +  C^  / 

Thin  profile  at  small  anelo  of  attack.  The  linear  theory  ylcldr 
for  a  fine  profile  at  small  angle  of  attack  [cf.  (5.6.  ^4) -(3.  6.  5)] 


where  the  coefficient  3  depends  only  on  the  profile  shape.  Substitut¬ 
ing  this  In  (7.3.9)  we  shall  have 


r  ^  -JlP’n 
V  Wi  cos*  X  —  I 


(7.3.10) 
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<7.3. 11) 

The  first  term  of  the  right-hand  side  of  Eq.  (7.3. 11)  repre¬ 
sents  the  drag  Induced  by  the  lift.  This  drag  component  is  proper- 
tional  to  the  lift  squared. 


The  second  term  represents  the  wave  drag.  When  3  is  constant, 
the  magnitude  of  the  drag  decreases  as  the  sweep  line  Increases, 
but  when  the  leading  edge  contour  Is  close  to  the  Mach  line  (l.e. , 
M.  cosx-*-!)  ,  the  wave  drag  increases. 

Conical  flows.  These  are  flows  In  which  all  three  velocity  com¬ 
ponents  are  constant  along  the  straight  lines  originating  at  one 
point.  The  simplest  example  represents  a  flow  streaming  about  a 
circular  cone.  Generalizations  of  this  type  of  flow  represent  more 
complex  cases  of  a  conical  flow  (Plg.  7.3.5). 


Pig.  7-  3-  5-  The  shaded  areas  show  the 
conical  flow  for  various  wing  plans. 

1)  Mach  line. 

Since  the  velocity  components  of  a  conical  flo'w  are  Independent 
of  the  radius,  then,  using  the  spherical  coordinate  system  r,  0,  q). 
It  can  be  shown  that  w^ ,  w^,  w^  will  satisfy  a  Laplace  equation. 
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It  can  be  solved  using  the  technique  pertaining  to  the  theory  of 
functions  of  complex  variables.  This  constit''tes  the  effectiveness 
of  applying  the  conical  flow  method  In  solving  certain  problems  of 
flows  about  thin  bodies. 

Comparison  of  wings  of  various  deslfm  shapes.  The  graph  of 
Pig.  7.3.6  gives  a  comparison  of  lift  characteristics  for  three  dif¬ 
ferent  design  shapes  of  wings.  WithA|/'Mi-l  <2.8  the  unswept  wing 
gives  the  largest  value  of  .  If2,8<A/Mi-l  <5.a  delta 

wing  with  the  trailing  edge  perpendicular  to  the  wind  Is  best  In  or¬ 
der  to  obtain  the  largest  value  of  ,  And,  finally,  with 

Al''M*  — 1  >5  a  delta  wing  with  positive  sweep  of  the  trailing  edges 
Is  best.  Figure  7* 3- 7  givea  a  comparison  of  the  Induced  drags  for 
the  same  design  shapes  as  v.lth  In  the  foregoing  case.  The  un¬ 

swept  wing  has  the  lai-gest  drag. 


ferent  wing  plans,  l)  Linear  theory. 

Comparison  of  calculation  with  experimental  data.  A  comparison 
[7.1]  of  the  calculated  and  experimental  characteristics  of  lift  ver¬ 
sus  aspect  ratio  shows  good  agreement.  Disagreement  between  theory 
and  experiment  Is  obtained  In  the  case  where  the  Mach  line  Is  close 
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to  or  coincides  with  the  leading  edge  of  the  wing.  Let  us  note  that 
the  linear  theory  deviates  greatly  from  the  calculation,  for  the  posl> 
tlon  of  the  pressure  center. 

The  body  drag  of  a  delta  wing  with  a  wedge-llke  cross  section 
and  a  subsonic  leading  edge  can  be  considerably  reduced,  by  bringing 
the  line  of  maximum  profile  thickness  near  to  the  leading  edge.  This, 
however,  changes  the  pressure  considerably  and  the  boundary  layer 
becomes  turbulent;  this.  In  turn,  raises  the  surface  friction  drag 
and  the  total  drag  Is  thus  Increased. 
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Chapter  8 

AIR  INTAKES,  NOZZLES,  JETS 
8. 1.  THRUST  OP  JET  ENGINES 

Rocket  motors  and  air-breathing  Jet  en/ylnes.  The  thrust  of  a 
Jet  engine  (RD)  is  the  reaction  against  the  gas  flow  leaving  the  RD. 
These  gases  are  produced  by  combustion  of  the  fule.  The  process  of 
fuel  combustion  Is  accompanied  by  a  liberation  of  chemical  energy, 
which  is  imparted  to  the  gaseous  combustion  products  in  tho  form 
of  thermal  energy  (internal,  c^T)  and  pressure  energy  (p/p).  Their 
sum  gives  the  total  energy,  i.e. ,  the  enthalpy  1  =  c^T  +  pv  (heat 
content)  of  the  gas.  During  the  subsequent  expansion  of  the  combus¬ 
tion  products  in  a  special  tube  (nozzle)  these  forms  of  energy  are 
partly  converted  into  the  Jet's  kinetic  energy. 

The  oxidation  (combustion)  of  the  fuel  may  be  induced  by  an  oxi¬ 
dizer  carried  in  the  RD  itself  or  by  the  oxygen  taken  from  tho  sur¬ 
rounding  air  in  which  the  RD  is  operating. 

Jet  engines  carrying  all  the  propellant  they  need,  i.e.,  fuel 
plus  oxidizer,  are  called  rocket  motors  (RRD)  or  simply  rockets.  An 
RD  taking  its  oxygen  from  the  surrounding  air  Is  called  an  air-breath¬ 
ing  Jet  engine  (VRD). 

The  operation  of(VRD)ls  limited  by  the  presence  of  a  sufficient 
oxygen  content  in  the  atmosphere.  Therefore  the  altitude  of  flight 
of  a  vehicle  powered  by  a  VRD  Is  bounded  by  certain  llml.ts. 

Supplying  heat  to  an  open  air  stream  does  not  produce  a  Jet 
with  raised  velocity,  and  the  only  result  of  such  a  process  will  be 


to  Increase  the  ambient  air  temperature.  In  order  to  produce  a  Jet 
with  raised  velocity,  heat  must  be  supplied  at  Increased  pressure. 
Only  In  this  case  does  the  operating  cycle  executed  by  the  air  as  It 
changes  Its  state  perform  work  which  differs  from  zero  and  which  may 
be  used  to  move  the  vehicle.  For  this  purpose  the  fuel  combustion 
zone  must  be  enclosed  by  a  cowling  which  will  receive  the  thrust, 

1.  e. ,  the  result  of  the  change  In  the  static  pressure  on  Its  sur¬ 
face.  This  set-up  Is  the  simplest  type  of  Jet  engine  and  Is  called 
the  ram-Jet  engine. 

Let  us  consider  the  sequence  of  changes  In  state  of  the  mass 
carrier  In  this  engine. 

Along  the  line  1-2  the  air  Is  compressed  (in  the  given  case  by 
dynamic  head.  In  other*  types  of  VRD  by  a  compressor).  The  air  then 
enters  the  combustion  chamber  Into  which  the  fuel  Is  also  delivered. 
The  fuel  mixture  forming  Is  Ignited.  In  a  VRD  as  shown  In  Pig.  8. 1. 1, 
a,  burning  occurs  at  constant  pressure,  whereas  In  the  combustion 
chamber  of  the  engine  represented  In  Pig.  8. 1.  l,b,  the  valves  and 
Kg  are  closed  during  the  combustion  of  the  fuel  mixture  and  combus¬ 
tion  takes  place  at  constant  volume  (line  2-3).  The  combustion  pro¬ 
ducts  produced  stream  Into  the  Inlet  part  of  the  nozzle  where  they 
expand  (line  3-4)  and  convert  part  of  their  thermal  and  volume  en¬ 
ergies  Into  kinetic  energy  before  being  expelled  through  the  nozzle. 
The  remainder  of  the  energy  diffuses  with  the  combustion  products 
Into  space.  The  parameters  of  state  of  the  expelled  combustion  pro¬ 
duct  particles  reach  equilibrium  with  the  parameters  of  state  of  the 
surrounding  air  particles. 

The  reaction  -  the  recoil  -  of  the  emitted  Jet  will  constitute 
the  thrust  of  the  RD. 

Thus,  during  the  operation  of  the  RD  the  mass  carrier  (gas) 
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Pig.  8. 
at  cons 
B)  fuel 
pulsion 
area;  I 
ducts; 
N)  arec 


1.1.  Cyclic  processes  for  ram-Jet  engines  wj th  heat  supplv 
itant  pressure  (a),  and  constant  volume  (b).  A)  Compression- 
.  combustion;  C)  expansion  of  combustion  products;  D)  ex-  * 
i:  E)  fuel  supply;  F)  combustion;  O)  compi-esslon  work;  H) 

^  expansion;  J)  effective;  K)  expansion  of  corabustlun  pro- 
.  air;  M)  expulsion  of  combustion  products; 

OJ  heating;  P)  expansion;  Q)  compression;  R)  expulsion. 


does  not  perform  a  closed  cycle;  the  maos  carrier  leaves  the  engine 
after  having  done  work.  If,  however,  we  take  Into  account  that  at 
large  distances  from  the  engine,  where  they  have  mixed  with  the 
surrounding  medium,  the  combustion  products  emitted  have  virtually 
the  same  parameters  of  state  as  the  Induced  air,  and  If  we  further 
notice  that  the  ultimate  fate  of  each  Individual  portion  of  mass 
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carrier  Is  of  no  interest,  we  can  establish  the  convention  of  re¬ 
garding  the  process  as  being  closed,  assuming  that  the  parameters  of 
state  of  the  mass  carrier  are  led  back  via  line  4-1  to  their  Initial 
values.^^Under  this  assumption  each  volume  of  air  taken  from  In  front 
the  engine  Is  Identified  with  the  same  volume  of  air  far  behind 

the  engine.  Figure  8. 1. 1  shows  such  conventionally  cyclic  ram-Jet 
engine  processes. 

since  the  volume  of  the  whole  rocket  fuel  Is  negligibly  stall 
as  compared  -.If.  the  volume  of  the  combustion  products,  the  differ- 
ence  between  the  cycle  of  an  RUD  and  the  cycle  of  a  VRC  MU  consist 

In  that  the  ''no  1-2  wm  be  virtually  straight,  almost  coinciding 
With  the  ordinate  axis  (Pig.  8.1.2). 

^lld  fuel  rocket  motor  fRRDTT).  The  RRIOT  Is  most  applied  and 
has  Its  widest  use  in  rocket  missiles  {Rf5).  Powder  is  used  here  as 

the  propellant  which  in  general  contains  both  the  fuel  and  the  oxi¬ 
dizer  In  solid  form  (Pig.  8.1. 3), 

Such  a  state  of  aggregation  of  the  fuel  determines  the  extra- 

ordinary  simplicity  of  the  oonstruotlon  of  the  engine  which  consists 

Of  a  combustion  chamber  containing  the  powder  charge,  and  the  exhaust 
nozzle. 

Id.iuld  fuel  rocket  motors  (ZhRD)  carry  the  fuel  (plus  oxidizer) 
in  liquid  form  with  them. 

A  great  advantage  exhibited  by  tnc  ZhRD  as  compared  with  the 
RRDTT  Is  the  possibility  of  controlling  them,  and.  In  particular. 

Its  cut  off  and  repeated  launching.  The  fundamental  disadvantage  of 
the  ZhRD  is  the  low  efficiency:  the  fuel  required  to  obtain  a  thrust 
of  1  kg  is  20-50  times  greater  than  In  a  reciprocating  engine.  The 
ZhRD  Is  therefore  only  economical  as  a  short  duration  motor,  since 
only  in  this  case  does  the  gain  In  weight  of  the  ZhRD  as  compared 
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with  the  weight  of  a  piston  engine  (a  factor  of  20-30)  compensate 
the  large  weight  of  the  fuel. 

Jet  engines  (VRP).  Since  the  weight 
of  the  oxidant  Is  3  to  5  times  as  large 
of  the  weight  of  the  propellant,  the  ap¬ 
plication  of  Jet  engines  carrying  only 
the  propellant  Is  of  great  Interest  to 
aviation.  The  complete  combustion  of  a 
large  amount  of  fuel  within  a  short  time 
interval  requires,  however,  sufficiently 
large  amounts  of  air  and  a  sufficiently 
high  pressure  In  the  combustion  chamber. 
’Cl  engines  can  be  subdivided  Into  two 
large  groups:  those  with  and  those  with¬ 
out  compressors. 

In  the  VRD  with  no  compressor  the 
pressure  is  raised  solely  by  virtue  of  the  dynamic  head,  whei-eas  in 
the  VRD  with  a  compressor  the  prcsruro  Is  mainly  produced  by  a  spe¬ 
cially  mounted  compressor. 

with  no  compressor.  The  VRD  with  no  compi’ossor,  or  ram-Jet 
engine,  as  was  Indicated  above,  is  an  open  tube  of  variable  cross 
section  oriented  In  the  direction  of  motion.  The  dynamic  head  Is 
used  to  achieve  precompression  of  the  air  In  the  engine,  which  Is 
produced  by  the  forward  motion  of  the  engine.  It  therefore  follows 
first  of  all  that  this  engine  must  be  started  by  being  brought  Into 
motion  by  some  other  means,  for  example,  by  a  take-off  ZhRD  or  by 
towing.  The  thermal  efficiency  of  a  Jet  engine  increases  with  pres¬ 
sure  and,  since  the  dynamic  head  Increases  with  the  square  of  the 
velocity,  the  efficiency  of  an  engine  with  no  compressor  Is  very 
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Pig.  8.1.2.  Cyclic  pro¬ 
cess  of  liquid  fuel 
rocket  motor  (ZhRD).  A) 
Fuel;  B)  oxidizer;  C) 
nozzle;  D)  combustion; 
E)  expansion  of  combus¬ 
tion  products;  f)  com¬ 
pression  of  fuel;  G) 
expulsion  of  combustion 
products. 


low  at  low  velocities 


If  heat  supply  (fuel  combus¬ 
tion)  occurs  at  constant  pressure 
(p  =  const)  the  engine  operates 
continuously  and  is  called  a  ram¬ 
jet  engine  (VRD). 

If  the  heat  supply  occurs  at 
constant  volume  (v  =  const)  the 
combustion  chamber  volume  must  be  periodically  constant  at  the  times 
of  completion  of  the  cycle.  The  operation  of  the  engine  has  a  peri¬ 
odic  character  and  the  engine  is  therefore  called  a  pulsed  ram- jet 
engine  (PuyPlD). 

Figure  8.1.4  shows  a  schematic  diagram  of  a  continuously  oper¬ 
ating  ram-Jet  engine.  In  subsonic  flight  the  velocity  In  the  dif¬ 
fuser  drops  along  the  section  1-2  and  the  pressure  Increases  from 
the  value  p^^  to  the  value  pg.  The  section  2-3  represents  the  combus¬ 
tion  chamber,  and  the  section  3-4  the  exhaust  nozzle  In  which  the 
pressure  drops  to  Its  Initial  value  £,  which  Is  equal  to  the  pres¬ 
sure  of  the  surrounding  air.  If  the  speed  of  flight  exceeds  the 
speed  of  sound,  then,  as  Is  well  known,  a  continuous  transition  from 
supersonic  to  subsonic  speed  Is  Impossible,  This  transition  Is  al¬ 
ways  accompanied  by  the  occurrance  to  subsonic  speeds  with  smaller 
losses  special  measures,  which  will  be  discussed  later,  can  be  ap¬ 
plied;  they  make  It  possible  to  have  a  single  shock  or  a  system  of 
diagonal  compression  shocks  at  the  inlet  of  the  engine.  After  this, 
the  changes  In  velocity  and  pressure  throughout  the  whole  length  of 
the  VRD  will  have  the  seime  character  for  both  subsonic  and  supersonic 
flight.  The  velocity  and  pressure  characteristics  are  given  In  Pig. 
8.1.4,  which  shows  also  the  TS  graphs  of  the  engine's  operation  for 


Fig.  8.1.3.  Schematic  diagram 
of  rocket  missile  with  powder 
propellant  motor.  1)  Igniter; 
2)  powder:  3)  stabilizer;  4) 
nozzle;  5)  warhead;  6)  end 
plate;  7)  control  Instruments. 


these  two  flight  regimes. 

The  specific  weight  of  the  rsim-Jet  engine  Is  by  about  10  times 
as  small  as  the  weight  of  the  usual  propellant  plant.  It  can,  how¬ 
ever,  be  used  only  at  very  high  speeds .  when  the  efficiency  Is  suf¬ 
ficiently  high;  this  can  be  seen  from  the  followl ig  table: 


1  CtOpOtTk  nO.ICTJ  W  Jl'iCtK 

200 

400 

1 

coo 

800 

1000 

2  nojHufl'K.  n.  a.  ^  4t 

3 

1 

t 

10 

30 

50 

60 

1)  Speed  of  flight,  w,  m/sec;  2)  total 
efficiency,  Tj, 

Jet  englne_wlth  a  compressor.  Jet  engines  In  which  air  Is  com¬ 
pressed  with  the  help  of  a  specially  mounted  compressor  constitute 


Pig.  8.1.4.  Continuously  operating  ram- 
let  engine  In  flight  at  subsonic  speed 
(a)  and  supersonic  speed  (b).  l)  Speed; 

2)  pressure;  3)  compression  shock. 

the  large  group  of  the  VRD  with  compressors  which  are  at  present  the 
most  widely  used  power  plants  in  aviation. 

If  the  compressor  Is  driven  by  a  piston  engine,  the  Jet  engine 
Is  called  motor  compressor  Jet  engine  (MKVRD).  The  widest  range  of 
application,  however,  was  reached  by  engines  whose  compressors  are 
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driven  by  a  special  gas  turbine.  These  Jet  engines  are  called  turbo¬ 
compressor  Jet  engines  (TKVRD). 

jjie  turbo-compi'essor  VHP  (TKVRD).  The  prospects  for  Jet  engines 
had  been  brightening  in  connection  with  the  successful  construction 
of  a  sufficiently  reliably  operating  gas  turbine,  and  with  the  in¬ 
dustrial  solution  of  the  problem  of  producing  it.  The  fact  that  both 
compressors  an  turbines  belong  to  a  common  class  of  machine  types, 
the  absence  of  reciprocal  motion,  and  of  a  complex  valve -controlled 
distributing  mechanism,  the  full  balance  with  excellent  weight  rela¬ 
tions  renders  the  combination  "gas  turbine  -  compi'esaor"  especially 
successful. 


Fig.  8.  1.  5.  Section  through  TKVRD  with  an 
axial-flow  compressor  and  curve  of  para¬ 
meter  variation  along  the  engine.  1)  p, 

kg/cm^,  w,  m/sec. 

Figure  8.1.5  gives  a  section  through  a  turbo-compressor  Jet 
engine  (TKVRD)  with  an  axial-flow  compressor,  and  Fig.  8.1.6  shows 
a  centrifugal  flow. 

From  the  point  of  view  of  v?conomy,  turbo -compressor  Jet  engines 
are  Ineffective  at  low  speeds  of  flight  and  become  comparable  with 
the  propeller  plants  driven  by  piston  engines  at  flying  speeds  of 
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700-900  km/kr.  It  must  be  pointed  out,  however,  that  the  TKVRD  have 
a  much  smaller  welcht  per  unit  of  thrust  than  piston  engines  do. 


Pig.  8.1.6.  Section  through  a  centrifugal- 
flow  TKVRD. 


Serious  difficulties  in  the  development  of  the  TKVRD  are  occa¬ 
sioned  by  the  hard  operational  conditions  of  the  gas  turbine  blades, 
which  limit  the  lifetime  of  the  TKVRD.  The  large  centrifugal  forces 
which  arise  as  they  rotate  and  the  high  temperatures  of  the  combus¬ 
tion  products  give  rise  to  considerable  plastic  deformation,  or  creep. 
In  the  blades. 


Pig.  8. 1.  7.  Schematic  diagram  of  pressure 
distribution  over  the  outer  surface  of  the 
cowling  of  a  Jet  engine. 

Since  reducing  the  engine's  revolutions  raises  the  bulk  and 
lowering  the  temperature  reduces  the  efficiency,  the  werk  on  turbo- 
compressors  Is  mainly  aimed  at  developing  methods  of  cooling  the 
machine  units  and  producing  particularly  strong  and  heat-resistant 
steels. 
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(flying  velocity)  an<i  .  Lgi:  ”  •  . to  the  projection  >f 

the  normal  on  the  .-:U:  fifn;  -.-in,.  pi.^.  8.1.7).  Then, 

assuming  the  flow  /  ^  >  r.,  „’■  ■  •.-vei-  the  cross  section 

of  the  Jet  in  the  ;--,n‘'t by  the  force  of  friction 

on  the  outer  surfac  ■  .  Ii..,-.  f,  we  can  write 

v-'Uo 


\  .  . 


vf  I  f-W'-;  -  •  . 


\  p^oiin,  a)</A=« 

M 

.  )f  :  f  +  (8.1.1) 
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The  resultant  of  all  forces  (effective  thrust)  remains  one  and 
the  same,  no  matter  where  the  control  sections  are  chosen.  The  first 
control  section  Is  conveniently  taken  In  the  free  flow  where  It  Is 
very  simple  to  determine  the  flow  parameters. 

In  order  to  choose  the  second  control  section,  we  make  use  of 
the  empirical  fact  that  the  nonuniformity  of  the  pressure  distribu¬ 
tion  Is  smoothed  considerably  sooner  than  the  nonuniformity  In  the 
velocity  distribution. 

As  experiments  show,  the  pressure  distribution  Is  already  uni¬ 
form  at  a  distance  equal  to  the  diameter  of  the  outlet  nozzle,  and 
it  is  equal  there  to  the  pressure  of  the  surrounding  medium,  whereas 
the  velocity  at  this  distance  differs  considerably  from  the  flying 
speed.  The  second  section  i.  therefore  sometimes  taken  far  down¬ 
stream  from  the  exit.  As  was  said  before,  the  thrust  remains  un¬ 
changed  and  Independent  of  the  choice  of  the  control  sections,  but 
the  magnitudes  of  the  Internal  and  external  forces  change  by  the 
magnitude  of  the  axial  pressure  component  with  respect  to  the  stream 
tube  of  the  Jet  outside  the  engine.  If,  for  example,  the  control 
sections  are  taken  In  the  free  flow  and  at  the  nozzle  edge  of  the 
engine.  Noticing  that  the  change  of  the  total  impulse  of  the  part 

of  the  Jet  entering  the  engine  between  the  cross  sections  A  and  A 

00  n 

Is  equal  to  zero,  l.e. , 

I(p  +  pir*)  A),  +  J  + 

(s  and  n  denote  the  surfaces  of  the  Jet  section),  we  may  write 

{I(j» + P-’’)  A],-  Up + ptc->)  Aj.)  - 

pdA-k-  I  pdA-\-R,Y  (8.1.2) 

Conventional  thrust  and  additional  drag.  In  practical  work  use 
Is  generally  made  of  the  excess  pressure  with  respect  to  the  pressure 
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of  the  undisturbed  flow,  p^.  Owing  to  the  fact  that  the  integral 
over  the  surface  of  a  closed  volume  must  be  zero  we  can  write 

+  J  p-  +  J  /»• 

Amt 

Equation  (8.1.2)  can  therefore  be  rewritten  in  the  form 

w.tp,—  J  {.p—pJ^dA— 

}MoaH««  (06U11UC)  tara  _  (8»  1*  3) 

it>Doa«NTeaaHQe  cotpofM* 

mmm 

-  J  iP-pJidA-k-R^. 

Aij _ 

(vtMaiCft)  COI^tMUtMi 

The  expression  In  the  first  brace,  the  conventional  thrust, 
coincides  with  the  usual  definition  of  the  thrust,  and  therefore  the 
conventional  thrust  is  often  simply  called  the  thrust.  The  drag,  how¬ 
ever,  determined  in  the  usual  way,  must  then  be  increased  by  the  a- 
raount  of  the  additional  drag,  i.e, ,  the  resultant  of  the  pressure 
forces  acting  on  the  free  part  of  the  Jet  entering  the  engine.  As 
will  be  shown,  in  a  subsonic  flow  the  additional  drag  is  compensated 
by  the  thrust  (suction)  of  the  forward  part  of  the  cowling. 

Since  (p  -  p^)  represents  an  excess  pressure,  the  expression 
[{p—Pm)+pa^  may  be  called  the  excess  impulse. 

Referring  all  forces  to  the  product  of  the  dynamic  head  of  the 
undisturbed  flow  and  the  mid-sectional  area  of  the  engine,  we  ob¬ 
tain  the  following  coefficients: 

The  mass  flow  coefficient  9.  This  is  one  of  the  fundamental 
parameters  characterizing  the  operation  of  the  air  Intake  (of  the 
engine);  it  is  the  ratio  of  the  true  air-mass  flow  0  passing  through 
the  cowling  per  unit  time  to  the  mass  flow  at  which  the  flow  para¬ 
meters  in  the  inlet  cross  section  are  equal  to  the  parameters  of  the 
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undisturbed  (free)  flow: 


y, —  ^ 

0-  "  A. 


(8.1.4) 


If  the  fluid  Is  Incompressible,  then  m  =  w  /w  .  The  mass  flow 
coefficient  Is  thus  equal  to  the  ratio  of  the  cross  sectional  area 
the  air  Jet  passing  through  the  cowling  where  the  flow  Is  un¬ 
disturbed,  to  the  area  of  the  Inlet  cross  section,  A^,  of  the  lar 
IntaJce. 

Thrust  and  drag  distributions  over  the  cowling  elements.  The 
theoretical  shape  of  the  Jet  for  various  operational  conditions  of 
the  air  Intake  (in  a  subsonic  flow)  is  shown  In  Pig.  8.1.9.  The  flow 
about  the  elementary  sector  of  the  air  Intake  In  the  Inlet  zone  Is 


analogous  to  the  circulatory  flew  about  a  profile,  and,  depending 
on  the  operational  conditions  (mass  flow  coefficient  cp) ,  the  vector 
■ff  of  aerodynamic  force  per  unit  length  of  the  contour  of  the  inlet 
section  may  change.  Finally,  of  great  significance  to  the  motion  of 
the  aircraft  Is  the  axial  component  (thrust),  since  the  radial  com¬ 
ponent  will  be  taken  up  by  the  construction  of  the  air  Intake. 

Figure  8.1.10  shows  the  dlsti-ibutlon  curves  of  the  pressure 
coefficient  Cp  for  the  upper  contour  of  the  air  Intake,  with  various 
values  of  the  mass  flow  coefficient  m  =  w  /w  ,  from  which  it  can  be 
seen  that  for  all  flow  conditions  the  resulting  pressure  distributed 
over  the  outer  surface  of  the  air  intake  is  directed  forward  in  the 
Inlet  zone. 


Let  us  agree  for  the  following  to  take  the  minimum  cross  section 
of  the  Inner  channel  as  the  Interface  separating  the  outer  and  In¬ 
ner  surfaces  and  to  denote  It  as  the  entry  cross  section. 

Experiments  (Fig.  8.1.11)  show  (at  M  =  O)  that  for  sufficiently 
long  cowlings  the  pressure  distribution  on  the  outer  surface  In  the 
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Inlet  zone  Is  determined  only  by  the  operational  conditions  of  the 
cowling  (air  Intake)  and  by  the  mass  flow  coefficient  q),  and  is  in¬ 
dependent  of  both  the  flow  conditions  in  the  rear  zone  and  the  flow 
conditions  in  the  inner  channel.  It  thus  remains  Indifferent  whether 
there  Is  a  central  body  (or  a  lattice)  in  the  inner  channel  or  not 
(FIS*  8.1.12).  It  is  therefore  possible  to  consider  the  external 


Pig.  8.1.9.  Schematic  diagram  of  flow  about  an  air  Intake  for  vari¬ 
ous  flying  conditions;  the  velocity  grows  in  these  dieigrams  from 
zero  at  the  start  (a)  to  the  calculated  value  (b).  1)  Starting. 


flow  about  the  inlet  part  (air  intake) ^  rear  part,  and  inner  channel 
separately  and  independently  of  each  other.  These  conditions  make  it 
convenient  to  decompose  the  change  in  excess  Impulse  into  three  parts 
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Pig.  8-1.10.  Pressure  dis¬ 
tribution  on  the  upper 
contour  of  the  air  Intake 
for  various  flying  condi¬ 
tions. 


by  adding  and  subtracting  at  the 
right-hand  side  of  Eq.  (8.1.2)  the 
expression 

((a —Pm )  +  P,k;1  \  +  \{p,—p,)-¥ P.tr’  )  A^. 

Regrouping  the  terms  gives 


“  +  jl(  P,  -/>,)  T  M.  - 1  (/>,-/»,)  + 

+ ( p  -f. )  + j[(  />.-;>.) + P.tpJi  4,  - 


k 


-Kp.- 


’.-P.)  +  P.«J  1^.“^  (P-P,)d/^.  (8.1.5) 


Each^alr  of  braces  contains  the  change  of  excess  Impulses 


Fig.  8.1.11.  Pressure  distribu¬ 
tion  over  the  outer  surface  of 
the  Jet  engine  housing  In  de¬ 
pendence  on  the  ratio  v;  /w  (at 

n  00 

low  flying  speeds  M  =  O).  1) 
cylindrical  part. 


Hp— characterizing  the  conventional  thnust  for  the  sections 
oo-n,  n-k  and  k-1  of  the  Jet  passing  through  the  engine;  the  Integrals 
represent  the  drag  due  to  the  pressure  distributed  over  the  lateral 
stream  tube  surface  of  the  Jet  sections  mentioned  above. 

Thrust  of  the  air  Intake.  The  integral  In  the  first  braces  of 
(8- 1-5),  [  (P— represents  the  projection  on  the  engine  axis 

of  the  resultant  of  the  pressure  forces  distributed  over  the  lateral 
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surface  of  the  Jet  entering  the  engine,  from  the  free  flow  section 
to  the  cowling  inlet.  As  we  have  mentioned  above,  this  force  Is 
called  the  additional  drag  and  Is  equal  to  the  change  of  excess  Im¬ 
pulse  for  this  part  of  the  Jet,  l.e. ,  the  expression  In  the  first 
braces  vanishes.  In  fact, 

p.tt ;  I  -  f  (;».-/».)+ p.ir»  M.  - 

-  J  ^P—Pm)<t^^\{p+t>s>^)A\,-\{pJryuf>)A\,~ 

'~PmA,-\-p^A,Jf  {  p,dA-  {  pdA=J,-J^^  {  pdA, 

**•  4 


since 


and  therefore 


1.  e. , 


/».^.+  J  P^dA-p^A,^^p,dA^{i 

* 

(pA)M’r(pA)^+  j  pdA-f-(f,alA,-p^te^A^)m.O, 
(pA),-(pA)^  +  J  pdA^pv^A^  (w.-tP,). 
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(8. 1.6) 


This  force  Is  the  result  of  the  Influence  of  t.ie  forward  part 
of  the  cowling  —  the  air  Intake  —  on  the  flow.  Let  us  In  fact  con¬ 
sider  the  cowling  as  an  air  Intake  which  goes  over  smoothly  to  a 
cylindrical  surface  that  extends  to  Infinity  (Fig.  8.1. 13).  In  order 
to  avoid  Integrating  along  an  unknown  streamline,  we  choose  the  con¬ 
trol  sections;  AK  far  In  front  of  the  Inlet  where  the  flow  Is  uni¬ 
form  and  undisturbed,  and  ECEPH  far  bcMnd  the  Inlet  In  the  region 
of  the  cylindrical  part  where  the  flow  parameters  may  be  assumed  to 
be  steady  (cf.  Pig.  8.1.11);  l.e. ,  Inside  the  channel  they  are  as¬ 
sumed  to  be  equal  to  those  at  the  Inlet  and  outside  the  cowling  they 
are  assumed  to  be  equal  to  the  parameters  of  the  undisturbed  flow. 

If  we  denote  by  FV  thr  for;c  acting  on  an  Isolated  volume  In 
the  direction  of  the  flow,  wc  can  write 

+  (P- 

or,  noticing  that  ^0’ 

where  Aq  Is  the  projection  of  the  area  of  the  air  Intake  on  the  plane 
normal  to  the  flow  (cf.  Fig.  8.1.13), 

-  “!)• 

TaJ<lng  the  flying  direction  as  positive  lor  the  force,  we  obtain 
for  the  conventional  thi-usL  of  the  air  Intake  ^.v  =  “  f 

4 

f''N  =  -^iP-p^)d\  p»«A(^’.-kv)  +  (a.-a.)^.  (8.1.7) 

At  low  flying  speeds,  when  the  compressibility  of  the  flow  can 
be  neglected,  p,=p,=  p.  and  when  we  take  Into  account  that  according 

to  Bernoulli's  equation  —  p  we  obtain 

2  2 

Thus,  regardless  of  the  outer  contour  of  the  air  Intake  It  Is 
acted  on  by  an  axial  force  which  depends  only  on  Its  operational 
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Pig.  8.1.13.  Air  Intake  In  the  fonn  of  a  semi -infinite  cowling  and 
al?  iSJake?  determination  of  the  forces  acting  i!!^th2^ 


conditions,  and  which  is  determined  by  the  mass  flow  coefficient  9. 

Tills  statement  Is  verified  by  experiment  (Plg,  8.1.14).  If  9  -  1, 
l.e. ,  If  the  flow  rate  Is  unchanged,  then  Pj^  =  0.  The  othex’  limiting 
case  9=0,  occurs  when  the  Inner  channel  Is  closed,  and  then  ^ 

-y  Au.>  This  force  Is  exactly  equal  to  the  pressure  the  flow  exerts 
on  the  plate  closing  the  channel. 

The  thrust  of  the  air  Intake.  The  thrust  of  the  air  Intake  Is 
determined  only  by  the  momentum  change  In  the  free  flow,  l.e.,  be¬ 
tween  the  cross  section  In  the  undisturbed  flow  and  the  Inlet  of  the 
air  intake,  and,  consequently,  only  by  the  mass  flow  coefficient  9. 

The  type  of  the  air  Intake  can,  therefore,  have  no  Influence  on  this 
momentum  change  and  In  this  respect  the  air  Intakes  shown  In  Pig. 

8.1.15  are  equivalent.  The  pressure  distributions  over  these  air  In¬ 
takes  will,  however,  be  different  and  for  the  same  total  amount  of 
thrust  the  thrust  components  will  be  different.  This  leads  to  the 
widely  held  but  erroneous  opinion  that  embedded  air  Intakes,  1.  e. , 
such  which  lie  In  one  plane  with  the  surrounding  surface  are  advan-  ^ 
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tageous  [8.1]. 


Pig.  8.1.14,  The  thxTist  of 
the  air  intake  Is  deter¬ 
mined  by  the  velocity  ratio 
alone.  1)  Inner  and  outer 
surfaces;  2)  measured;  3) 
calculated;  4)  total  force; 
5)  central  body. 


Drag  of  the  rear  part.  The  In¬ 
tegral  In  the  third  braces  of  (8.1.5) 
Is  equal  to  the  resultant  force  of  the 
pressure  distributed  over  the  lateral 
surface  of  the  Jet  leaving  the  engine. 
As  In  the  consideration  of  the  entry 
part  of  the  air  Intake  it  can  be 
shown  that  the  expression  in  the 
third  braces  is  equal  to  zero  and 
that  this  force  Is  the  result  of  the 
influence  of  the  rear  part  of  the  air 
intake  of  the  flow.  Its  direction 
coincides  with  the  direction  of  the 
outflowing  reactive  Jet,  1.  e.  ,  it  Is 
directed  against  the  flying  direction 


and  therefore  appears  as  a  drag.  This 
can  be  shown  when  we  consider  the  rear  zone  with  its  cylindrical 


part  extending  to  infinity  on  the  upstrem  side  (as  if  the  air  Intake 


were  placed  in  a  reverse  flow). 


Usually  =  p^  and  the  drag  of  the  rear  part  is 


-  l(f. -/’.)+  (8.1.9) 

The  thrust  of  the  engine.  The  second  braces  of  (8.1. 5)  repre¬ 
sents  the  thrust  of  the  engine  exactly.  As  we  know  already, the  in¬ 
tegral  in  it  is  called  the  conventional  drag.  In  the  subsonic  flow 
of  an  invlscld  gas  the  drag  of  an  arbitrary  infinite  body,  which 
can  be  taken  as  the  resultant  of  the  pressure  distributed  over  its 
entire  surface,  is  zero.  In  a  subsonic  flow  the  sum  of  the  three  in¬ 
tegrals  entering  the  braces  of  (8.1. 5)  is  therefore  equal  to  ::cro  and 
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the  force  acting  on  the  envelope  will  be  composed  of  the  thrust  of 
the  entry  part  and  the  drag  of  the  rear  part  of  the  air  Intake. 


The  conditions  met  In  a  supersonic  flow,  where  the  flow  Is  ac¬ 
companied  by  the  formation  of  the  compression  shocks  and  Irreversible 
energy  dissipation,  will  be  different.  The  cowling  drag  will  be  finite 


Pig.  8. 1. 16.  The  coefficient  of 
additional  drag  for  three  types 
of  compression  shocks  at  the  In- 
let.  1)  Mixed  shock;  2)  diagonal 
shock;  3)  normal  shock. 


and  the  additional  drag  will  exceed  the  thrust  of  the  air  Intake. 
Figure  8. 1. 16  gives  the  curves  of  variation  of  the  additional  drag 
coefficient  calculated  for  three  types  of  compression  shock  systems 
at  the  inlet,  as  a  function  of  the  mass  flow  q,;  the  necessity  of 
designing  the  supersonic  flow  inlet  properly  is  obvious. 

As  we  have  already  mentioned,  the  device  used  to  produce  the 
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drag  In  a  Jet  engine  consists  of  an  annular  cowlln/-, .whose  forward 
partj  the  air  Intake,  serves  to  separate  a  certain  amount  of  air. 
Besides  this,  the  cowling  serves  to  improve  the  external  aerodyna¬ 
mics  of  the  power  plant,  1. e.  ,  to  reduce  Its  drag. 

The  engine  Is  sometimes  arranged  fairly  far  from  the  air  Intake 
and  In  this  case  the  air  from  the  air  Intake  reaches  the  engine 
through  a  channel.  The  position  of  the  air  Intake  on  the  aircraft 
depends  on  the  position  of  the  engine;  we  distinguish  between  head 
Intakes,  arranged  directly  at  the  nose  of  the  fuselage  with  the  Inlet 
parts  consisting  of  sufficiently  long  cowlings  (engine  housing),  off- 
axis  Intakes  (on  the  side  of  the  fuselage),  wing  Intakes  (in  the 
wings  of  the  aircraft),  wing  root  intakes,  positioned  at  the  Joint 
of  the  wing  with  the  fuselag  ,  etc.  The  air  Intakes  (especially  those 
for  supersonic  flight)  are  sometimes  called  diffusers.  The  air  stream 
entering  the  engine  must  be  highly  uniform  since  even  the  slightest 
nonuniformities  In  the  flow  may  disturb  the  regular  operation  of  the 
engine.  The  uniformity  of  the  flow  Is  determined  to  a  considerably 
degree  by  the  construction  of  the  air  inta 

It  Is  also  very  Important  for  a  Jet  ei.  ,  that  the  nozzle 
through  which  the  thrust -producing  Jet  of  combustion  products  Is 
emitted  should  be  accurately  designed. 

8.2.  AIR  INTAKES 


Air  Intake  parameters.  The  energy  losses  In  the  Inlet  Gy.stem 
lead  to  a  drop  In  total  pressure.  The  ratio  between  the  total  pres¬ 
sure  at  the  end  of  the  Inlet  system,  and  the  total  pressure  of 

th;  undisturbed  flow,  characterizes  the  quality  of  the  Inlet 

system  and  Is  called  the  pressure  recovery  coefficient 

- £5! _ 
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(8.2. 1) 


The  quality  of  the  air  Intake  Is  also  characterized  by  the  ratio 
between  the  total  pressure  losses  and  the  dynamic  head  In  the  exit 
cross  section  of  the  air  Intake  channel.  This  ratio  Is  called  the 
loss  coefficient 


A»r>  _ 


(8. 2.2) 


Sometimes  the  total  pressure  losses  are  referred  to  the  dynamic 
head  of  the  undisturbed  flow;  In  this  case  the  loss  coefficient  la 

5  -p»)  ^  ^ ^  .  (8.2.3) 

It  Is  easy  to  show  that 

(8.2.4) 

The  geometrical  characteristic  of  the  Inner  channel  Is  the  re¬ 
lative  Inlet,  1.  e. ,  the  ratio  of  Inlet  cross  section  to  exit 
cross  section  Aj^: 

/— (8.2.5) 

As  we  have  already  mentioned,  the  operational  conditions  are 

characterized  by  the  mass  flow  coefficient  ip  (8.1.3)* 

Optimum  subsonic  air  Intedce.  The  pressure 

coefflclentC^»-^-^y^'‘-«l  — -;^at  M  =  O)  depends 

at  each  point  only  of  the  ratio  of  the  local 

velocity  w  to  the  velocity  of  the  undisturbed 

flow,  w  .  To  produce  a  thrust  in  the  air  In- 
00 

take  the  coefficient  Cp  must  be  negative,  l.e. , 
the  local  velocity  must  exceed  the  velocity 
of  the  undisturbed  flow. 

Since  the  nonuniformity  In  the  pressure 
distribution  Is  connected  with  a  premature 
separation  of  the  flow,  and  at  large  velocities 
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Pig.  8. 2. 1.  Pres  - 
sure  distribution 
over  the  outer 
surface  of  the 
air  intake,  for 
optimum  shape  (a) 
and  In  the  ge¬ 
neral  case  (b). 


with  the  onset  of  shock  stall,  then,  as  wo  have  shown  In  Part  3.3, 
the  optimum  contour  will  bo  the  one  for  which  the  velocity  is  the 
same  at  all  of  its  points  and  the  highest  velocity  reached  at  rated 
flight  conditions,  i.e.  ,  w/w^  =  In  this  case  the  static 

pressure  will  be  constant  along  the  outer  contour  (Fig.  8. l). 

In  the  case  of  optimum  shape  of  the  outer  part  the  integral  in 

(8.1.7)  will  therefore  be  equal  to  (Ag-A^)  and  the  thrust  will 

3 

be 

whence  we  obtain  for  the  general  case 


I 


V.. 


(8.2.7) 


The  equality  sign  in  (8.2.6)  determines  the  optimum  midsection 
of  the  air  intake  of  every  inlet  for  a  given  maximum  velocity  w 

max 

of  the  external  flow  for  rated  conditions,  w^.  The  sign  >  refers  to 
a  cowling  with  variable  pressure  distribution  on  the  outer  surface. 

compressibility  In  a  subsonic  flow.  For  a  compros  — 
slble  gas  we  obtain  from 


J!l 

/. 


(8.  2.8) 


and,  owing  to  (8.1.7)  the  thrust  of  the  outer  part  of  the  ali-  Intake 
will  be 
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(8.2.9) 


At  the  surf r -e  +  1=1  ,  and  the  formula  for 

the  optimum  midsectlon  of  the  air  Intake  (8,2.7)  Is  transformed  to 


g/'A-  1 

c. 


The  thrust  coefficient  Cp  In  Eq.  (8.2.10)  is  determined  with 

N 

allowance  for  the  oorapressiblllty  accordlr.g  to  Formula  (8.2.9). 

The  calculations  made  with  Eqs.  (8. 2. 9) -(8.  2. 10)  show  (Plg. 
8.2.2)  that  the  compressibility  in  a  subsonic  flow  exerts  no  essen¬ 
tial  Influence  either  on  the  thrust  or  on  the  areal  ratio 
and  that  the  optimum  midsection  of  the  air  Intedce  can  therefore  be 
preliminary  calculated  with  the  help  of  Expression  (8.2.7). 

In  the  case  of  a  flight  with  a  different  the  optimum  shape 
of  the  outer  part  of  the  air  Intake  will  also  be  different.  If  the 
optimum  shape  of  the  outer  part  of  the  air  Intake  Is  determined  (ex¬ 
perimentally  or  theoretically)  for  an  Incompressible  flow  and  If 


C  Is  given,  then  the  optimum  shape  for  a  compressible  flow  can 

Pm-0 

be  obtained  from  Its  previously  determined  longitudinal  dimensions 
by  multiplying  them  by  lyi— (8. 1], 

In  this  case  and  for  round  air  Intakes  the  ratio 


(8. 2.11) 
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obtained  in  the  linearized  theory  is  In  good  agreement  with  experi¬ 
ment. 

The  outer  contour  of  the  air  Intake.  On  calculating  the  all  In¬ 
take  contour  by  the  method  of  connected  singularities  (cf.  p.  200) 
we  consider  the  flow  of  an  Incompressible  parallel  stream  from  an¬ 
nular  sources,  sinks  and  vortices,  arranged  on  a  cylindrical  sur¬ 
face. 

If  for  a  given  singularity  distribution  the  stream  function  Y 
can  be  calculated  on  the  site  x,  r  (x,  r,  i5  being  the  cylindrical 
coordinates),  then  the  shape  of  the  air  intake  can  be  determined 
since  it  Is  always  possible  to  find  the  stream-lines  Y  =  const.  Such 
a  method  cf  calculati'n  Is  however  laborious.  It  Is  complicated  enough 
to  solve  the  Inverse  problem,  i.c. ,  to  determine  the  distribution 
of  the  annular  sources,  sinks  and  vortices  for  a  given  air  Intake 
and  a  given  velocity  distribution  on  Its  contour*  It  can  be  reduced 
to  solving  a  certain  integral  equation  [8.1], 

The  calculation  of  the  optimum  shape  of  a  plane  air  Intake  under 
the  condition  of  constant  pressure  along  Its  outer  surface  by  the 
method  of  conformal  mapping  has  been  discussed  before  (cf.  Part  3.3). 

It  has  been  proven  by  an  experimental  selection  of  the  best 
shapes  of  air  Intakes  that  air  intake  shapes  with  almost  constant 
pressure  distribution  are  similar.  This  empirical  conclusion  makes 
It  possible  to  obtain  simple  geometrical  relations  for  different 
shapes  of  air  Intakes.  Particularly  good  results  were  obtained  with 
air  intakes  whose  contours  are  ellipses  Joined  at  the  leading  edge 

(Fig.  8.2.3). 

In  this  case  the  outer  profile  Is  determined  by  the  formula 
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■ 

■ 

■ 

■ 

■ 

■ 

■, 

and  the  inner  profile  by 

i  -  (8-  8- «) 

In  order  to  calculate  with  the  help 
of  these  formulas  it  is  convenient  to  in¬ 
troduce  the  ratio  A^/A^  and  the  coeffi¬ 
cients  Kj,  Kg,  K^, 

0,1  A*  46  ^  4' 

Pig.  8.2.2.  Change  of  Different  radii  of  curvature  of  the 

midsectlonal  area  in  .  , 

dependence  on  the  dl-  intake  nose  (thickness  of  leading 

mensionless  mass  flow  ,  . 

q)  for  various  M  in  edge;.  Correspond  to  different  values  of 

«D 

subsonic  flight.  these  coefficients.  The  values  of  the 

coefficients  for  the  three  groups  of  air  Intakes,  A,  B,  and  C,  for 
which  aerodynamic  characteristics  are  available  [8.1],  are  given  in 
the  following  table. 


rpynm 

P«»7t 

Mtcp^rjcmii 

2  "OCM 

1 

Kt 

X* 

Kt 

A 

3  BoJkool 

I.IS 

0.9 

\7.i 

1.8 

B 

l^CpCAIIHl 

I.io 

0.2 

12.8 

1.5 

C 

^MmuI 

l.®3 

0.7 

7,5 

l.t 

1)  Group:  2)  nose  curvature  radius,  3) 
large;  4)  medium;  5)  small. 

Group  C  corresponds  to  smallest  leading  edge  thickness. 

An  air  Intake  is  completely  determined  by  its  group  emd  its 
aerial  ratio  A^/A^.  The  air  Intakes  are  designated  by  figures  giving 
the  areal  ratio  A^A^  in  per  cent  together  with  the  group,  e.g. ,  C- 
27. 

The  aerodynamic  characteristics  of  air  Intakes  (Plg.  8.2.4) 
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show  that  the  pressure  distribution  on  the 
largest  part  of  the  profile  of  group  C  Is 
more  uniform  and  that  this  group  Is  there¬ 
fore  nearer  than  group  A  to  the  optimum 
shape,  but  more  sensitive  to  changes  In  w^/ 

Pig.  8.2.3*  Geome-  /w  near  the  leading  edge.  The  rarefaction 
trical  parameters 

of  round  air  Intake.  peaks  and  the  resulting  higher  speeds  at  the 
leading  edge  are  explained  by  the  strong  curvature  of  the  ellipse 
near  the  nose.  Other  geometrical  curves  may  provide  leac  'dges 


ff)  hf)  c  8) 

Fig.  8.2.4.  Pressure  distributions  for  air  In¬ 
takes  of  groups  A,  B  and  C. 


with  less  curvature;  this  avoids  the  appearance  of  large  rarefaction 
peaks  (e.g. ,  the  air  Intakes  of  the  NACA-1  series). 

The  thicker  edges  of  the  air  intakes  of  group  A  (less  curved 
nose)  reduce  the  rarefaction  at  the  edge.  When  A^/A^  Is  given,  how¬ 
ever,  the  maximum  velocity  on  the  cuter  surface  obtained  Is  larger 
than  In  the  flow  about  an  optimum  shape  (Fig.  8.2.5). 

,  For  "elliptical"  air  Intakes  an  Increase  In  thickness  of  the 
edges  therefore  raises  the  danger  of  shock  stall  appearance  at  the 
outer  surface  (cf.  Fig.  8.2.5,  b).  Under  take-off  conditions  the 
thick  edges  afford  a  smoother  inflow  of  air  (Fig.  8.2.6).  Under  these 
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Sfl  velocities  at  the  outer  sur¬ 

face  (a)  and  calculated  critical  numbers  (b) 

for  air  Intakes  of  the  groups  A,  B  and  C.  l)  Od- 
tlmum  shape;  2)  group.  ^  ^ 


operational  conditions  sharp  edges  may  lead  to  separation  of  the 
flow  from  the  walls,  to  vortex  formation  and  to  energy  losses.  At 
the  same  time  the  pressure  drops  and  with  It  the  thrust  of  the  Jet 
engine.  Just  at  the  moment  when  It  should  be  maximum  (take-off).  In 
order  to  avoid  the  losses  due  to  flow  separation,  the  air  Intakes 
are  furnished  with  slots  (Fig.  8.2.7)  which  are  opened  during  the  • 
start  to  provide  an  additional  air  Inlet. 

When  air  Intakes  are  designed,  the  thickness  of  the  leading 
edges  Is  taken  as  large  as  possible  without  leading  to  shock  stall. 
Note  that  the  more  closely  the  shape  of  an  air  intake  approaches  op¬ 
timum  shape,  the  larger  In  size  the  supersonic  zones  forming  on  the 
outer  surface  of  the  air  Intake  may  be  when  the  flow  velocity  exceeds 
the  maximum,  and  the  faster  the  drag  will  grow  when  Mj^  is  reached. 

~  Inner  channel.  The  mean  velocity  w^  In  the  narrowest  section 
of  the  air  Intake  determines  both  the  flow  about  the  outer  surface 
and  the  flow  in  the  Inner  channel.  In  the  same  way  It  connects  the 
two  conditionally  Independent  flows,  and  It  is  a  given  quantity  In 
the  design  of  the  Inner  channel.  Depending  on  the  given  velocity 


I 


# 
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Fig,  8.2,6.  Influence  of  the  cur¬ 
vature  of  the  inner  contour  on  the 
pressure  dictribution  on  the  lead¬ 
ing  edge  during  take-off.  1)  Simi¬ 
lar  to;  2)  inner  surface;  3)  cen¬ 
tral  field;  outer  surface. 


the  exit  from  the  inner  channel  may  be  divergent  <  w^) ,  conver¬ 
gent  (w^  >  w^)  or  parallel-sided  (wj^  =  w^).  The  inner  channel  may 
have  a  round  or  oval  cross  section.  At  the  exit  it  goes  sometimes 
over  to  an  annular  cross  section  because  of  the  necessity  of  placing 

a  central  body  in  the  air  Intake  (in 
order  to  mount  the  forward  bearing  of 
the  compressor  or  of  the  engine  assem¬ 
bly).  In  any  case  the  nature  of  the 
flow  for  a  given  length  of  the  inner 
channel  is  determined  by  the  relative 

inlet  f,  c  A^/A,. 
i  n  1 

Applying  the  momentum  equation  to 
an  air  intake  and  allowing  for  the 
changes  in  shape  of  its  inner  channel  (of  the  relative  inlet  fj^),  we 


Pig.  8. 2. 7.  Air  Intakes 
with  slot  during  take-off 
(a)  and  during  flight  (b). 


can  find  the  total  thrust  P  of  the  air  Intake  in  a  manner  similar  to 
that  in  which  we  determined  the  thrust  of  the  inner  surface  (M  -  O) : 


(8.2.15) 

The  thrust  P^^  of  the  outer  surface  of  the  air  Intake  as  deter¬ 
mined  before,  is  equal  to 


or 


(8*2.16) 


The  difference  between  the  total  thrust  P  of  the  air  Intake  and 
Pj^  of  its  outer  surface  constitutes  the  thrust  of  the  inner  surface. 
The  latter  is  equal  to  zero  for  an  inner  channel  of  constant  \rea, 

fj  =  1,  negative  for  a  convergent  channel,  f^^  >  i,  and  positive  for 
a  divergent  channel,  fj^  <  l. 

The  divergence  of  the  inner  channel  is  convenient  from  the 
point  of  view  of  design,  since  keeping  the  mass  flow  0,  the  total 
thrust  P  and  the  velocity  ratio  w^^/w^  at  the  outer  surface  un¬ 
changed  makes  it  possible  to  raise  the  ratio  w^^/w^  and  therefore  to 
reduce  the  midsectional  area  of  the  air  Intake  in  accordance  to 
Expression  (8.2.6).  The  flow  in  divergent  channels  is,  however,  con¬ 
nected  with  the  possibility  of  boundary  layer  separation  and  vortex 
formation,  which  may  lead  to  additional  energy  losses;  Details  about 
this  will  be  given  in  what  follows. 

Convergent  channels  have  smaller  energy  losses  than  divergent 


ones,  as  can  be  seen  from  Pig.  8.2.8,  which  shows  the  loss  coefficient 
curves.  Convergent  channels  yield  a  more  uniform  flow  at  their  ends 
but  require  a  larger  air  Intake  midsection  when  the  outer  surface 
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possesses  the  optimum  shupe. 


For  an  Inner  channel  of  constant 

cross-sectional  area  f^^  =  1,  contalnlnc 

a  central  body  (positioned  behind  the 

middle  cross  section),  we  can  take 

the  surface  of  a  scream  tube  as  the 

Inner  surface  to  a  first  approximation, 

the  central  body  belni'  In  an  undisturbed 
Pig.  8. 2. 8.  Dependence  of  , ,  , 

loss  coefficient  ?  for  dl-  parallel  flow  with  the  velocity  w^. 
vergent  and  convergent 

channels  on  the  vertex  mass  flow  required  must  then  take 

angle  a. 

place.  In  the  case  of  equal  velocities 
at  the  channel  entry  and  exit,  w^  =  w^,  the  pressure  will  be  nonunl- 
formly  distributed  along  a  c  reamline.  It  will  be  higher  in  front 
of  the  central  body  where  the  flow  Is  slowed  down  and  lower  at  the 
surface  of  the  central  body  where  the  flow  Is  accelerated.  Uniform 
pressure  distribution  can  be  achieved  by  correcting  the  streamlines. 

In  a  subsonic  flow  in  a  diffusor  the  flow  velocity  decreases 
and  the  static  pressure  Increases,  l.o.  ,  the  flow  Is  decelerated  In 
the  presence  of  a  positive  pressure  gradient. 

This  counterprossure  may  lead  to  separation  of  the  boundary 
layer  from  the  diffuser  walls  and  to  the  pi'oductlon  of  vortices, 
which  entails  considerable  energy  losses,  l.e. ,  losses  In  total  pres¬ 
sure  (Fig.  8.2.9).  The  separation  of  the  laminar  or  turbulent  boundary 
layers  occurs  at  the  site  where  the  kinetic  energy  of  the  flow  Is  en¬ 
tirely  consumed  In  overcoming  the  frictional  forces.  The  position  of 
the  separation  point  depends  on  the  Initial  velocity  of  the  flow, 
on  the  pressure  gradient  and  on  the  roughness  of  the  surface.  When 
the  Inlet  velocity  w^  is  constant  the  separation  point  In  a  conical 
diffusor  moves  closer  to  the  Inlet  as  the  positive  pressure  gradient 
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l^e. ,  as  the^dlvergence  angl$  a  of  the  dlffusor  increases. 
The  upstream  displacement  of  the  separation  point  of  the  boundatry 
layer,  as  the  divergence  angle  a  of  the  dlffusor  Increases,  leads 
to  an  extension  of  the  vortex  zone  over  a  great  part  of  the  flow 
and  hence  to  an  Increase  In  losses  (cf.  Pig.  8.2.9). 


■) 

Pig.  8. 2. 9.  Separation  of  the  flow 
from  the  walls  and  vortex  formation 
In  a  dlffusor.  l)  Vortex  zone;  2) 
separation  of  flow. 

Vfhen  the  relative  Inlet  fj^  of  a  conical  dlffusor  is  kept  con¬ 
stant,  the  losses  due  to  vortex  formation  decrease  but  the  friction¬ 
al  losses  Increase  as  the  angle  of  divergence  decreases,  since  the 
wetted  surface  then  Increases  In  area.  The  optimum  angle  of  diver¬ 
gence  for  a  conical  dlffusor  Is  =  10-15*.  We  should  notice  that 
as  the  angle  of  divergence  decreases  the  dlffusor  length  Increases 
and  the  gross  weight  of  the  air  Intake  Increases  as  well. 

Ignoring  the  changes  In  density  emd  the  losses  In  a  conical 
dlffusor,  we  obtain  from  the  Bernoulli  equation 
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w»  JB#  ^  denote  here  the  velocity,  pressure  and  diameter  at  the 
distance  x  from  the  Inlet.  In  a  conical  dlffusor  (Plg.  8. 2. 10, a)  the 
steep  pressure  Increase  In  the  first  longitudinal  sections  of  the 
dlffusor  may  cause  the  boundary  layer  to  separate  early.  In  order  to 
avoid  this  the  channel  walls  can  be  profiled  In  such  a  way  that  the 
longitudinal  gradient  Is  a  constant  (cf.  Pig.  8. 1.10, b).  in  this  case 
dp/dx  =  const  and  from  the  Bernoulli  equation  po/fa>-i-rfp=.o,  neglecting 
the  density  variation,  we  obtain  w  dw  =  const  along  a  streamline, 
and  hence 


H«)- 


The  length  corresponding  to  complete  stagnation  of  the  flow 

2, 


(d  -•  oo)  Is  equal  to  w^/2c. 


Pig.  8.2.10.  Conical  (a)  and 
Isogradlent  (b)  dlffusors. 


The  separation  of  the  boundary 
layer  sets  In  later  In  Isogradlent 
dlffusors  than  In  conical  ones, 
and  the  energy  losses  In  the  former 
are  therefore  smaller  (Plg.  8.2.11). 
The  advantages  of  using  Isogradlent 
dlffusors  Instead  of  conical  ones 


are  particularly  appearent  for  short  channels  with  1  <  4d. 

The  principal  losses  In  the  dlffusor  are  the  vortex  losses.  The 
frictional  losses  are  relatively  small  and  can  often  be  neglected. 
The  energy  losses  due  to  the  vortices  In  the  dlffusor  can  be  esti¬ 
mated  from  the  losses  arising  on  sudden  expansion 


(8.2.19) 


where  if  Is  the  shock  moderation  coefficient  which,  as  was  shown  by 


experiments  with  a  conical  dlffusor,  depends  on  the  angle  of  dlver- 

i  '  ' 

gence,  a. 

In  the  case  of  an  angle  of  divergence  a  >  40“  (Pig.  8. 1. 12)  the 
vortex  losses  are  greater  {ii  >  l)  than  they  are  when  expansion  occurs 
suddenly.  This  Is  explained  by  the  instability  of  the  vortex  zone, 
which  Is  periodically  washed  downstream  and  consumes  additional 
energy  In  being  renewed.  If  the  density  variations  In  the  dlffusor 
are  neglected,  the  loss  coefficient  ^  can  be  expressed  in  teznns  of 
the  shock  moderation  coefficient  iis 


(8. 2.20) 


The  losses  In  the  dlffusor  are  sometimes  conveniently  estimated 
from  the  ratio  between  the  Isentroplc  work  done  by  the  gas  when  it 

^ . ^  is  compressed  from  a  pressure  cor- 

_ _ _ responding  to  the  total  Inlet  pres- 

- -  sure,  and  the  dynamic  head  In  the 

Ki  '  I 

—  Inlet  cross  section.  This  loss  coef« 

— H  flclent 


I  f  I  J  4  j: 


- L  (8.2.2 


Fig.  8. 2. 11.  Dependence  of  2 

loss  coefficient  ?  on  the  .vi  ..  ..w 

length  for  straight  and  iso-  possible  to  estimate  the 


gradient  dlffusors.  l) 
Straight  wall. 


Influence  of  compressibility.  On  the 


basis  of  experimental  data  [8.3] 
(Fig.  8.2.13)  the  compressibility  becomes  apparent  (Cggh 
only  when  the  velocities  are  nearsonlc  (M  >  0.7).  The  changes  of  the 
loss  coefficient  Cg^h  M  <  0.  3  are  explained  by  the  great  lnflu« 
ence  of  the  Reynolds  nuinber. 

In  calculations  on  dlffusors  for  nearsonlc  Inlet  velocities 
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>  0.7),  the  compressibility  of  the  flow  therefore  has  to  be 
taken  Into  account.  Figure  8.2.14  shows  the  results  of  testing  coni¬ 
cal  dlffusors  over  a  wide  range  of  subsonic  velocities  [3.3].  The 
dlffusors  tested  were  provided  with  a  cylindrical  inlet  part  before 
the  dlffusor,  the  length  of  which  was  equal  to  the  diameter  of  the 
dlffusor  Inlet  opening.  The  dependence  of  the  total  pressure  recove¬ 
ry  coefficient  v-  is  determined  as  a  function  of  the  Mach  number  M 

n 

at  the  beginning  of  the  cylindrical  part.  The  Mach  number  M’  at  the 

n 

end  of  the  cylindrical  part  is  somewhat  higher  for  nearsonlc  veloci¬ 
ties  (Fig.  8.2.15).  The  flow  velocity  reaches  the  velocity  of  sound 
right  at  the  dlffusor  Inlet,  provided  the  Mach  number  at  the  be¬ 
ginning  of  the  cylindrical  part  is  near  0.9.  V.'hen  the  Mach  number 
at  the  beginning  of  the  cylindrical  part  is  further  increased, 
the  flow  becomes  supersonic  in  the  first  part  of  the  dlffusor  and 
then  goes  over  to  subsonic  speed  via  a  normal  shock.  At  the  same 
time  the  pressure  recovery  coefficient  suddenly  drops. 

Supersonic  air  intakes.  A  pccu- 
lai’lty  of  the  supersonic  air  Intake 
is  that  the  flow  is  slowed  dov.’n  by 
a  shock.  The  transition  from  super¬ 
sonic  to  subsonic  flow  velocities 
occurs  in  a  normal  compression  shock, 
and  at  M  >  1.2-1.  5  it  is  accompanied 
by  considerable  losses  in  total  pres¬ 
sure.  As  was  shown  by  G.I.  Petrov  and 
Ye.  P.  Ukhov  It  is  convenient  when 
dealing  with  flight  at  high  Mach  numbers  M  to  pre -decelerate  the 
supersonic  flow  in  diagonal  compression  shocks  (Pig.  8.2.16),  since 
the  energy  losses  are  then  smaller.  The  total  pressure  recovery  coef- 


Flg.  8.2.12.  Dependence  of 
shock  moderation  coefficient 
V  on  the  vertex  angle  a  of 
a  conical  dlffusor. 
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Pig.  8.2.13.  Dependence  of  loss  coef¬ 
ficient  C  on  the  Mach  nunlber  M  at  the 
Inlet  of  a  conical  dlffusor  for  vari¬ 
ous  vertex  angles. 


Fig.  8. 2. 14.  Dependence  of  the  total 
pressure  recovery  coefficient  v^  on 

the  Mach  number  at  the  beginning 

of  the  cylindrical  part  at  the  inlet 
of  the  conical  dlffusor  for  various 
vertex  angles. 

flclent  Vq  for  the  system  of  shocks  (one  or  several  diagonal  shocks 
plus  one  final  normal  shock)  Is  In  this  case  larger  than  It  Is  when 
there  Is  a  single  normal  shock  Instead  of  the  system  (Fig.  8.2.17). 
The  supersonic  flow  Is  decelerated  on  the  oucer  surfaces  of  the  air 
intake  (wedge«  cone)  arranged  In  front  of  Its  Inlet,  and  also  Inside 
the  air  Intake  by  specially  shaped  Inner  surfaces.  Notice  that  when  a 

supersonic  flow  Is  decelerated  the  number  of  dleigonal  shocks  Is  de- 
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Fig.  8. 2. 15«  Dependence 

of  the  Mach  number  M* 

n 

right  at  the  Inlet  of  a 
conical  dlffusor  on  the 
Mach  number  M^^  at  the 

beginning  of  the  cylin¬ 
drical  part. 


termlned  by  the  number  of  breaks  of  the 
surface  on  which  deceleration  occurs.  In 
the  case  of  infinitely  many  breaks  and, 
therefore,  an  infinite  number  of  infinite¬ 
ly  weak  diagonal  compression  shocks  it  is 
theoretically  possible  to  obtain  Isentro- 
plc  deceleration  of  the  flow  with  smooth 
surface  contours. 

In  supersonic  flight  the  velocity 
behind  a  normal  shock  remains  high  as 
compared  with  the  required  velocity  at 
the  exit  of  the  air  Intake.  The  inner 


channel  must  effect  further  subsonic  recovery  and  is  therefore  made 
divergent  (fj^  >1).  A  supersonic  air  Intake  achieves  deceleration 

of  both  supersonic  and  subsonic  flows 
and  is  often  called  a  dlffusor.  De- 
-  pending  on  the  number  of  shocks  in 
which  a  supersonic  flow  is  slowed 
down  stepwise,  we  distinguish  between 

„  ,  the  single-shock  dlffusor,  simply 

Pig.  8. 2, 16.  Air  intake 

with  two  shocks,  the  first  called  a  dlffusor,  and  the  two-  or 
being  diagonal  and  the  se¬ 
cond  normal,  l)  Diagonal  multi-shock  diffusers, 

shock;  2)  normal  shock. 

The  leading  edges  of  the  super¬ 
sonic  air  intake,  unlike  those  of  the  subsonic  air  Intake,  are  made 
sharp  in  order  to  reduce  the  drag.  Plow  about  thick  edges  at  super¬ 
sonic  speeds  entails  the  appearance  of  detached  additional  shocks  in 


front  of  the  edges,  which  raises  the  external  drag.  During  starting, 
however,  the  sharp  edges  of  supersonic  air  intakes  lead  to  great 
losses  in  total  pressure  of  the  air  flow  due  to  separation  of  the 
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Pig.  8.2.17.  Total  pressure  recovery  coefficient  In  dependence  on 
tne  number  of  shocks  and  the  Mach  number  of  the  Incoming  flow,  l) 
Nox*inal  shock;  2)  slngle^shock  diffusor;  3)  two-shock  dlffusors  4) 
Isentroplc  diffusor. 


subsonic  flow  as  It  streams  about  the  sharp  edges. 

Additional  drag.  When  the  streamtube  In  front  of  the  air  Intake 

Ik 

Is  cylindrical,  l.e. ,  when  the  mass  flow  coefficient  (p  ■  1,  there  is 
no  additional  drag;  It  Increases  as  the  coefficient  9  decreases. 


For  a  subsonic  air  Intake  In  this  case 
the  additional  drag  arising  when  9  decreases 
Is  small  and,  as  we  have  shown.  It  Is  com¬ 
pensated  by  an  additional  thrust  on  the 
outer  surface  owing  to  increased  rarefac¬ 
tion  on  it. 

For  a  supersonic  ed.r  Intake  the  ad¬ 
ditional  drag  increases  rapidly  as  9  de- 


^  «  creases  and  Is  not  compensated  by  a  r6u:>e- 

Plg.  8.2.18.  Depend¬ 
ence  of  the  coeffl-  faction  on  the  outer  surface.  This  Is  ex- 

clents  of  pressure 

drag,  friction  and  plained  by  the  flow  about  the  outer  surface 

additional  drag  on 

the  mass  flow  coef-  of  the  air  Intake  being  preliminarily  de¬ 

ficient  for  an  en¬ 
gine  model  with  celerated  In  the  normal  compression  shock 

»  2.  1)  Drag  coef¬ 
ficient;  2)  addition-  front  of  the  air  Intake,  and,  having 

al  drag;  3'  friction-  _ _ _  _  .  ,  .  ,  . 

drag*  4  -pressure  become  subsonic,  being  unable  to  cause  ap— 

drsLSe 

^  preciable  rarefaction.  This  Is  also  why 
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the  frictional  forces  vary  but  slightly  when  q)  varies.  The  change  In 
additional  drag  is  however  greats  since  the  pressure  excess  p-p 
acting  on  the  outer  surface  of  the  Internal  flow  In  front  of  the 
air  Intake  and  behind  the  normal  compression  shock  Is  appreciable 
(Pig.  8.2.18). 


If  the  mass  flow  m  of  the  engine  Is  given,  the  area  A  of  the 

00 

undisturbed  stream  tube  can  be  calculated  from  the  relation 


— 


I 


(8.2. 22) 


The  total  pressure  Jqj  the  static  pressure  jg  and  the  Mach  num- 

A 

ber  M  right  behind  the  normal  shock  wave  are  calculated  from  the 
well  known  Eq.  (4.3.8). 

If  the  flow  between  the  normal  shock  wave  and  the  Inlet  is  as¬ 
sumed  to.  be  Isentroplc,  we  obtain  the  Mach  number  at  the  inlet 
of  the  air  Intake  from  the  relation 


•■>1  ■ 


*+L 


The  static  pressure  at  the  Inlet  Is 


(8.2.  23) 


(8.2.24) 


The  additional  drag  can  be  determined  from  the  given  parameters 
of  the  internal  flow  In  the  Inlet  section  of  the  air  Intake  as  the 
difference  of  the  momenta  of  the  Internal  flow  In  this  section  and 
In  a  section  of  undisturbed  flow; 


(A-P.)  . 


(8.2.25) 


Figure  8. 2. 18  shows  experimental  graphs  of  the  drag  components 
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for  one  air  Intake  at  M  -  2  in  dependence  of  q>  (8. 161. 

Single-shock  air  Intake.  If  a  subsonic  air  Intake -with  a  di¬ 
vergent  Inner  channel  Is  made  with  sheirp  edges  and  a  conical  outer 
surface  It  may  be  used  at  relatively  low  supersonic  flying  speeds 
<  2)  with  satisfactory  results.  The  transition  from  supersonic 
flow  velocities  occurs  In  this  case  through  one  (normal)  compression 
shock,  and  this  Is  why  such  an  air  Intedce  Is  called  single-shock  air 
Intake.  The  position  of  the  shock  depends  on  the  operational  condi¬ 
tions  of  the  air  Intake,  l.e. ,  on  the  mass  flow  coefficient  9.  If 
the  mass  flow  coefficient  9  >  l,  the  normal  compression  shock  arises 
In  front  of  the  air  Intake  (Pig.  8.2.20,a).  In  this  case  the  shock 
front  lies  normal  to  the  Internal  flow,  since  its  velocity  has  the 
same  direction  on  both  sides  of  the  shock  and  It  has  a  curved  sur¬ 
face  for  the  flow  about  the  outer  surface  where  the  velocity  changes 
Its  direction  Immediately  behind  the  compression  shock.  The  sul^sonle 

Internal  flow  is  slowed  down  partly  In 
front  of  the  air  Intake  and  partly  within 
It.  The  external  subsonic  recovery  occurs 
virtually  without  losses  and  leads  to  a 
reduction  In  frictional  losses  In  the  air 
Intake,  which  is  due  to  a  reduction  In 
Inlet  velocity^  the  total  pressure  recovery 
coefficient  will  therefore  be  i.lgh  for  the 
subsonic  flow,  which  exerts  a  positive  ef¬ 
fect  on  the  specific  thrust  of  the  engine. 
These  operational  conditions  (?  <  l)  of  the  air  Intake  are  however 
connected  with  the  appearance  of  a  large  additional  drag,  which  In 
turn  reduces  the  effective  thrust  of  the  engine.  It  should  be  borne 
In  mind  that  when  the  specific  tlirust  is  high,  the  total  thrust  drops 


Pig.  8.2.19.  For  cal¬ 
culating  the  addition¬ 
al  drag.  1)  Compression 
shock;  2)  additional 
shock. 


as  the  6d.r  mass  flow  decreases. 

The  case  when  the  outer  drag  Is  zero  (<p  »  1,  »  0)  can  be 

taken  as  the  rated  (critical)  conditions  of  operation  of  a  single¬ 
shock  air  Intake.  To  the  rated  regime  corresponds  maximum  air  mass 
flow 


The  normal  shock  Is  placed  Immediately  at  the  Inlet  of  the  air 
Intake  and  the  external  supersonic  flow  Is  decelerated  by  a  diagonal 
compression  shock.  The  latter  occurs  when  the  supersonic  flow  Is  de¬ 
flected  by  the  conical  outer  surface  of  the  air  Intake.  The  external 
drag  of  the  obllQue  lip  of  the  air  Intake  Is  minimum  under  rated  con¬ 
ditions. 

It  proves  Impossible  to  raise  the  true  mass  flow  further  since 

there  are  no  types  of  disturbances  Inside  the  engine  which  could 

bring  the  supersonic  flow  In  front  of  the  air  Intake.  The  Increase 

ly^ 

of  the  reduced  mass  flow  0(Tj^/Pj^)  that  Is  caused  by  the  drop  of  the 
pressure  p^  at  the  exit  may,  however,  lead  to  an  acceleration  of  the 
supersonic  flow  entering  the  air  intake.  The  transition  from  super¬ 
sonic  to  subsonic  flow  Inside  the  air  Intake  (cf.  Pig.  8. 2.20, c)  Is 
accompanied  by  a  normal  compression  shock  which  Is  stronger  than  that 
under  rated  conditions,  and  It  Is  common  knowledge  that  this  leads 
to  a  decrease  In  total  pressure  and  to  a  decrease  In  the  effective 
thrust  of  the  engine,  the  latter  being  due  to  the  drop  In  total  thrust, 
which  occurs  when  the  minimum  external  drag  and  the  maximum  flow  rate 
remain  constant. 

The  total  pressure  recovery  coefficient  for  a  single-shock 
air  Intake  Is  determined  by  the  product  of  the  total  pressure  recovery 
coefficient  VQp  of  the  normal  shock  and  the  total  pressure  recovery 
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AjUt, 


Pig.  8.2.20.  Various  opera¬ 
tional  conditions  of  single¬ 
shock  air  Intake. 


coefficient  of  the  Inner  channel 
(dlffU8or)| 

I 

"  *  T=r 

V  (8.2.26) 


The  parameters  of  the  flow  Im¬ 
mediately  behind  the  normal  compres¬ 
sion  shock  (velocity,  static  and 
total  pressure,  temperatxire)  are  de¬ 
termined  from  the  well  known  rela¬ 
tions  for  normal  shock  (4.3.8). 

The  flow  Inside  a  single-shock 
air  Intake  Is  taken  to  be  adiabatic 
and  calculations  are  made  on  It  In 
the  same  way  as  In  the  case  of  a 


*41 


*-l  I 

*+i  TS’  J 


subsonic  air  Intake. 

The  additional  drag  of  an  air  intake  at  off -design  operational 
conditions  (9  <  l)  Is  determined  from  Eq.  (8.2.25). 

The  external  drag  of  the  oblique  lips  of  the  air  Intake  can  be 


determined  from  the  given  pressure  distribution  behind  a  diagonal 
compression  shock  on  the  outer  surface  of  the  cone. 

air  Intakes.  Let  us  consider  a  plane  two -shock  air 
intake  (Pig.  8.2.21,11a)  in  which  the  supersonic  flow  is  preliminari¬ 
ly  decelerated  In  a  diagonal  compression  shock  -  at  the  wedge  -  and  . 
then  goes  over  to  subsonic  flow  In  a  normal  compression  shock  right 
at  the  Inlet.  The  front  of  the  diagonal  shock  Includes  the  angle 
with  the  direction  of  the  undisturbed  flow  (u  Is  called  the  angle 
of  the  diagonal  shock).  This  is  then  a  two-shock  air  Intake.  Figure 


i 
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i  8.2.21  shows  various  diagrams  of  three-  and  four-shock  air  Intakes; 
I  the  behavior  of  such  shock  systems  Is  determined  by  the  number  and 

■Jt 

I  the  relative  position  of  the  breaks  on  the  central  body  and  on  the 
inner  surface  of  the  air  Intake. 


Pig.  8.2.21.  Diagrams  of  multi -shock  air 
Intakes. 


In  order  to  prevent  the  wedge  from  affecting  the  external  flow, 
the  shock  front  must  touch  the  leading  edge  of  the  air  Intake.  Mak¬ 
ing  use  of  the  relations  determined  before  which  link  the  parameters 
of  the  flow  behind  the  diagonal  compression  shock,  we  find  for  a 
two-shock  air  Intake: 


=MJcoi*^+ 


(8.2.27) 

(8.  2. 28) 

(8.2. 29) 
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The  pressure  change  In  a  normal  shock  may  be  determined  fro* 
the  given  value  of  the  Mach  number  In  front  of  the  nozmal  shock* 
using  the  well  known  relation 


The  total  pressure  recovery  coefficient  of  the  system  of 
(two)  shocks  is  determined  by  the  relation 

Vi-Wi 

The  pressure  recovery  coefficient  for  the  whole  air  Intake 
is  equal  to 

(  8. 2. 30) 

where  is  the  pressure  recovery  coefficient  for  the  inner  channel* 
where  the  flow  is  subsonic* 

The  maximum  recovery  coefficient  of  the  sh'^k  system  cor¬ 
responds  to  the  optimum  angle  of  the  diagonal  shock  and  hence 
to  the  optimum  8uigle  w  of  the  wedge  for  given  of  the  flight* 

(Fig.  8.2.22). 

At  small  angles  (in  the  region  to  the  left  of  the  dashed  line 
A)  the  diagonal  shock  is  replaced  by  a  weak  wave  and  the  deceleration 
of  the  flow  occurs  principally  in  the  normal  compression  shock;  at 
large  angles  (in  the  region  to  the  right  of  the  dashed  line  B)  the 
diagonal  shock  transforms  the  supersonic  velocity  to  a  subsonic  one 
directly.  The  deceleration  in  such  a  strong  diagonal  shock  is  insig¬ 
nificant*  since  the  energy  losse  in  it  differ  only  slightly  from  the 
losses  in  a  normal  shock  and  the  higher  velocity  behind  the  diagonal 
shock  leads  to  an  increase  in  frictional  losses  in  the  inner  channel. 

It  follows  from  the  graphs  that  replacing  a  single -shock  air 
Intake  (u  «  90®)  by  a  two-shock  air  intake  raises  the  total  pressure 


C 
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Fig.  8.2.22.  Depend¬ 
ence  of  total  pres¬ 
sure  recovery  coef¬ 
ficient  for  a  sys¬ 
tem  of  two  shocks 
(diagonal  +  normal) 
on  the  angle  of  the 
diagonal  shock. 


recovery  coefficient  by  27Jg  at  M  -  2  and 
by  70%  at  ■  3.  The  gain  In  pressure  re¬ 
covery  of  a  two-shock  air  Intake  compared 
with  a  single -shock  air  Intake  Is  therefore 
particularly  appreciable  at  supersonic  veloc¬ 
ities  when  M  >  2. 

Let  us  notice  that  the  optimum  angle  of 
diagonal  shock  determined  In  order  to  obtain 
a  maximum  static  pressure  recovery  coeffi¬ 
cient, 

£L.m^JEL  JBk_ 


/IN  Pt  fm 

Is  sofliewhat  smaller  than  the  optimum  angle  of  diagonal  shock  deter¬ 
mined  from  the  condition  that  the  total  pressure  recoveiy  coefficient 
(Fig.  8.2.23)  should  be  a  maximum. 

In  the  case  of  an  axlsymmetrlc  round 
air  Intake  the  wedge  used  to  produce  the 
diagonal  shock  is  replaced  by  a  cone.  Under 
symmetrical  flow  conditions  a  compression 
shock  with  conical  front  is  set  up  In  front 
of  the  cone.  The  vertex  of  the  cone  and  the 
front  of  the  compression  shock  virtually 
coincide.  The  main  distinctive  feature  of  the 
symmetric  flow  about  the  cone  is  that  the 
streamlines  behind  the  diagonal  shock  do  not 
cone  surface  but  behave  as  if  they  were  pressed 
towards  It.  This  follows  from  the  flow  conditions  for  a  conical  sur¬ 
face.  The  angle  of  deflection  of  the  flow  grows  continuously  from  Its 
minimum  value  Immediately  behind  the  diagonal  shock,  and  approaches 


Fig.  8.2.23.  Depend¬ 
ence  of  the  static 
pressure  recovery 
coefficient  for  a 
system  of  two  shocks 
(diagonal  +  normal) 
on  the  angle  of  the 
diagonal  shock. 


remain  parallel  to  the 
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Fig.  8.2.24.  Dia¬ 
gram  of  superaonlo 
flow  about  a  cone. 


the  senlangle  of  the  cone  asymptotically  (pig.  8,2.24).  In  or¬ 
der  to  ensure  that  the  diagonal  shock  angle  4  remains  the  same  In 
the  semi -angle  of  the  cone  must  exceed  the  angle  of  the 

wedge.  In  other  words,  when  the  cone  decelerated  the  flow 

^►Hcon  “  »*kl)* 

^  approximation  It  can  be  assumed 

t^t  for  the  diagonal  shock  angles  to  be  equal, 
>^on  ■  *^1'  numbers  behind  the  diagonal 

shock  must  be  equal  for  wedge  and  cone.  It  Is 
'  then  possible  to  reduce  the  calculation  of  an 

axlsymmetrlc  air  Intake  to  that  of  a  pl€me  air 
Intake.  The  vertex  angle  of  the  cone,  20,^^  , 

*’*  ‘X'  “"S'  “>81«  a-ki 

flow  about  a  cone.  with  the  help  of  the  graph  shown  In  Pig. 

8. 2.25. 

.Optimum  compression  shock  system.  Let  us  follow  O.I.  Petrov  and 
Ye.  P.  Ukhov  In  considering  a  supersonic  flow  near  a  wall  (Plg.  8.2. 

26)  whose  contour  Is  represented  by  a  broken  line.  At  the  1-.^  comer 
a  diagonal  shock  arises  with  the  Mach  number  MJ  In  front  of  It.  Let 
the  Mach  number  of  the  flow  streaming  against  the  wall  be  M{  and  the 
total  pressure  p^^^,  let  the  flow  pass  through  (m-l)  diagonal  shocks 
and  let  the  last,  m-.^  shock  be  a  normal  one.  If  the  angles  of  de¬ 
flection  of  the  velocity,  <0^,  are  given,  then,  making  use 

of  the  diagonal  shock  diagram  (cf.  Appendix  8)  representing  Relations 
(5.9.13),  (5.9.14)  and  (5.9.16)  graphically,  we  may  find  the  shock 
angle  and  the  Mach  number  M*^^  behind  the  shock  [8.4). 

In  order  to  determine  the  total  head  drop  for  a  diagonal  shock, 
we  take  into  account  that  -  T^g  and  write  down 
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Pig.  8. 2. 25.  Dependence 
of  the  semlangle  of  the 
cone  vertex  on  the  an¬ 
gle  of  deflection  of 
the  flow  In  the  shock 
(from  the  wedge  angle) 
for  various  flow  speeds. 


Thus 


/loi+i 

J>tt  “ 

r.  ■<*  ,  1 

*-i 

1 

I 

?=r 


(8.2.31) 


tint  in _ 1*^ 

I'-irf''”'”’". 

This  relation  Is  represented  gra¬ 
phically  In  Fig.  8. 2. 27«  In  dependence 
on  the  angle  of  deflection  of  the 
flow  and  on  the  velocity  of  the  Incoming 
St  realm,  MJ. 

The  total  pressure  recovery  coef¬ 


ficient  after  the  passage  of  all  m  shocks  will  be 


^Om-I  ^#1 


(8.2.32) 


A  system  of  m  shocks,  the  last  of  which  is  a  nomal  shock,  for 


which  the  total  pressure  recovery  coefficient  Is  a  maximum  for  a 


given  value  of  MJ  will  be  called  the  optimum  system. 

It  can  be  shown  that  for  a  given  system  of  (m-l)  diagonal  shocks 
and  one  normal  shock  this  will  be  the  case  when  the  entropy  Jumps 
arising  are  equal  in  all  the  diagonal  shocks,  or,  what  comes  to  the 
same  thing,  if  the  pressure  recovery  coefficients  for  each  diagonal 
shock  passing  through  have  the  same  value,  namely 

Without  going  into  details  as  to  the  solution  and  Investigation 
of  optimum  shock  systems,  we  give  In  Fig.  8.2.28  the  results  of  cal- 
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Fig.  8.2.26.  For  calculating  the 
optimum  system  of  plane  compres¬ 
sion  shocks. 

culatlng  the  maxlimim  pressure  recovery  coefficient  In  dependence  on 
the  number  of  the  (m-l)  diagonal  shocks  and  the  final  normal  shock. 

It  can  be  seen  from  the  graphs  that  the  pressure  recovery  coefficient 
increases  rapidly  at  large  as  the  number  of  shocks  Increases. 

We  C2in  use  the  same  method  to  solve  the  problem  of  the  trsuisl- 
tlon  of  m  diagonal  shocks  when  the  parameters  of  the  last  shock  are 
given.  In  particular.  If  we  adopt  the  condition  that  the  flow  veloc¬ 
ity  behind  the  last,  ra-_^  diagonal  shock  must  be  equal  to  the  veloc¬ 
ity  of  sound  we  find  that  the  maximum  recovei-y  coefficient  will  have 
the  highest  value;  the  solution  for  such  a  system  Is  represented  In 

Fig.  8.2.29. 

It  can  be  shown  that  systems  which  are  optimum  as  to  the  total 
pressure,  are  optimum  with  respect  to  the  static  pressure  as  well. 

The  profiling  of  the  wedge  is  based  on  the  condition  that  the 
plane  of  all  compression  shocks  must  Intersect  at  a  single  point  on 
the  leading  edge  of  the  dlffusor. 
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The  dimensions  of  the  diffusor  throat 
are  chosen  according  to  the  design  para¬ 
meters  of  this  section  and  the  given  flow 
rate  G. 

Air  Intake  cnaracterlstlcs.  Let  us 

consider  the  throttle  characteristics  of 

air  Intakes .  l.e. ,  the  dependence  of  the 

basic  parameters  on  the  standard  air  mass 
1/ 

flow  G^(Tj^)  2/p^v;hen  the  Mach  number  M  of 
the  flight  is  constant.  The  standard  mass 
flow  will  In  this  case  be  proportional  to 
the  minimum  cross-sectional  area  of  the 
throttle  In  the  air  Intake.  For  a  ram-Jet 
engine  the  nozzle  serves  as  the  throttle 
and  for  a  turbo-jet  engine  the  engine  It¬ 
self.  The  design  conditions  demand  that 
the  minimum  cross  sectional  area  of  the 
throttle  be  so  chosen  that  the  final  normal 
shock  is  positioned  at  the  narrowest  cross 
section  of  the  air  intake,  l.e.,  at  Its  leading  edges  (critical  state. 
Pig.  8.2.30,0).  In  this  case  the  thrust  will  be  at  Its  highest,  since 
the  total  pressure  recovery  obtained  is  at  Its  best  and  the  external 
drag  Is  minimum  because  the  stream  entering  the  air  Intake  Is  cylin¬ 
drical  as  a  whole  and  there  Is  no  additional  drag.  Operation  under 
critical  conditions  therefore  corresponds  to  maximum  effective 
thrust  of  the  engine. 

As  the  minimum  cross-sectional  area  of  the  throttle  Increases, 
the  standard  mass  flow  surpasses  the  critical  value.  Under  these 
transcrltlcal  conditions  the  final  normal  shock  Is  shifted  behind  the 
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Pig.  8. 2. 27.  Maximum 
total  pressure  re¬ 
covery  coefficient 

as  a  function  of  the 
number  m  of  plane 
shocks  and  the  number 
M*  of  the  incoming 

flow. 


Pig.  8.2.28.  Maximum  static  pressura 
recovery  coefficient  v  as  a  function 
of  M*  of  the  Incoming  flow  In  depend¬ 
ence  on  the  number  of  shocks,  m. 


Pig.  8. 2.  29.  Dependence  of  optimum 
total  pressure  recovery  coefficient 
on  of  the  Incoming  flow  for  vari¬ 
ous  shock  systems. 

.nlnlmum  cross  section  Into  the  air  Intake  and  becomes  more  powerfulj 
the  total  pressure  recovery  coefficient  then  drops.  In  fact  the  air 
mass  flow  remains  unchaJiged,  but  owing  to  the  drop  of  pressure  Pj^ 
the  standard  mass  flow  Increases.  The  external  drag  remains  minimum 
but  the  effective  thrust  Is  lowered  because  of  the  lower  pressure 
recoveiy  coefficient. 

When  the  minimum  cross  sectional  area  of  the  throttle  Is  re- 

-  518  - 


Kpumuvecuuu  ptmuM  2 


SaMpumuiecHuS  ptmun  ^ 


e  i) 


Pig.  8.2.30.  Throttle  characteristics 
of  a  typical  two-shock  air  Intake,  l) 

Subcrltlcal  state;  2)  critical  state; 

3)  transcritlcal  state, 

duced  the  mass  flow  through  the  air  Intake  drops  below  the  critical 
value  (subcrltlcal  state).  In  this  case  a  detached  compression  shock 
arises  from  a  site  In  front  of  the  leading  edges  of  the  air  Intake. 
Since  the  true  air  mass  flow  decreases,  the  part  of  the  flow  that 
enters  the  air  Intake  carries  It  along  downstream  after  It  has  passed 
through  the  normal  detached  shock. 

We  already  know  that  such  a 

flow  Is  connected  with  the  appearance 

of  a  considerable  additional  drag. 

Besides  this,  the  detached  shock 

Pig.  8.2.31*  For  explaining  leads  to  an  extension  of  the  system 

the  surge  of  the  air  Intake. 

of  diagonal  compression  shocks  which 
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exerts  an  adverse  Influence  on  the  total  pressure  recovery. 

The  subcrltlcal  state  is  sometimes  accompanied  by  a  significant 
pulsation  of  the  flow  (which  Is  termed  the  surf;e  of  the  air  Intake). 
An  example  of  the  causes  of  the  appearance  of  surges  Is  afforded  by 
boundary  layer  separation  on  the  cone  surface  (Plg.  8.2.31)  or  on 
the  lips.  A  separated  boundary  layer  diminishes  the  effective  area 
of  the  minimum  cross  section  of  the  air  Intake  and  this  exercises 
an  adverse  effect  on  the  total  pressure  recovery  In  the  subsonic 
part  of  the  air  Intake.  At  the  same  time  the  outlet  pressure  de¬ 
creases.  The  position  of  the  throttle  remains  unchanged,  and  In  or¬ 
der  to  keep  the  standard  mass  flow  constant  the  true  air  mass  flow 
must  be  decreased  as  well.  This  causes  the  compression  shock  to  be 
shifted  upstreaun,  which  In  turn  yields  favorable  conditions  for  the 
boundary  layer  to  be  pressed  against  the  surface.  This  raises  the 
effective  area  of  the  minimum  cross  section,  the  flow  passes  through 

4 

the  subsonic  part  of  the  air  Intake  with  smaller  losses,  the  pressure 
Pj^  at  the  outlet  grows,  the  true  air  mass  flow  rises,  and  this  leads 
to  the  compression  shock  moving  downstream.  The  downstream  displace¬ 
ment  of  the  attached  shock  gives  rise  to  a  new  separation  of  the 
boundary  layer  and  the  process  Is  repeated. 

The  surge  of  the  air  Intake  may  be  caused  by  slight  oscillations 
of  the  pressure  and  of  the  air  mass  flow  at  the  exit.  Such  oscilla¬ 
tions  occur  In  the  operation  of  a  turbo-jet  engine. 

Similar  behPvlor  Is  observed  In  the  case  of  the  slight  pressure 
and  mass  flow  oscillations  which  may  accompany  the  operation  of  a 
turbo-jet  engine,  since  arbitrary  disturbances  at  the  outlet  of  the 
air  Intake  travel  upstream  In  the  subsonic  flow  and  affect  the  posi¬ 
tion  of  the  normal  shock. 

It  follows  from  the  two-shock  air  Intake  throttle  characteristics 
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considered  (cf.  8.2.30)  that  as  of  the  flight  decreases  they  are 
shifted  to  higher  values  of  the  total  pressure  recovery  coefficient. 

The  dashed  line  connecting  the  critical  points  represents  the 
dependence  of  the  critical  mass  flow  on  the  number  of  the  flight 
(velocity  characteristics  of  the  critical  flow)  and  characterizes 
the  coordination  of  air  intake  and  engine.  For  the  two -shock  air  in¬ 
take  considered  the  critical  mass  flow  Increases  as  the  Mach  number 
M  of  the  flight  decreases. 


Pig.  8.2.32.  Air  Intake  characteristics  fox*  various  design  conditions. 
1)  Critical  Mass  flow  of  air  intake;  2)  excessive  flow;  3)  mass  flow 
consumed  by  engine;  4)  air  intake  A;  5)  air  intake  B;  6)  effective 
thimst/ldeal  thrust;  7)  reference  point. 


The  air  mass  flow  consumed  by  a  typical  turbo-jet  engine  (veloc¬ 
ity  characteristic  of  the  engine)  does  not  coincide  with  the  critical 
mass  flow  of  the  air  Intake  (velocity  characteristic  of  the  critical 
mass  flow  of  the  air  Intake)  in  all  flying  speed  ranges.  It  is  there¬ 
fore  impossible  to  select  an  air  Intake  which  would  separate  under 
critical  conditions  in  all  flying  speed  ranges. 

By  way  of  example,  the  solid  lines  in  Fig.  8.2.32  show  the 
change  in  air  mass  flow  consumed  by  a  typical  turbo-jet  engine  in 
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dependence  cn  the  Mach  number  M  of  the  flight,  while  the  dashed  lines 
show  the  change  In  the  critical  mass  flows  of  two  air  Intakes,  A  and 
B.  It  Is  Msumed  that  under  cruising  flight  conditions  at  M  -0.9 
the  flying  altitude  varies  from  sea  level  up  to  10,500  m.  The  break 
In  the  curve  of  consumed  air  mass  flow  at  M  =  0. 9  corresponds  to 
climb. 

The  design  conditions  for  the  air  Intake  A  are  the  conditions 
of  cruiser  flight  at  H  s  0. 9*  s^nd  for  the  smaller  air  Intake  B  they 
are  the  conditions  of  maximum  velocity  with  M  •>  2.5. 

The  lower  graph  shows  the  change  In  the  effective  thrust  of  the 
engine  divided  by  the  Ideal  thrust,  1.  e. ,  the  thrust  obtained  with 
total  pressure  recovery,  as  a  function  of  the  flying  speed  M  for  the 
air  Intakes  A  and  B. 

,  The  effective  thrust  of  the  air  Intake  A  assumes  a  high  value 
design  condition  but  drops  rapidly  as  the  flying  speed  decreases, 
because  an  additional  drag  arises  under  subcrltlcal  conditions.  At 
subsonic  flying  speeds  the  mass  flow  for  which  a  choking  effect 
arises  In  the  air  Intake  Is  considered  to  be  critical.  For  the  air 
Intake  A  the  critical  mass  flow  exceeds  the  consumed  air  mass  flow 
In  the  engine.  The  decrease  In  effective  thrust  at  velocities  below 
the  design  velocity  Is  due  to  the  large  losses  In  total  pressure  In 
the  flow  about  the  sharp  edges.  The  lower  the  flying  speed,  l.e.  , 
the  larger  the  ratio  of  the  velocity  In  the  throat  of  the  air  intake 
to  the  velocity  of  the  undisturbed  flow,  the  greater  are  the  losses 
In  total  pressure  at  the  Inlet.  This  fact  explains  the  low  value  of 
the  thrust  at  the  Intake. 

The  air  Intake  B  possesses  a  high  thrust  at  the  reference  point 
M  =2.5.  At  lower  velocities  It  will  operate  In  the  transcrltlcal 
state  and  Its  thrust  will  drop  as  M  decreases,  due  to  the  low  pressure 
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recovery.  During  flight  this  air  Intake  Is  totally  Incapable  of  pro¬ 
ducing  the  thrust  required. 

Air  Intake  control.  In  order  to  obtain  correspondence  between 
the  velocity  characteristics  of  air  Intake  and  engine,  and  also  to 
prevent  the  air  Intake  from  surging,  the  air  Intakes  are  subjected 
to  control.  The  control  has  to  ensure  that  the  diagonal  and  normal 
compression  shocks  assume  the  positions  necessary  to  produce  optimum 
values  of  the  effective  thrust  of  the  engine  and  stable  operation 
under  all  flight  conditions. 

Control  may  be  achieved  with  the  help  of  an  air  bypass  behind 
the  leading  edges  of  the  air  Intake,  hlgh-llft  leading  edges,  or  a 
change  In  geometry  or  In  position  of  the  stagnation  surfaces,  etc. 


Fig.  8.2.33.  Control  effects  on  the  air  Intake  characteristics,  l) 
Critical  flow  of  air  Intake  Aj  2)  excessive  flow;  3)  air  flow  con¬ 
sumed  by  engine;  it)  effective  thrust/ideal  thrust;  5)  controlled 
air  Intake;  6)  noncontrolled  air  Intake;  7)  by-pass  valve;  8) 

Figure  8.2.33  depicts  the  change  In  effective  thrust  of  the 
engine  as  a  function  of  the  Mach  number  M  of  flight  for  controlled 
ajid  noncontrolled  air  Intakes.  In  the  given  example,  when  the  flying 
speed  drops  below  the  design  speed,  control  Is  achieved  first  by 
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turning  the  wedge  until  the  forward  face  lies  parallel  to  the  flow, 
and  then  by  letting  the  air  pass  through  special  by-pass  valves.  At 
subsonic  flying  speeds  the  by-pass  is  closed  so  as  to  reduce  the  in¬ 
put  losses  by  lowering  the  relative  velocities  at  the  input.  The 
thrust  during  flight  is  then  low, however.  It  can  be  considerably 
raised  if  the  by-pass  valve  is  opened  upwards,  i.e. ,  if  it  is  made 
operate  as  an  additional  air  Intake. 

The  flying  characteristics  of  air  Intakes  can  be  significantly 
Improved  with  the  help  of  hlgh-llft  leading  edges.  During  flight  the 
air  Intake  must  have  round  leading  edges  to  prevent  the  flow  from 
separating.  As  the  velocity  Increases,  the  round  edges  must  be  re¬ 
placed  by  sharp  edges  in  order  to  reduce  the  total  drag. 

To  prevent  the  air  Intake  from  surging, a  cylindrical  ring  whose 
diameter  exceeds  the  diameter  of  the  inlet  lip  can  be  mounted  in 
front  of  the  air  Intake  (Pig.  8.2.34).  Such  a  ring  raises  the  fric¬ 
tional  drag  under  normal  flight  conditions  only  slightly  and  has  no 
Influence  on  the  operation  of  the  inlet  channel. 

In  cases  of  possible  surging  under  subcrltlcal  conditions  the 
operation  of  a  many-shock  air  Intake  system  goes  over  to  steady 
operational  conditions  with  a  single  shock  in  front  of  the  ring.  In 
this  case  the  pressure  recovery  coefficient  drops.  The  surplus  air 
which  cannot  pass  through  the  engine  is  led  off  through  an  axial  gap 
between  lip  and  ring.  The  higher  the  Mach  number  M  of  flight,  the 
wider  this  gap  must  be  opened  to  obtain  optimum  results. 

With  an  annular  air  intake  the  position  of  the  diagonal  shocks 
may  be  controlled  by  displacing  the  cone  axially  or  by  changing  its 
geometry,  and  the  position  of  the  normal  shock  by  an  air  by-pass. 

In  order  to  obtain  optimum  results  both  control  systems  must  be  coor¬ 
dinated. 
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Pig.  8.2.34.  Sche¬ 
matic  diagrams  of 
anti -surge  arrange¬ 
ments  In  the  form 
of  a  cylindrical 
ring  In  front  of 
the  air  Intake. 


Pig.  8.  2. 35-  Air  Intake  with  supersonic  flow 
In  the  inner  channel. 

The  compression  shock  system  In  front 
of  the  air  Intake  can  be  made  Insensitive  to 


pressure  and  mass  flow  oscillations  In  the  engine  by  accelerating 
the  subsonic  flow  behind  the  leading  edges  In  a  Laval  nozzle  to  make 
it  supersonic  and  by  allowing  the  secondary  deceleration  of  the  flow 
to  occur  In  a  normal  compression  shock  (Plg.  8.2.35).  In  this  case 
the  disturbances  cannot  penetrate  the  supersonic  zone.  They  will  In¬ 
fluence  only  the  position  of  the  second  normal  compression  shock. 
8.3.  COWUNOS 


The  thin  cowling.  The  air  Intakes  considered  In  the  foregoing 

part  may  be  considered  as  semi -Infinite  cowlings.  Let  us  now  consider 

a  cowling  of  finite  length  and  small  thickness  and  curvature,  when 

the  acceleration  arising  on  its  outer  surface  Is  small.  Let  us  assume 

that  at  a  certain  distance  from  the  inlet  the  velocity  on  the  cowling 

surface  can  be  taken  as  approximately  equal  to  the  velocity  w  of  the 

00 

undisturbed  flow.  The  flow  about  the  forward  part  of  the  cowling,  of 
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the  air  Intake ^  (amounting  to  2-3  maximum  diameters)  is  assumed  to 
be  known. 

Let  us  first  consider  the  flow  about  the  rear  part  of  the  cow¬ 
ling  alone.  As  we  have  said  already ,  the  flow  about  the  rear  part 
of  a  sufficiently  long  and  thin  cowling  does  not  depend  on  the  flow 
about  the  forward  part  (cf.  Pig.  8.1.11).  We  can  therefore  calculate 
the  flow  about  the  rear  part  of  the  cowling  under  the  supposition 
that  the  cowling  is  infinitely  long  in  the  upstream  direction. 

It  is  theoretically  possible  to  solve  this  problem  by  the  sin¬ 
gularity  method.  The  walls  of  the  rear  part  of  a  round  cowling  are 
in  this  case  represented  by  a  continuous  row  of  annular  sources  and 
sinks.  The  difference  from  the  air  Intake  design  consists  in  the 
flow  behind  the  air  Intake  being  uniform,  since  the  velocity  of  the 
Jet  differs  from  the  velocity  of  the  surrounding  flow.  This  nonuni¬ 
form  flow  can  be  replaced  by  an  equivalent  uniform  flow  with  a  vortex 
sheet  (discontinuity  surface)  at  the  interface  to  the  Jet;  the  mag¬ 
nitude  of  the  discontinuity  is  determined  from  the  difference  be¬ 
tween  the  velocities  inside  and  outside  the  Jet.  This  method  of  cal¬ 
culation  is  however  complex  and  laborious. 

The  sum  Pj^  off  the  forces  acting  on  the  rear  part  of  the  cowling 
differs  slightly  from  zero  and  vanishes  completely  for  the  values 
of  P-P^  met  with  in  practice;  it  can  therefore  be  assumed  that  the 
shape  of  the  surface  does  not  Influence  the  magnitude  of  this  force. 
The  surface  shape  of  the  rear  part  of  the  cowling  does,  however,  in¬ 
fluence  the  pressure  distribution  and  consequently  the  local  veloci¬ 
ties.  The  maximum  local  rarefaction  will  arise  at  the  position  where 
the  cylindrical  part  of  the  cowling  goes  over  to  the  curved  rear 
part  (Pig.  8.3.1).  In  order  to  avoid  shock  stall  it  is  necessary 
that  at  this  site  the  critical  Mach  number  M  should  be  as  high  as 
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possible  and  the  velocity  Increment  negligible.  Satisfying  these  re¬ 
quirements  In  practice  means  that  the  transition  from  the  cylindrical 

part  of  the  cowling  to  the  rear  part  must 
be  made  smoothly  and  that  the  radius  of 
curvature  of  the  surface  must  be  suf¬ 
ficiently  large. 

The  Jet  carries  along  and  acceler¬ 
ates  particles  of  the  external  flow  and 
gives  rise  to  an  additional  rarefaction 
at  the  surface  of  the  rear  part.  The 
external  drag  Increment  due  to  this  rare¬ 
faction  Is  small  (1-2^  of  the  total 
thrust)  at  subsonic  velocities,  and  it 
is  therefore  unimportant  In  determining  the  optimum  shape  of  the 
rear  part  of  the  cowling. 

Thick  optimum  cowllnf!:.  Let  us  consider  an  annular  cowling  with 
a  finite  length  L  and  a  thickness  such  that  the  velocity  on  Its  outer 
surface  will  differ  considerably  from  the  velocity  of  the  undisturbed 
flow  (Pig.  8.3.2).  Let  us  assume  that  the  outer  surface  has  a  symmetry 
plane  passing  through  the  thickest  part  of  the  cowling.  Applying  the 
momentum  theorem  to  the  reference  volume  ABCDEPGHJK  (cf.  Pig.  8.3.2) 
and  supposing  that  the  pressure  distribution  on  the  outer  surface 
Is  uniform  we  obtain 


Pig.  8. 3.  1.  Pressure  dls 
trlbutlon  on  the  outer 
surface  of  rear  part  of 
the  cowling. 


2 


2  ^ 


-J 


A 


0. 


(8.3.1) 


A  denotes  here  the  surface  of  Integration,  BCHJ,  a  plane  that 
lies  at  the  maximum  diameter  of  the  cowling  but  at  a  distance  from 
It  such  that  the  cowling  has  no  moi’e  Influence.  If  the  thickness  of 
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the  cowling  is  finite,  the  nature  of  the  pressure  distribution  at 
this  plane  must  be  taken  Into  account.  Kuheman  and  Weber  [8.  ij  sug* 
gest  using  the  following  power  to  describe  the  decrease  of  w  with 
Increasing  distance  from  the  cowling: 


(8. 3.2) 


where  Is  the  radius  corresponding  to  r  Is  the  distance  from 
the  axis  to  the  point  where  the  velocity  Is  determined,  and  n  ■  3 
for  short  cowlings  and  n  =  2  for  long  cowlings.  In  this  case  the 
relation  corresponding  to  (8.2.6)  will  be 
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Comparing  the  reduced  Inlet  area  (A^/A^)  of  an  air  Intake  hav¬ 
ing  a  semi -Infinite  outer  surface  of  optimum  shape  (8.2.7)  with  the 
reduced  Inlet  area  (A^/A^)q  of  an  optimum  cowling  of  finite  length 
(8.3.3)  we  arrive  at  the  relation 


«—  >  :  W.)  +  I 


(8.3.4) 


Consequently,  for  the  same  ratio  w„„^/w  a  finite  cowling  has 
a  reduced  area  that  Is  smaller  than  that  of  the  forepart  of  a  seml- 
- Infinite  cowling  (air  Intake).  The  dlf- 

r  Rww 

!  ference  Is  Insignificant  for  velocity 

I 

ratios  w  /w  encountered  in  practice. 

T#-  ~l^-=^7!Sr7r.-^  ” 

I  t  The  length  of  the  Inlet  part 

annular  cowling  for  small  values 
of  w  /w  may  be  determined  with  suf- 

lUaA  99 

Pig.  8.  3.  2.  Optimum  con- 

tour  of  finite  length  flcient  accuracy  from  the  empirical 

with  constant  pressure  ro  -.i 

distribution  on  the  outer  relation  [o.  IJi 
surface. 

(8-  3.5) 


Pig.  8.  3.  2.  Optimum  con¬ 
tour  of  finite  length 
with  constant  pressure 
distribution  on  the  outer 
surface. 
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where  Is  the  maximum  outer  radius  and  the  length  of  the  op¬ 
timum  cowling. 

The  thin  annular  profile.  In  the  case  of  an  annular  profile 
(Pig.  8.3.3),  i.e.  ,  an  annular  cowling  whose  length  does  not  exceed 
twice  the  diameter  of  the  Inlet  cross  section,  the  flows  about  Inner 
and  outer  surfaces  must  be  considered  together.  The  cowlings  of  radial 
piston  engines  or  the  outer  rings  of  marine  screws  and  propellers  may 
serve  as  examples  for  annular  profiles. 

Let  an  annular  profile  be  generated  by 
having  a  certain  profile  rotated  about  Its 
longitudinal  axis.  The  aerodynamic  charac¬ 
teristics  of  an  annular  profile,  l.e. ,  the 
pressure  distribution  along  the  contour, 
the  resulting  forces  and  the  mass  flow  prs- 
slng  through  can  be  theoretically  determined. 
The  exact  calculation  allowing  for  the  thick¬ 
ness  of  the  profile  presents  considerable  difficulties.  Let  us  set 
out  the  steps  of  a  simplified  calculation. 

The  annular  profile  Is  replaced  by  an  extended  sheet  of  vortices 
with  the  vortlclty  'y(x),  along  Its  axial  arc  (x  Is  measured  In  frac¬ 
tions  of  the  chord  b  and  varies  from  zero  to  one).  The  profile  Is  In 
this  case  assumed  to  be  Infinitely  thin. 

The  axial  and  radial  velocity  components  w  and  w  ,  determined 

X  X* 

by  the  vortex  distribution,  depend  on  the  profile  shape  r(x)  and 
must  satisfy  the  boundary  condition 

Vr  rrCx.  r) 

rfjr  w.  +  (x,  r)  ’  (  8.  3»  6  ) 

If  the  vortex  distribution  Is  given,  the  shape  of  the  profile 
and  Its  aerodynamic  characteristics  can  be  determined.  And,  conversely. 


wing. 
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a  given  profile  shape  enables  us  to  find  the  corresponding  vortex 
distribution  and  to  determine  the  aerodynamic  characteristics. 

Since  the  vortex  distribution  and  the  profile  Itself  are  usually 
unknown,  It  Is  very  difficult  to  obtain  a  solution.  It  can  be  assumed 
as  a  first  approximation  that  the  ajinular  vortices  are  distributed 
over  a  cylindrical  surface  with  a  radius  equal  to  the  mean  distance 
from  the  axis  to  the  chord.  The  linearized  equation  thus  obtained  Is 
solved  by  numerical  Integration  (usually  with  the  help  of  series  ex¬ 
pansions). 

Let  us  point  out  that  a  lift  due  to  the  presence  of  adjacent 
vortices  arise  on  an  annular  wing  placed  In  a  flow  at  an  angle  of 
attack.  At  the  same  time,  the  form  drag  on  the  wing  Is  accompanied 
by  an  Induced  drag. 

8.  4.  JET  NOZZIES 

The  Jet  nozzle  of  the  engine  serves  to  convert  the  potential 
energy  of  the  gas  into  kinetic  energy,  with  the  aim  of  producing  a 
thrust.  The  latter  Is  approximately  equal  to 

(8. 4. 1) 

The  subscript  ”k"  refers  here  to  the  parameters  at  the  nozzle 

edge. 

For  a  supersonic  nozzle  at  constant  flying  speed  (w^  =  const), 
and  constant  air  mass  flow  (Q  ^  mg),  an  Increase  In  the  exhaust 
velocity  Wj^  causes  the  first  component  to  Increase  and  the  second 
term  In  the  thrust  Formula  (8.4.1)  to  decrease,  since  It  can  be 
shown  that  drops  faster  them  rises. 

In  order  to  determine  the  exhaust  velocity  corresponding  to 
maximum  thrust,  we  rewrite  (8.4.1)  In  the  form 

F=m{wt—wm  + 

For  extreme  thxMst  we  obtain  from  (8.4.2) 
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(8.4.2) 


Pt  —  Pm  j_Q 

^p»  [  ^Pk  '*’  f*w»  (h**)*  ^Pk  J 

I  Prom  the  Bernoulli  equation  dp  = -pw  dw  we  obtain 

£md,  consequently. 


Pk-Pm  ^ -^Q 
(f*«*)*  dpk 


(8.4.3) 


with  Pi,  —  P  *=  0  or  — ^***^-  gaO. 

K  ,  *^00  4pi, 

We  take  P^^k) ^  so  that  the  case  Pj^  =  p^  corresponds  to  maximum 
thrust  and  to  minimum  thrust. 

The  operational  conditions  of  the  nozzle  with  Pj^  =  P  are,  as 
previously  mentioned,  called  design  conditions. 

The  above  considerations  also  apply  to  a  subsonic  nozzle,  for 
which  an  Increase  In  exhaust  velocity  leads  to  a  more  Intense  decrease 
of  the  second  component  In  (S. 4. l)  due  to  the  drop  of  p.  -  p  . 

Subsonic  nozzles.  A  convergent  nozzle  Is  used  as  the  subsonic 
nozzle,  whose  exhaust  velocity  cannot  exceed  the  critical  velocity 
of  sound  In  the  narrowest  (exit)  cross  section. 

The  critical  pressure  Is  determined  by  Relation  (4.2.10) 

and  the  Isentroplc  exhaust  velocity.  If  w^^  is  the  initial  gas  veloc¬ 
ity  by 


■]/’  7?rW'-(-:r  l+^T- 


(8.4.5) 


The  quantity  Is  usually  neglected,  and  It  Is  then  assumed 
that  Pj  =  Pq,  ~  Tq.  The  mass  flow  m  of  the  gas  will  be 

m— PjVfciA,.  (8.4.6) 

Noticing  that  ^=1^)*,  we  obtain 

/I  \hf 
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This  function  has  been  investigated  In  Chapter  4;  Its  graph  la 
shown  in  Pig.  8.4. 1.  Maxlmuin  mass  flow  Is  reached  at  the  critical 
pressure  ratio.  The  left-hand  part  of  the  curve  (dashed)  virtually 
fails  to  correspond  to  reality  since  a  drop  in  counterpressure  below 
the  critical  value  does  not  influence  the  change  in  mass  flow  and 
the  outlet  velocity  therefore  remains  constant  and  equal  to  the 
critical  velocity. 

At  subcrltlcal  exhaustion  the  pressure  in  the  exit  cross  section 
is  equal  to  the  external  counterpressure  Pg  and  at  trans critical  ex¬ 
haustion  it  exceeds  Pg  and  is  equal  to  the  critical  value,  determined 
by  Ea.  (8.4.6). 

In  a  real  exhaustion  process  (Fig.  8.4.2)  the  entropy  of  the 
flow  increases  due  to  the  losses.  This  leads  to  a  drop  in  the  true 
exnaust  velocity  Wg  compared  with  the  isentroplc  velocity  Wo,  .  The 
ratio  of  these  coefficients  is  termed  nozzle  efficiency 

r-v,:V|a.  (8.4.8) 

As  experiments  show,  the  principal  losses  are  due  to  friction. 

(p  therefore  depends  on  the  Re  number.  At  large  Re  numbers  the  value 
of  (p  does  not  drop  below  0.92,  not  even  for  nozzles  with  roughly 
treated  inner  surfaces. 

The  performance  of  the  nozzle  may  also  be  estimated  from  the 
ratio  of  the  true  flow  rate  G  to  the  theoretical  flow  rate  0,.  (in 

V 

the  case  of  isentroplc  expansion)  which  is  designated  as  the  mass 
flow  coefficient 

(8.4.9) 

A  nozzle  is  sometimes  evaluated  with  the  help  of  the  ratio  of 
the  kinetic  energy  of  the  true  process  to  the  energy  available  in 


i 
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Isentroplc  expansion  (Fig.  8.  2): 

T,-T,  ■ 


•a 


'  *^9  Tji-g) 

As  can  be  seen, 

f-/? 


*-i 


i 


(8.4. 10) 


(8.4. 11) 


Subsonic  nozzles  are  produced  with  straight  or  curvilinear  walls. 
The  latter  can  yield  higher  values  of  the  coefficients  9,  p,  and  n 

and  uniformity  of  the  flow  at  the  exit.  In 
aerodynamic  tubes,  for  example,  a  nozzle  form 
Is  used  which,  theoretically,  ensures  uniform 
axlsymmetrlc  flow  In  the  Inlet  and  exit  planes, 

determined  by  Vltoshlnskly 's  formula  [8.  Sls 

1.  ’ 

n 


Fig.  8. 4. 1.  Gas 
mass  flow  from  a 
convergent  nozzle. 


:/»))»  (8.4.12) 


where  r,  x  are  cylindrical  coordinates,  _1  Is 
the  nozzle  length,  r^,  pp  are  the  radii  of 
the  inlet  and  exit  cross  sections,  repectlvely  (cf.  Fig.  8.4.3). 

Modern  gas  turbines  usually  employ 
convergent  conical  nozzles  which  are  simple 
In  shape,  stable,  rigid,  and  cheap  In  pro¬ 
duction.  The  experiment  shows  that  the  ap¬ 
plication  of  convergent  nozzles  In  the  range 
of  transcrltlcal  pressure  drop  (pg/p^^  <  3-4) 
do  not  exert  much  Influence  on  the  thrust 
losses  with  drops  amounting  up  to  4,  and 
only  with  pressure  drops  P2/P1  >  ^  is  It 


Pig.  8. 4.  2.  For  de¬ 
termining  the  nozzle 
performance. 


necessary  to  go  over  to  divergent  nozzles  [8.6]. 


A  great  disadvantage  of  divergent  nozzles  Is  that  they  operate 
normally  only  under  design  conditions.  Any  deviation  from  the  design 


conditions  entails  great  losses  2uid  a  decresise 
In  thrust. 

Figure  8.4.4  represents  graphically  the 
change  in  nozzle  efficiency  <p  In  dependence 
on  the  pressure  drop  for  various  vortex  angles 


Pig.  8.4.3.  Sub¬ 
sonic  Vltoshinskly 
nozzle. 


of  the  cone  and  various  diameter  ratios 
the  nozzles  [8.6). 


of 


Fig.  8.4.4.  Nozzle  efficiency  9 
in  dependence  on  the  pressure 
drop  In  conical  nozzles,  l)  Ra¬ 
tio  of  dieuneters;  2)  vertex 
angle  of  cone  In  degrees. 


Supersonic  nozzle  (cf.  Part  4.3).  The  calculation  formulas, 
according  to  the  stagnation  parameters  (4.3.3),  give 


c/r. 


0.4  for  air) 


According  to  the  pressure  drop  (4.2.20) 


(8.4.13) 


I 


I 


I 
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A*. 


(8.4. 14) 


The  thrust  of  a  conical  nozzle.  If  the  gas  mass  m  passes 

through  the  nozzle  every  second,  then  =  m/A_  mass  units  will  pass 

through  a  unit  area  of  the  sphere's  surface  (Fig.  8.4.5),  A  being 

s 

the  surface  area  of  the  sphere  of  radius  R,  and,  assuming  w  =  const 

and  p  =  const  for  the  points  of  the  sphere,  we  obtain  J  =  const  for 

all  points  of  the  sphere.  The  mass  of  gas  passing  through  a  spherical 

surface  element  is  then  dj  J^dA  . 

s  s 

The  thrust  calculated  from  this  supposition  (with  w  c  m/pA  ) 

8 

Is  therefore  equal  to 

where  the  Integral  Is  extended  over  the  entire  surface  A  and  the 

8 

angle  a  determines  the  position  of  the  element  dA^  on  the  sphere. 


JJcos«rfA.=.^-Jjcos.rfA, 

Am 


= JJ  IP  COS » «  wy. 


Pig.  8.4.5.,  Influence  of  vertex  angle 
of  a  conical  nozzle  on  the  magnitude 
of  the  thrust  of  the  engine. 


If  we  assume  that  the  velocity  at  the  nozzle  exit  Is  parallel 
to  the  nozzle  axis  and  has  one  and  the  same  value,  the  thrust  can 
be  calculated  from  the  relation 
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M. 


where  is  the  generating  area  of  the  nozzle  cone.  Then 


Taking  Into  account  that  we  obtain 


A, = 2-R*^ sin  a da^2t!l?  (1  —cos 


.  ^ 

I  j  cos  a  i/A,  ca  2r/p  ^  tin  a  cos  a  </a  »  sin*  i^. 

Since  A,  =  r/?*sin*a^  we  have 
r_ 

7~"17r-co.^p  -cos«-i. 


(8.4. 15) 


If  the  nozzle  thrust  la  determined  from  the  condition  for  the 
axial  velocity  at  the  nozzle  exit,  then  the  true  thrust  must  be  de¬ 
termined  by  multiplying  this  velocity  by  the  coefficient  C  which 
takes  the  Influence  of  the  vertex  angle  of  the  nozzle  on  Its  thrust 
Into  account. 


The  subsonic  part  of  the  nozzle.  This  can  be  calculated  with 
Vltoshlnskly's  formula  (8.4.12).  Sometimes  It  Is  designed  "by  rule 
of  thuinb,"  Influenced  by  general  considerations  on  the  smoothness 
of  the  curve. 

The  transient  section  (nozzle  throat).  The  region  where  M* 
lies  between  0. 85  and  1, 15  and  where  the  flow  goes  over  from  subsonic 
to  supersonic  speed  has  a  great  Influence  on  the  development  of  the 
sjipersonlc  flow.  If  this  section  has  an  unsuitable  shape,  compression 
shocks  form  and  hence  a  nonuniform  pressure  distribution  occurs  In 
the  whole  supersonic  range  of  flow.  A  more  complete  but  rather  com¬ 
plex  solution  to  this  problem  Is  given  in  the  work  of  V.  Astrov,  L. 
Levin,  Ye.  Pavlov  and  S.  Khrlstlanovich  (8.7). 

The  much  simpler  method  due  to  I.M.  Yur'yev  18.8]  Is  based  on 


t 
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several  particular  solutions  of  approximate  equations  of  plane  and 
axlsymmetrlc  gas  flows. 

It  can  easily  be  shown  that  the  velocity  potential  equation 
for  a  plane  and  axlsymmetrlc  flows  may  be  written  In  the  form 


V*“  4i>  /  m*  }  dy*  *'■ 


dxdy 


(8.4. 16) 


•0. 


where  B  *=  0  for  a  plane  flow  and  B  =  1  for  ari  axlsymmetrlc  flow. 
Let  us  put 


*-i 


a*— o**—  ^ 

+  +  •'/>•  ♦•■a*je+v=a*(x+f*). 


(8.4. 17) 


Substituting  these  values  Into  (8.4.16)  and  neglecting  the 

small  quantities  which  are  second  and  higher  orders  of  w'  and  w  , 

X  y 

we  find 

_(*+!)  +  2^ -^+-^-^^-0.  (8.4.18) 

'  ^  '  djr  difl  ^  dy*  dy  ixdy  '  y  dy  '  ' 

We  shall  seek  the  particular  solution  of  (8.4.18)  In  the  form 

^•=-i.«j:>  +  x/,(y)+/,(y).  (8.4.19) 

Substituting  (8.4.19)  in  (8.4.18)  yields  a  system  of  ordinary 
equations : 

A  (y)  -  2/’  (y)  -  (* + 1 ) «’ + jA  (y) = o- 
Aiy)  -  [2/I  (y)  -  y]  /=  (y)  -  (* + 0 »/,  (y)  =0. 

In  the  case  of  a  plane  flow  the  solutions  will  read 


(8.4.20) 


/i(y)=  —  y  In  «o*  [V’2(*+ 1)  «y]. 
ft(y)  =  i  Iln*cos(V^(FiT)»y]  - 
-21n(/2(*  +  ljety)- 


(8.4.21) 
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The  two  functions  f^Cy)  and  fgCy)  are  both  even  functions. 

The  additional  velocity  components  will  be 

« 

-  ax  — 1- In  (cos /2(*+T)  •>). 

^ l/ "^7^  ([**  +  J s«0  '2(*+i) »y)+ 

t1  _  V  (8.4.22) 

+  y]«£{I  2(*+I)ty)+ 

-r  y  *ec  (l^2(F+l)  ,j,)  ,g  ^JL  _  ^ 

The  streamlines  are  determined  by  numerical  Integration  of  the 
equations 


4m  «*  — I 


(8.4.23) 

The  equlpotentlal  lines  and  the  lines  of  equal  velocities  will 


be 


•«f+»*(jr.y)= const,  +  '^)* +'^=*M**=*  const. 
For  an  axlsymmetrlc.  nozzle  (^  is  replaced  by  r) 

/.(r)= -1  In 5(r).  rje 6(r)=. 

■-t 

The  series  S(r)  converges  rapidly. 

The  additional  velocity  components  are  equal  to 


(8.4.24) 


(8.4.25) 


•• 


«• 


af«  __  jr5»(r) 

dr  “  2S{r) 


(8. 4.26) 


The  streamline  Is  obtained  by  numerical  integration  of  the 
equation 


4r  _  •r 

(8.4,27) 


The  supersonic  section.  Calculations  are  made  on  the  super- 
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sonic  section  of  a  plane  nozzle  (behind  the  throat)  by  the  method  of 
characteristics  we  have  described  before  (cf.  Chapter  5). 

The  calculation  of  an  axlsymmetrlc  nozzle  with  the  help  of  the 
method  of  characteristics  was  carried  out  by  P.  I.  Prankl  [8.9]. 

The  above  method  was  applied  In  a  much  simpler  way  by  I.  M.  Yur' 
yev  [8.10],  who  used  particular  solutions  of  the  approximate  velocity 
potential  equation,  which  In  the  general  case  of  a  three-dimensional 
flow  has  the  form 


-2 


dM  dy 


dy  it  dt  dx 


(8.4.28) 


Under  similar  suppositions  about  the  smallness  of  w',  w  and 

X  y 


this  equation  can  be  reduced  to  the  form 


BJ  ^  J.  ft 


where 


+  a»,=a*(I +  K-,);  P(k’,)= 


K* 


K*  = 


a-n 

A— 1 


(8.4.29) 


A  solution  can  however  be  found  for  a  somewhat  different  equa¬ 
tion: 

-I(*+i)»U*<’l-^+-^+-^-o-  (8.4.30) 

TliG  (31  ffGi'GncG  bstwGcn  the  function  dctcpniinGcl  from 

(8.4.29)  and  the  function  — Is  very  small,  as  is  shown 
In  Fig.  8.4.6.  Notice  that  the  function  -(k  +  l)  satisfies  the 
Triccoml  equation.  The  particular  solution  has  the  form 

«)’r+/>(y.  z)  (8.4. 31) 

Substituting  (8.4.31)  Into  (8. 4.  30)  gives  the  system 


(8.4.32) 


a*/,  ,  <»>/, 


^^-2/.U*  +  »/,+*/|l-0. 

p  p  1  y 

For  an  axlsymmetrlc  flow  (r  =  [  y  +  z  ]  ' 
of  ordinary  differential  equations 

j^^+±^_8*/J(r)=0.  (•) 

dr*  t  mt 

.  I  rf/t(r>  _ 
r  <r 

-8*/?(r)/,(r)-4(A+l)/’(r)=.0.  (••) 

j  1  «^A(d 


). 


-  2/,  (^) I(A  + 1) /,(r)  +  k/\ (r)H0.  (•••) 


(8.4.33) 


The  first  equation  of  (8.4.33)  is  satisfied  by  the  function 

1/2  (2kr)^^^. 


Pig.  8.4.6.  Curve 
1  represents  the 

equation - -Tg- 


Curve  3  the  func¬ 
tion  — f(*+i) 

and  the  straight 
line  2  the  equa¬ 
tion  -(*4.1) 


We  shall  however  seek  a  solution  which 
is  continuous  on  the  r-axis,  and  for  which  we 
put 

Mr)^Cg{Cr),  (8.4.34) 

where  C  Is  an  arbitrary  constant  and  g(r)  Is 
a  particular  solution  which  we  determine  from 
the  condition  g(0)  =  1  and,  therefore,  g'(0)  « 
•*  0. 

/,(')  =  [O  +  4  (ft  + 1)  j  r-’ rf] (r) rfrjrfr] /, (r).  ( 3.  4.  35) 

where  D  Is  an  arbitrary  constemt. 

We  find  now  from  (8.4.33***) 


/.(^)-=2 


[j  1(4  +  1 )  A  (r)  +  ft/i  (r))  /,  (r) </r  .  (3.  4.  36) 


The  values  of  g(r)  and  g'(r)  are  best  determined  by  a  numerical 
Integration  of  the  equation  for  the  function 
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(8.4. 37) 


The  function  g(r)  can  be  determined  fairly  exactly  by  the  func¬ 
tion  sec  (2.  2335r). 

The  nozzle  contour  Is  obtained  by  Integrating  the  equation 


iC 


(8.4.38) 


If  D  c  0  the  line  M*  =  1  passes  through  the  origin. 

Optimum  nozzles.  Maximum  thrust  Is  obtained  for  nozzle  contours 
which  produce  a  parallel  Jet  with  the  pressure  In  the  Jet  equal  to 
the  ambient  pressure.  The  rear  sections  of  such  nozzles  almost  fall 
to  participate  In  the  thrust  production  since  the  surface  In  this 
section  Is  almost  parallel  to  the  nozzle  axis  and  therefore  It  does 
not  receive  any  forces  directed  along  the  nozzle  axis.  If  the  rear 
section  of  such  a  nozzle  Is  cut  off,  then,  with  Insignificant  thrust 
losses,  essential  savings  In  weight  are  made  with  the  surface  reached 
by  the  flow. 

Ouderley  and  Hantsch  [8.11]  set  themselves  the  task  of  finding 
the  contour  of  nozzles  which  produce  maximum  thrust  for  given  mass 
flow,  length  and  exit  cross  section.  When  the  mass  flow  Is  fixed  a 
two-papametrlc  family  of  nozzles  Is  obtained.  One  can  also  demand 
that  the  design  of  nozzle  contours  be  such  that  not  only  the  mass 
flow  but  also  the  length  are  given.  These  contours  however  depend 
on  the  external  pressure  too,  since  in  this  case  a  two -parametric 
many-shaped  solution  Is  obtained.  In  this  case  the  solution  for  a 
nozzle  satisfying  the  conditions  of  the  problem  for  given  length 
and  pressure  Is  likewise  a  solution  to  the  problem  of  a  nozzle  with 
given  length  and  exit  cross-section  area.  Fig.  8.4.7  shows  contours 
for  the  pressure  ratios  0,  0.02  and  0.05;  In  this  graph  we  also 
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Pig.  8.4.7.  Nozzle  contours  for  pressure  ratios  Pg/PQ  “  0,  0.02> 

0. 05.  Above  we  see  the  locus  of  the  endpoints  of  nozzle  contours 
designed  for  parallel  exhaustion.  Below  the  curves  of  equal  thrust 
as  percentages  of  the  maximum  attainable  thrust  (in  the  case  of 
parallel  exhaust)  for  the  accelerating  nozzle  chosen,  with  Pg/pQ  *• 

=  0.  2;  the  maxlimm  values  correspond  to  the  vertical  tangent  —  on 
the  contours  Pg/p^  =  0  and  Pg/pQ  =  0. 05  the  points  of  these  maximum 
values  are  plotted, 

plotted  the  locus  of  the  endpoints  of  nozzle  contours  designed  for 
parallel  exhaustion. 

The  calculations  on  nozzles  of  various  lengths  with  given  ratios 
between  external  and  stagnation  pressures  show  that  the  contours  ob¬ 
tained  are  determined  by  curves  which  are  virtually  general. 

Nozzles  calculated  by  the  method 
of  Guderley  and  Hantsch  have  a  break 
In  the  throat.  In  order  to  avoid  this, 
G.  Rao  [8. 12]  determined  the  contour 
of  a  Jet  nozzle  giving  maximum  thrust 
without  this  break.  As  the  calculations 
show  [8.13]  the  transient  section  of 
the  nozzle  can  be  constructed  using  two  arcs  (Plg.  8.4.8).  Choosing 
the  relative  length  of  the  nozzle  for  a  given  ratio  of  exit  and 
throat  radii  we  find  from  the  graph  (Plg.  8.4.9)  the  slope  angles  of 


Pig.  8.4.8.  Notations  for 
nozzle  calculation. 


angles  6rf/6^  as  functions  of 
Rg/R*  and  L/R*.  ^  " 


the  nozzle  walls  to  the  axis  at  the  Inlet  and  exit  and  we  can  con¬ 
struct  the  angle  MQE.  Dividing  each  of  the  straight  line  segments 
Into  the  same  number  of  parts,  we  can  use  the  common  method  to  de¬ 
termine  the  parabola.  The  nozzle  contours  obtained  differ  little 
fi?om  the  exact  ones  calculated  by  the  charactei-lstics  method;  for 
an  areal  ratio  of  Ag/A*  =  25/I  and  a  length  of  L/R  =  12/I  the  error 
does  not  exceed  35C. 

Figure  8.4.10  shows  the  graph  representing  the  influence  of 
the  specific  heat  ratio  k  =  on  the  nozzle  contour. 

It  should  be  noted  that  nozzle  contours  constructed  with  G. 

Rao's  method  depend  on  the  nozzle  length.  Besides  this,  calculations 
showed  that  a  considerable  improvement  of  the  characteristics  of 
nozzles  with  optimum  thrust,  compared  with  conical  nozzles  of  the 
same  length,  is  reached  only  when  the  gases  are  highly  rarefied. 

Allowance  for  the  boundary  layer.  A  boundary  layer  forms  on  the 
nozzle  surface  whose  influence  was  not  yet  taken  Into  account.  The 
displacement  thickness  6*'  of  the  boundary  layer  increases  downstream 
(Plg.  8.4.11).  If  the  core  flow  is  assumed  to  be  isentroplc,  the  exit 
velocity  can  be  determined  from  Formula  (8.4.5).  In  this  case  wo  can 
assume  that  the  cross-sectional  area  of  the  flow  core,  A^,  is  de¬ 
termined  for  a  plane -parallel  nozzle  of  width  b  by  the  condition 
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and 


A 


■-f 


>1  I  A 


(8.4.39) 

(8.4.40) 


for  an  axlsyiranetrlc  nozzle  with  a  local  radius  R. 

In  the  formulas  determining  the  exhaust  velocity  for  a  given 
nozzle  we  should  use  not  the  true  but  the  fictitious  nozzle  areas 

Aj. 

Taking  the  boundaiy  layer  into  account  leads  to  the  value  ob¬ 
tained  for  the  velocity  in  the  core  flow  of  a  subsonic  nozzle  being 

higher  than  in  the  ideal  case  (when  the 
boundary  layer  is  not  taken  into  account), 
and  that  for  a  supersonic  nozzle  being 
lower. 

Differentiating  (4.3.2)  and  raplac¬ 
ing  dA  and  dM*  by  6A  and  6M*  we  can  write 
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Pig.  8.4.10.  Influence 
of  k  =  Cp/Cy  on  the 

nozzle  contour. 


M 

A 


w  ‘  (8.4.41) 

If  we  now  assume  M*  =  1  +  6M*  for  the  throat  region,  we  obtain 


‘  *+l  " 


M  _  *4-1  tM»» 

A  2  M»*  ' 

It  follows  from  this  by  the  way  that  a  slight  change  In  the 
cross-sectional  area  of  the  nozzle  near  its  throat  gives  rise  to  a 

great  change  in  velocity. 

If  we  replace  6A/A  by  26*/b  we  can 
estimate  the  Influence  of  the  boundary 
layer  on  the  velocity  in  a  geometrical 
nozzle. 


Fig.  8.4.11.  Displace¬ 
ment  thickness  of  the 
boundary  layer  in  a 
nozzle. 


*"*■«•«***** 
M*  *  M**-l 


(8.4.42) 
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8.5.  the  plow  in  curvilinear  channels 


The  Internal  problem.  Bosldes  the  consideration  of  the  so-called 
external  problems,  the  construction  of  the  flow  about  a  solid  body 
(or  a  system  of  bodies),  the  solution  of  what  Is  called  the  internal 
problem  —  the  construction  of  the  flow  In  a  channel  of  given  shape  - 
is  of  basic  significance  In  engineering  practice. 

If  the  region  of  real  inlet  (the  air  Intake)  or  that  of  the 
outlet  (nozzle)  can  be  efficiently  designed  by  methods  as  described 
in  Parts  8. 4,  the  problem  of  constructing  the  flow  in  the  main 
section  of  the  channel  remains  unsolved  except  in  the  case  of  the 
simplest  dlffusor  with  a  straight-line  axis  (cf.  Part  8.2).  Meanwhile 
the  shape  of  the  channel  Is  determined  with  allowance  for  widely 
differing  considerations  and  may  bo  rather  complex. 

In  solving  the  Internal  problem  we  shall  assume  that  not  only 
the  shape  of  the  channel  but  also  the  flow  rate  of  the  fluid  Is  given, 
since  the  mass  m  flowing  through  the  channel  per  unit  time  Is  equal  to 

m  =  (8.5.1) 

where  v  Is  the  velocity  component  normal  to  an  element  of  area  dA. 

It  Is  however  also  possible  to  formulate  the  reverse  problem  —  to 
determine  the  shape  of  the  channel  from  the  velocity  distribution 
given  on  the  walls.  In  this  and  other  cases  the  fluid  Is  assumed  to 
be  invlscid  and  thj  motion  potential.  The  viscosity  can  be  taken  Into 
account  by  calculating  the  boundary  layer  and  Introducing  the  displace¬ 
ment  thickness  6*  at  the  channel  walls  Into  the  calculation. 

Velocity  distribution  transverse  to  a  plane  channel.  C.  Yu. 
Stepanov  who  developed  A,  Stodola's  considerations  on  the  flow  In  a 
plane  curvilinear  channel  (Fig.  8. 5- 1)»  assumed  that  the  equlpotentlal 
lines  of  the  flow  In  the  channel  Intersect  the  channel  walls  at  the 
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point  where  they  are  touched  by  the  circles 
Inscribed  In  the  channel  (points  A  and  B 
In  Pig.  8. 5.  l)j  and  that  the  transverse 
velocity  distribution  In  the  channel  Is 
described  by  the  hyperbolic  law 


w- 


cotiti  r%wt 
'1+*  ^  n  +•  ' 


(8.5.2) 


'•1  +  * 


Pig.  8.5.1.  The  veloc¬ 
ity  distribution  In 
the  channel  la  hyper¬ 
bolic.  The  tangency 
points  A  and  B  of  the 
circle  Inscribed  In 
the  channel  determine 
the  ends  of  the  equl- 
potentlal  lines  AB 
which  can  be  taken  In 
the  form  of  a  circular 
arc  AB  (dashed). 


This  distribution  Is  exact  In  the 
case  of  a  potential  flow  In  a  channel  of 
constant  width  and  curvature  (the  field 
due  to  the  vortex  at  the  center  of  the 
circles  determining  the  channel  boundaries), 
A.  N.  Sherstyuk  [8.17]  remarked  that  In 
the  two  limiting  cases  of  a  channel  with 


rg  =  «»  and  rg  =  r^  +  b  (Plg.  8.5.2)  the  velocity  distribution  on  the 
channel  boundaries 


can  be  described  by  the  single  relation 


(8.5.3) 

»1  >+*/2r, 

which,  as  Is  shown  by  calculation,  is 
sufficiently  accurate  also  for  Intermedia¬ 
ry  cases  defined  by  the  condition  that 

rg  >  ri  +  b. 

In  order  to  determine  the  velocities 


Pig.  8.5.2.  Two  limit¬ 
ing  cases  of  a  channel  t 


on  Intermediary  streamlines  we  make  use 
of  the  fact  that  the  ratio  ■**^*‘]‘*] 

•lOi 

varies  slightly  transversely  to  the  chan- 
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nel,  and  we  can  write 


(8.5.4) 

where  B  is  a  small  constant  quantity  and  3  is  a  monotonlc  function, 
q  »  q(h/b),  q  =  0  for  h  =  0  and  q  =  1  for  h  =  b.  Thus,  taking  (8.5.3) 
into  account,  we  use  the  relation  (8.5.4)  for  q  =  1 

,1, 


to  find 


(8.5.5) 

since  the  quantity  qB  Is  small,  the  form  of  the  function  ^ 
does  not  exert  much  Influence  on  the  velocity  distribution.  The 
calculations  show  that  the  formulas  are  obtained  more  simply  and 
that  the  results  are  more  exact  if  we  do  not  apply  the  simplest  linear 
relation  q  =  h/b  but  a  somewhat  more  complex  one: 


In  tnls  case 


J^rt±h 

*  r,+** 


(8.5.6) 


— +  (R  ^  '7\ 

we  see  that  the  second  component  of  the  right-hand  side  Is  a  correc¬ 
tion  to  the  parabolic  velocity  distribution. 

Calculation  of  the  flow  of  an  Incompressible  fluid  In  a  plane 
channel.  Substituting  Relation  (8.5,7)  with  p  =  const  In  (8. 5.  l) 
and  Integrating,  we  obtain  the  volume  flow  rate  (for  a  channel  height 
equal  to  unity): 


V 


wdh  — 


_ 

2r,  +  * 


- 

2  (/■,+  »)  2(:/’,  +  »)r,] 


(8.5.8) 
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formula 


(8.5.15) 

The  transverse  velocity  dlstrl* 
butlon  In  the  channel  may  be  deter¬ 
mined  according  to  Eq.  (8. 5.  7)  since 
the  compressibility  has  no  Influence 
on  it  [8. 18],  [8.191. 

8. 6.  JETS 

Fundamental  suppositions.  A 
is  a  fluid  (gas)  streaun  bounded 
by  tangential  velocity  discontinuity 
surfaces.  We  have  to  distinguish  be¬ 
tween  the  slipstream  motion,  when 
the  flows  are  parallel  on  the  two 
sides  of  the  discontinuity  surface,  and  counterflow,  when  the  flows 
are  in  opposite  directions. 

The  Jet  is  described  as  free  when  the  fluid  streams  out  Into  a 
quiescent  unbounded  medium.  If  Jet  and  medium  have  the  same  physical 
properties,  the  Jet  is  said  to  be  submerged. 

We  distinguish  between  a  Jet  in  a  slipstream,  when  the  velocity 
in  the  Jet  exceeds  the  velocity  of  the  surrounding  flow,  and  the 
wake  behind  the  body  in  the  flow,  when  the  velocity  in  the  Jet  behind 
the  body  is  smaller  than  the  velocity  of  the  surrounding  flow.  These 
cases  ure  both  examples  of  slipstream  motion.  The  Interface  of  two 

flows  moving  with  equal  velocities  can  be  considered  as  a  particular 
case  of  a  Jet  second  boundary  lies  at  infinity. 

In  any  case  the  Jet  boundary  has  a  tangential  velocity  discon¬ 
tinuity  only  at  its  very  beginning,  for  example,  in  the  exit  plane 
of  the  nozzle  from  which  the  flow  Issues,  or  at  the  place  where 
mixing  of  the  two  flows  with  different  velocities  sets  in  (the  bound¬ 
ary  layer  formation  on  solid  walls  is  disregarded  here).  According 
to  the  motion  of  the  Jet  the  velocity  discontinuity  as  a  result  of 
Va.scous  irictlon  and  turbulent  mixing  (transverse  momentum  transfer) 
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Pig.  8.5.3.  Auxiliary  func¬ 
tions  Sq,  Sj,  and  Sg  for  cal¬ 
culation  of  flow  in  curvilin¬ 
ear  channel  as  functions  of 

h/r^  » 


can  be  replaced  by  a  region  of  finite  saLckness  with  continuous  veloc¬ 
ity  distribution,  which  Is  termed  a  Jet  bouncfcary  layg!. 

A  laminar  Jet  boundary  layer  can  observed  at  very  low  Re 
numbers**  The  equations  of  motion  which  were  -derived  for  the  laminar 
boundary  layer  near  a  solid  wall  (6. 1.*}  can  ibe  used  to  investigate 
it.  In  the  given  case  the  solution  differs  Im  that  a  boundary  con¬ 
dition  which  is  characteristic  of  a  scilid  waTLl  —  zeao  velocity  of 
the  fluid  at  the  surface  In  the  flow  -  does  mot  exist. 

The  laminar  Jet  boundary  layer  is  of  no  gpractlal  interest  and 
is  not  dealt  with  here. 

The  mechanism  of  motion  In  a  turbalent  Gioundaiy  layer  leads  to 
turbulence  and  does  not  depend  on  the  It  numbor  since  the  Influeace 
of  the  ordinary  "molecular"  viscosity  la  neg;]tlglbly  small  here.  The 
viscosity  tenns  can  therefore  be  neglested  Ln  the  egiatlons  describing 
the  motion  in  a  turbulent  Jet  boundary  layer,  which  are  the  sane  for 
Jet  turbulent  layers  near  a  solid  wallL 

Since  a  solid  wall  has  no  Influenee  on  She  natire  of  the  flow 
in  a  Jet  boundary  layer  the  flow  is  ussally  said  to  Be  free  and  the 
turbulence  Is  called  free  turbulence. 

The  structure  of  a  free  Jet.  A  free  Jet  becomes  turbulent  right 
after  eml'^slon  through  an  openlr.g  (except  lit  the  case  of  a  very  low 
exhaust  velocity  which  is  not  considered  here).  Owlig  to  turbulent 
mixing  of  the  Jet  particles  and  the  qstescenx  surromding  fluid  and 
to  momentum  transfer,  the  Jet  expands  is  the  cEistania  Increaises,  Its 
mass  grows  and  the  velocity  drops  (Pi&.  8.6.1)). 

The  divergent  surface  originating  at  tfiie  edges  of  the  opening 
separates  the  boundary  layer  of  the  Jet  front  the  iiser  core  of  con¬ 
stant  velocities  (equal  to  exhaust  velsclty)  and  fi*  the  remaining 
medium  (of  zero  velocity). 


The  transient  cross  section  passing  through  the  vertex  of  the 
Jet  core  cone  separates  the  Initial  zone  from  the  main  zone.  The 
latter  Is  completely  filled  with  the  boundary  layer  and  the  velocity 
on  Its  axis  drops  gradually. 

Both  experiment  and  theory  show  that  at  any  cross  section  of 
the  Jet  the  transverse  velocity  components  are  small  compared  with 
the  longitudinal  velocity  and  can  be  neglected. 


Pig.  8.6.1.  Structure  of  free  Jet.  l)  Apex  I 

of  Jet;  2)  initial  cross  section;  3)  tran¬ 
sient  cross  section;  0)  main  zone. 

'v 

The  longitudinal  velocity  distribution  curves  of  a  Jet  are 

shown  in  Pig.  8.6.2.  It  is  characteristic  that  the  distributions  of 

the  dimensionless  velocities  (the  local  maximum  velocity  w  at  the 

m 

Jet  axis  Is  taken  as  the  unit)  are  similar  for  all  boundary  layer 
cross  sections.  This  Indicates  that  the  lines  of  equal  dimensionless 
velocities  are  rays,  originating  at  the  edges  of  the  opening  for  the 
initial  zone,  and  at  the  apex*  for  its  main  zone  (Pig.  8.6.3).  The 
equation  for  the  lines  of  equal  dimensionless  velocities  may  there¬ 
fore  be  represented  in  the  form  [8.10], 

(8.6.1) 

where  x  is  the  distance  from  the  Jet  apex  to  the  cross  section  given,  ^ 
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and  ^  Is  the  distance  from  the  Jet  axis  to  the  point  at  which  the 
velocity  is  determined. 


Pig.  8.6.2.  Velocity  and  temperature  of 
the  main  zone  of  the  jet. 

The  velocity  variation  along  the  Jet  axis  is  determined  frc,i 
the  condition  that  the  momentum  per  unit  mass  flow  must  be  constant 
in  any  jet  cross  section,  l.e.  , 

$  const.  (8.6.2) 

where  A  is  the  cross  sectional  area  of  the  Jet. 


Pig.  8.6.3.  Lines  of  equal  dimensionless 
velocities  of  a  free  Jet.  l)  Apex  of  Jet; 
2)  Initial  zone;  3)  transient  cross  sec¬ 
tion;  4)  main  zone. 


For  an  axl symmetric  Jet 


£ 


uix* 


^'-A».conu. 


(8.6.3) 


-  553  - 


l.e. ,  the  velocity  at  the  center  of  a  circular  cross  section  of  an 
axlsymmetrlc  Jet  drops  In  Inverse  proportion  to  the  distance  from 
the  apex. 

The  proportionality  constant  in  Eq.  (8.6.4)  may  be  determined 
theoretically  or  by  experiment  from  the  velocity  distributions  of 
each  cross  section  of  the  main  zone  of  the  Jet, 

In  practice  It  Is  more  convenient  to  measure  the  distance  not 
frem  the  apex  but  from  the  initial  cross  section.  In  this  case  the 
relation  [8.l4] 


(8.6.6) 


will  apply  [8.14];  a  Is  here  the  distance  to  the  Initial  cross  sec¬ 
tion  of  the  Jet,  the  radius  of  this  cross  section,  b  an  elementary 
constant  that  depends  on  the  flow  structure  In  the  Initial  cross 
section  (b  =  0.7-O.8). 

The  flow  rate  of  the  gas  through  the  cross  section  of  the  Jet 
for  the  main  zone  Is  equal  to 

"n 

V^^v2r:RdJi.  (8.6.7) 

Calculating  the  ratio  between  V  and  the  gas  flow  rate  In  the 
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initial  cross  section  leads  to  the  relation 


^  =  2.18-^ +0,29, 

»  1 


(8.6.8) 


where  bg/Rjj  >  0-  6?. 

The  dimensionless  flow  rate  for  the  Initial  zone  of  the  Jet 
(»s/B„  <  0.  67)  can  be  determined  with  the  help  of  the  formula 

■^-l+0.;6i  +  I.32(-^)*.  i<0.67.  (8.6.9) 

The  weakly  heated  Jet.  Let  us  assume  that  a  weakly  heated  free 
Jet  whose  density  can  be  assumed  to  be  constant  Is  propagated  In  a 
medium  with  the  temperature  T^. 

Let  the  temperature  T  at  each  point  of  the  Jet  (apart  from  Its 
axis)  exceed  T^^  by  =T-  and  let  us  assume 

respectively,  for  the  axis  of  the  main  zone  and  In  the  Initial  cross 
section. 

Experiments  show  that  the  dlstrl^tlon  of  the  excess  temperatures 
is  similar  to  the  velocity  distribution  (cf.  Fig.  8.6.2),  the  dif¬ 
ference  being  that  a  temperature  difference  Is  more  rapidly  leveled 
out  than  a  velocity  difference. 

In  this  case  both  the  Isothermal  lines  and  the  lines  of  equal 
dimensionless  velocities  in  the  main  zone  of  the  Jet  are  straight 
rays,  originating  from  the  apex,  which  are  described  by  the  expression 

(8.6.10) 

The  temperature  decrease  along  the  Jet  axis  Is  determined  by 
the  constancy  of  the  enthalpy  of  the  free  Jet  In  an  arbitrary  cross 
section,  expressed  In  terms  of  the  surplus  temperature  ,  1.  e.  , 

[pT^wdA  —  coMi.  (8.6.11) 
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For  the  circular  cross  section  of  an  axisymmetric  Jet 

=conft.  (  8. 6. 12) 

It  follows  from  (8.6.10)  that  the  integral  in  Eq.  (8.6.12)  Is 
a  constant  quantity  and  therefore 

(8. 6. 13) 

Experiments  show  that  the  temperature  distributions  are  not 
similar  to  the  velocity  distributions  and  therefore  the  constants 
of  Eqs.  (8.6.5)  and  (8.6. 13)  are  different. 

The  expression  for  corresponding  to  Expression  (8.6.5) 

can,  by  analogy  with  (8.6.6),  be  written  in  the  form 


Let  us  notice  that  the 
free  Jet  is  governed  by  the 
Ities  (in  contradistinction 
ties),  i.e. , 


As  a  matter  of  fact  it 
in  any  cross  section  that 

i.e. , 

and  from  the  enthalpy  constancy  that 


0,70 


T,., 


+  0.» 


(8. 6.14) 


decrease  in  mean  temperature  along  the 
same  law  as  the  decrease  in  mean  veloc* 
to  the  maximum  temperatures  and  velocl- 


r. 


(8.6. 15) 


follows  from  the  constancy  of  momentum 


pV'w„={>V’,ir„ 


V, 


-=1. 


(8.6.16) 


Vm  '• 


(8.6. 17) 
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Compari/ig  (8. 6.  l6)  with  (8. 6.  I?)  yields  (8.6.15).  The  velocities 
and  temperatures  are  averaged  In  this  case  with  respect  to  mass  ‘’low: 

^tir^dA  jT,fWdA 

t.1  —  - .  T  _  ^ 

‘p  r  — 7 

\t»dA 

The  propelling  let.  If  the  Jet  Is  arbitrarily  heated  it  Is  neces¬ 
sary  to  take  the  compressibility  of  the  gas  Into  account. In  this  case 
the  momentum  conservation  law  reads 

or,  in  a  dimensionless  form 

(8.6.18) 

Applying  the  equation  of  state  to  the  case  p  =  const,  P/P^  = 

»  T^/T  yields  the  Initial  expression  for  calculations  on  a  propelling 
Jet. 

(8.6.19) 


The  temperature  drop  along  the  axes  of  a  propelling  Jet  Is  de¬ 
termined  as  before  from  the  condition  of  enthalpy  conservation  In 
Jet  of  compressible  gas, 

jfr,Vf(/A^pjr,,Tr^A, 

or.  In  a  dimensionless  form 

}  ,  r„  w  dA  _f  r,  T.  w  dA  ,  ,o  ^ 

(8.6.20) 

Figure  8.6.4  shows  typical  velocity  and  temperature  distribu¬ 
tions  for  a  subsonic  propelling  Jet.  The  transient  cross  section 
for  the  velocity  Is  located  at  the  distance  of  about  six  diameters 
from  the  exit  cross  section,  and  for  the  temperature  at  about  five. 

For  the  main  section  the  rays  corresponding  to  a  velocity  equal 
to  half  the  velocity  w^^^  on  the  axis  leave  the  apex  at  an  angle  of 
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about  5 


For  analogous  rays  at  half  the  temperature  (T. 


Jet.  l)  Reaction  stream 

con^!  4)^].?icuy 

the  angle  Is  6. 5  •  If  the  Jet  boundary  is  defined  as  a  surface  where 
the  Jet  parameters  amount  to  l/lO  of  the  corresponding  parameters  on 
the  axis,  then  the  semi -angle  of  the  Jet  boundary  cone  amounts  to 


about  9*  for  the  velocity  and  to  about  12*  for  the  temperature  (cf. 

Pig.  8.6.4). 


When  a  plane -parallel  gas  Jet  is  propagated  in  slipstream  motion 
the  Increase  in  the  ratio  of  the  slipstream  velocity  to  the  constant 
exhaust  velocity  leads  to  an  elongation  of  the  Initial  zone,  to  a 
constrpclon  of  the  Jet  boundaries  and  to  a  less  Intense  drop  of  the 
dimensionless  axial  velocity  as  the  distance  from  the  nozzle  Increases. 
A  detailed  consideration  of  the  Influence  of  the  slipstream  on  a  free 
Jet  can  be  found  In  the  special  literature  [8.1],  [8.14],  [8.15]. 

8.  7.  THE  EJECTOR 


Ejection.  The  ejector  Is  a  Jet  apparatus  used  to  press  (suck  off) 
the  medium  to  be  ejected  with  the  help  of  a  Jet  of  the  ejecting  (work¬ 
ing)  medium  whose  pressure  Is  relatively  high.  Ejectors,  which  can 
be  used  Instead  of  ventilators,  compressors  and  pumps,  have  no  me¬ 
chanical  drive  and  no  moving  parts. 
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Pig.  8.7.1.  Schematic  diagram  of  an  ejector, 
l)  Mixing  zone. 

Figure  8.7.1  is  a  schematic  representation  of  an  ejector.  From 
the  nozzle  1  the  gas  whose  stagnation  parameters  are  p^^, 
flows  into  the  mixing  er,  acquiring  at  iho  nozzle  exit  the 

parameters  Pj|^,  and  th*.-  velocity  w^.  In  the  mixing  chamboi"  thr 

Jet  of  this  gas  entrains  the  gas  to  bo  ejected,  which  has  the  stagna¬ 
tion  parameters  p^-^,  p^^^,  such  that  In  the  nozzle  exit  plane 

the  beginning  of  the  mlxlr.g  chamber  -  its  parameters  are  pj,  pj, 

T|,  w|  and  the  cross-section;!!  area  is  A^.  In  the  mixing  chamber 
the  gas  mixture  becomes  homogcn<-ou;3  because  of  the  Intense  turbulent 
exchange,  and  at  the  mixing  chamber  exit  the  pavumeters  of  the  mlxtui’e 
will  be  Po,  p^,  Tr,,  and  w^. 

In  order  to  simplify  the  solution  of  tlie  problem  we  shal  !  assume 
In  what  follows  that  l)  there  Is  no  heat  exchange  with  the  cnvlronmeni., 
2)  the  gas  to  bo  ejected  and  the  ejecting  have  the  same  specific  heat 
ratio,  3)  the  mixing  chamber  Is  cylindrical,  l.e.  , 

Al+A^==^A^.  (8.7.1) 

4)  tnere  Is  no  friction,  and  5)  th  velocity  and  press :re  fields  are 
uniform  in  the  cross  sections  chosen. 

Losses  in  the  ejector.  The  losses  in  an  ejector  are  essentially 
kinetic  energy  losses  on  mixing.  If  the  pressure  along  the  mlxltig 
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chamber  Is  constant,  the  mass  and  momentum  conservation  laws  yield 
the  equalities 


+  (8.7.2) 
Forming  the  difference  between  the  kinetic  energies  of  the 
gases  before  and  after  mixing  leads  to  the  kinetic  energy  losses 

/m,.?  ,  («, 4- *•;)«)  I  *1*; 

; - j - ^ 

ItS, ,  thy  are  proportional  to  the  square  of  the  relative  velocity 
of  the  gas  to  be  ejected  and  the  ejecting  gas.  Other  losses  will 


arise  In  the  ejector  owing  to  the  leveling  of  the  gas  parameters 
before  mixing,  and  to  friction  and  losses  In  the  diffusor,  which 
usually  Is  mounted  at  the  end  of  the  mixing  chamber. 

The  ejection  equation.  There  Is  no  need  to  know  the  processes 
In  the  mixing  chamber  In  detail  to  be  able  to  calculate  the  condl> 
tions  of  steady  ejector  operation.  The  fundamental  relations  can  be 
obtained  by  applying  the  conservation  laws  In  their  Integral  forms. 
Taking  the  reference  cross  sections  at  the  Inlet  and  the  exit  of 


the  mixing  chamber,  we  can  write  the  mass  conservation  law  (8.7.2) 
in  the  form 

hViA,+py,A\^f,w^  (8. 7. 4) 

The  momentum  conservation  law  gives 

PiA,  +p\A\-p,A,=p,uiA,-f!iU-*A\  (  8. 7. 5) 

or,  taking  Into  account  that  owing  to  (4,2.15)  (p  +  pw^)  A  -  K, 

Kt+f^i-Kr  (8.7.6) 

If  there  Is  no  heat  exchange  we  can  write  the  energy  conserAra* 
tlon  law  expressing  the  equality  of  the  changes  In  the  Internal  and 
kinetic  energy  of  the  work  done  by  the  pressure  forces  (the  potential 
energy  of  position  and  the  work  done  by  frictional  forces  are  ne¬ 
glected)  In  the  form 


(8.  7.7) 


or 


-(•^+  ^-pA'^'i  -VP'Ai^^ -P.A.'^t 

«.(o.r,+  ^)+  ml(^,r,  +  ^)=.  m,(r,7,+  (8.  7.  8) 


In  terms  of  stagnation  parameters  for  one  and  the  same  we 

have 

— '"a^w  (8.  7. 9) 

These  equations  must  be  supplemented  by  the  equation  expressing 
the  cyllndrlcallty  of  the  mixing  chamber  (8.7.1). 

The  election  equation  In  p:asdynanilc  functions.  Rewriting  the 
momentum  equation  In  the  feim 


K  —  mw-\-pA  -  m  m  ^  - 

-"['"+4  ('  -  ITT  ■''•')]  ■’  ^  -  M--)  - 


L±1 

2k 


ma*z(S\*), 


and  reducing  (8.7.6)  by  (k  +  l)/2k  will  lead  to 

V'hAm\z\  '”j^a 

Taking  Into  account  that 


or 


— Ap*a*-~ 


A*  n*  O 

-7  (M*)  A  - al  -  jA  ' - a  * 

'  ••  *1-1  ®  '  a*  *+-1 


£?- 

ti 


(8.  7. 10) 


(8.  7. 11) 


we  obtain 

(8- 7. 12) 

Substituting  the  value  of  A  obtained  fi'om  (8.7.12)  Into  Eq. 
(8.  7- 1)  we  get 
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where  j(M*)  is  a  function  of  the  mass  flow  (4.2.12) 

Let  us  define  the  mass  ratio  of  ejected  gas  to  ejecting  gas 
as  the  ejection  coefficient 

(8.7.14) 

*l  _ 

Then,  dividing  (8. 7. 11)  by  m^  (Tq^)  ^  and  taking  Into  account  that 
by  virtue  of  (8.7.9) 


f  ^  =/nT  1/1+.  ^ . 

>1  *i«i  r  «t-fa|  r  Tm 


we  obtain 


«(m:)  +* |/i 1  +.  ^z(Mi*).  (8. 7.  lb) 

Dividing  (8.7.13)  by  m^^a*  gives  us  an  equation  linking  the  total 
pressures 

^  ^  (8.7.16) 


j _ I _ I _ 1/ 1 

riiy(Mi)  I  Tu  PkJV^)  V  r* 


or 


■‘■/Qi'r  r„  /(m;*) 


(8. 7. 17) 


The  ratio  of  the  cross-sectional  areas  and  Ag  Is  found  with 
the  help  of  (8.6.12)  In  the  form 

.<1  "i  «i  i’ii  /i  r  foi  Pot  /(m;*)  ‘ 

The  system  of  Eqs.  (8.7.15),  (8.7.17)  and  (8.7. 18)  Is  used  for 


the  calculations. 


The  conditions  at  the  exit.  The  mixing  chamber  may  be  followed 
a  diffusor,  a  confusor,  a  cylinder,  or  a  nozzle.  The  pressure  at 
the  exit  of  the  device  following  the  mixing  chamber  Is  usually  given. 
The  losses  in  this  device  were  considered  above  and  we  may  write 

(8.7.19) 

If  the  degree  of  divergence  Is 

(8.7.20) 

than  It  follows  from  the  equalities  of  masses,  =  m^,  and  total 
temperatures,  =  ^03'  owing  to  (8.7-12)  we  can  write 

y(AV*)  (8.7.21) 

whence  we  find  Mg. 

The  length  of  the  mixing  chamber.  Since  a  free  Jet  exists  In 
certain  zones  of  the  ejector,  we  can  make  use  of  the  laws  governing 
It  to  determine  the  addltio  al  ejection  coefficient  k '  and  the  mix¬ 
ing  chamber  length  L. 

The  law  of  mass  Increase  along  the  axis  of  a  free  air  Jet  (8.6.8) 
enables  us  to  derive  the  following  approximate  lelation  for  the  ad¬ 
ditional  ejection  coefficient  x*  due  to  turbulent  mlxlrg  of  the  par¬ 
ticles  of  the  Jet  with  the  ejected  gas; 

and  with 

-0.3675  +  0,6425 -  l) 

where  and  Rg  are  the  radii  of  the  ejector  nozzle  and  the  mixing 
chamber,  respectively. 

Applying  the  continuity  equation  for  the  additional  ejected  gas 


'^  -<3.2b  I 

.  (8.7.22) 

5-  3.28  1 
/?.  , 


and  the  law  of  axial  velocity  variation  for  a  free  Jet  (8.6.6)  and 
also  taking  Into  account  that  the  velocity  distribution  dif¬ 
fers  only  slightly  from  the  mass  velocity  distribution  '*® 

can  write 

Wt  _  _ _ 

W  'I' 

In  particular  we  have  for  the  end  of  the  mixing  chamber  (cross 
section  2-2) 

f)*,  kL  :Ri 

or 

L  ^0.4S  I 

*  !  +  »'  ‘ 

The  calculation  shows  that  the  length  of  the  mixing  chamber 
which  Is  necessary  to  level  out  the  velocity  field  must  be  approxi¬ 
mately  equal  to  ten  times  Its  diameter.  This  conclusion  Is  sufficient¬ 
ly  well  verified  by  experiment. 


Manu¬ 
script  [Footnotes) 

Page 

No. 

^78  Conventional  notation:  With  respect  to  the  cowling  this 
force  Is,  In  the  final  analysis,  an  external  force  (of. 
Introduction). 

551  The  Re  number  Is  defined  as  WnjR/v,  where  R  Is  the  radius 

of  the  Jet  cross  section  and  is  the  maximum  velocity  In 
It.  “ 

552  The  term  apex  Is  understood  to  mean  the  point  of  Intersec¬ 
tion  between  axis  and  the  outer  boundary  of  the  Jet. 
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Chapter  9 

HYDRODYNAMIC  LATTICES 

9.1.  FUNDAMENTAL  INFORMATION  ON  PROFILE  LATTICES 

In  turbine  theory  the  so-called  two-dimensional  hydrodynamic  lal- 
tlces  are  very  Important.  Such  a  lattice  Is  a  system  of  like  profiles 
arranged  at  equal  distances  (lattice  spacin.-  1)  either  along  a  straight 
line  up  to  Infinity  on  both  sides,  thus  forming  a  straight  lattice,  or 


Fig»  9.1.1.  The  straight  lat.tlce  Is  obtained  by  displacing  the  profile 
by  equal  distances  (lattice  spacing)  1^  on  both  sides  to  infinity  (a), 
and  the  circular  lattice  when  the  profile  is  repeated  on  a  circle  (b). 
l)  Lattice  axis;  2)  streamline. 

along  a  circle  (where  the  spacing  must  be  an  Integer  contained  In  the 
length  of  the  circumference),  l.e.,  a  circular  lattice  (Pig.  9.].l). 

The  solutions  to  the  problems  of  the  airfoil  profile  In  a  channel, 
of  ’he  Impact  of  a  fluid  on  a  profile,  of  taking  the  wind  tunnel  bound¬ 
ary  >f’ccts  on  the  results  of  testing  In  this  tunnel  Into  account,  etc., 
all  reduce  t,o  the  solutions  of  lattice  problems. 

Types  of  turbines.  Turbines  are  machines  which  Interact  er.ergetl- 
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cally  with  a  fluid  by  changing  Its  momentum  with  respect  to  the  axis  of 
rotation  of  Its  main  part,  the  working  wheel.  The  working  wheel  is  a 
system  of  bodies  —  blades  —  mounted  on  the  whole  rotating  hub  and  In¬ 
teracting  with  the  fluid  flow.  The  wheel  In  a  tubrlne  rotates  due  to 
the  action  of  the  flow:  It  transfers  the  energy  obtained  from  the  flow 
to  other  mechanisms.  If  the  working  wheel  Is  rotated  by  an  energy 
source  other  than  the  flow  and  transfers  the  energy  to  the  fluid  (gas), 
thus  displacing  It,  then  It  will  be  a  pump  —  a  ventilator,  compressor, 
or  propelling  screw  (Fig.  9.1.2). 


Fig.  9. 1.2.  Schematic 
diagram  of  the  simplest 
turbines,  a)  Air  vane 
(turbine)  -  the  air 
passing  through  the 
working  wheel,  gives  up 
part  of  Its  energy  to 
It  and  flows  off  with 
lower  velocity,  causing 
the  stream  to  widen;  b) 
propelling  screw  (pro¬ 
peller)  —  the  air  Is  ac¬ 
celerated  by  the  action 
of  the  working  wheel  and 
flows  off  at  an  Increased 
velocity;  the  cross  sec¬ 
tion  of  the  stream  Is  di¬ 
minished. 


Classification  of  turbomachines  ac¬ 
cording  to  their  mechanisms.  According  to 
the  shape  of  the  flow  In  the  working  wheel, 
we  distinguish  between  the  following  tur¬ 
bines  (Fig.  9.1.3). 

axial-flow  turbines.  ^ ;  which  the  flow 
passing  through  the  working  wheel  is  mainly 
axial  In  direction  (of.  Fig.  9.1.3,  a,  b); 

radial-axial  turbines.  If  the  flow  in 
the  working  wheel  changes  Its  direction 
from  axial  to  radial,  e.g. ,  the  centrifugal 
pump,  compressor,  or  radial-flow  turbine 
(cf.  Fig.  9.1.3,  c,  d); 

diagonal  (mixed)  turbines  .  in  which 
the  flow  in  the  working  wheel  has  both  an 
axial  and  a  radial  velocity  component  (cf. 
Fig.  9. 1 . 3 »  O . 

Generally  speaking,  all  turbines  are 


reversible,  l.e.,  any  one  of  them  can  operate  as  both  turbine  and  pump 
(compressor). 
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If  turbines  arc  to  operate  regularly  the  fluid  must  be  supplied 
and  removed  In  definite  directions.  Regular  operation  Is  achieved  with 
the  help  of  Inlets  and  outlets.  Their  mutual  position  Is  determined  by 
the  form  of  flow  required. 

Absolute  and  relative  motion.  The  motion  of  the  fluid  In  the  tur¬ 
bine  channels  will  be  designated  according  to  what  the  coordinate  sys¬ 
tem  refers  to.  In  a  quiescent  coordinate  system,  for  example,  fixed  to 
a  body  at  rest,  the  motion  Is  said  to  be  absolute.  If  the  motion  Is 
considered  however  In  a  coordinate  system  connected  with  the  rotating 
working  wheel.  It  will  be  a  relative  motion.  The  motion  of  the  working 
wheel  Itself  Is  a  transport  motion;  when  the  motion  Is  steady  It  Is  a 
uniform  rotation  abou’  a  fixed  axis,  with  the  angular  velocity  u5.  If  we 


F1  ;  '?.1.3*  Types  of  turbines,  a)  Eight-stage  axial-flow  compressor;  b) 

si  ■  sta^e  axial-flow  turbine;  c)  centrifugal  compressor;  d)  radial 
aenirlpetal  turbine.  1)  Stage  of  compressor;  2)  stage  of  turbine. 

denote  the  relative  particle  velocity  by  7,  the  transport  velocity  by 
and  the  absolute  velocity  by  £,  then,  as  Is  well  known  from  mechanics, 
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?—•+•.  (9.1.1) 

The  geometrical  representation  of  this  equation  Is  called  the  tri¬ 
angle  of  velocities.  It  Is  usually  constructed  at  the  Inlet  and  outlet 
of  t»!e  working  wheel. 

Axial -flow  turbines.  In  an  axial— flow  turbine  the • gas  Is  brought 
Into  the  desired  direction  by  the  Impeller  Intake  guide  mechanism  and 
Is  then  led  to  the  working  wheel,  where  energy  is  exchanged  between  the 
gas  flow  and  the  wheel. 

The  working  wheel  Is  followed  by  another  (aligning)  guide  mechan¬ 
ism,  which  leads  the  flow  either  to  the  next  working  wheel  or  to  the 
turbine  exit.  These  two  parts  -  the  guide  mechanism  and  the  working 
wheel  -  constitute  a  stage.  In  a  turbine  stage  the  guide  mechanism  (CM) 
has  to  be  arranged  In  front  of  the  working  wheel  (WW)  and  In  a  compres¬ 
sor  stage  behind  It.  According  to  the  number  of  stages  we  distinguish 

single-,  two-  three -stage  etc.,  turbines,  or,  correspondingly,  compres¬ 
sors. 


Fig.  9.1.^.  Cross  section 
of  axial -flow  turbine  un¬ 
rolled  to  a  linear  profile 
lattice.  a)_jrrl^ngl^  of 
velocities  c  =  u  + 
triangle  of  forces  R  =  P  +  Q. 


In  a  turbine  the  gas  performs  me-:, 
chanlcal  work;  In  a  compressor  mechanical 
work  Is  expended  to  compress  the  gas. 

In  his  paper  "Modification  of  Klrch- 
hoff's  method  of  Determining  the  Motion 
of  an  Unknown  Streamline"  (I889),  N.Ye, 
Zhukovskiy  Indicated  the  possibility  of 
replacing  the  flow  In  an  axial  turbine  by 
the  flow  through  a  linear  profile  lattice. 
For  this  purpose  the  flow  between  two 
cylindrical  surfaces  placed  close  togeth¬ 
er  (Fig,  9.1.4)  Is  unrolled  6nto  a  plane. 
The  cross  section  of  each  blade  appears 
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as  a  profile.  Since  the  flovi  about  each  profile  Is  Identical,  and  since 
each  of  the  profiles  must  have  like  profiles  to  Its  left  and  to  Its 
right,  the  row  of  profiles  must  extend  to  Infinity  on  both  sides.  If 
the  radial  velocity  component  in  the  axial-flow  turbine  Is  taken  as  ze¬ 
ro,  the  motion  In  the  Involute  will  be  two-dimensional  (plane);  this 
arrangement  Is  called  a  plane  linear  lattice. 

Radial -flow  turbines.  Radial-flov;  turbines  are  termed  centrifugal 
If  the  gas  moves  from  the  center  to  the  periphery  (cf.  Fig.  9.1.3,  c) 
and  centripetal  If  the  flow  moves  towards  the  machine  axis  (cf.  Fig. 
9.1.3,  d). 

In  gas  turbine  engines  (aircraft  and  stationary  engines)  compres¬ 
sors  of  the  centrifugal  and  axial  types  are  used  at  present;  the  latter 
are  always  multi-staged,  whll'  i. he  turbines  are  mostly  single-  or  mul¬ 
ti-stage  axial-flow  turbines. 

Active  and  reactive  turbines.  V/hen  considering  one-dlmenslonal 
flow  through  a  stage,  we  denote  the  work  done  by  a  unit  mass  of  gas  by 
We  then  obtain  from  the  energy  equation  for  bhe  absolute  motion  of  a 
gas  flow  element  In  an  axial-flow  turbine  (Fig.  9.1.5) 

+  +  +  (9.1.2) 

The  hot  compresjed  gas  with  the  parameters  p^,  first  enters 

the  convergent  channel  of  the  guide  mechanism  (nozzle)  (cf.  Fig.  9.1.5) 
and  thus  Increases  In  velocity;  at  the  same  time,  the  pressure  and  tem- 
puruLure  di'op,  l.e.,  the  potential  energy  of  tlie  gas'ls  convert'' i  into 
klH'Vtlc  energy  In  the  nozzle.  From  the  nozzle  tb.e  gas  Is  led  to  the 
wor/.'  -  whejl.  As  It  flows  about  the  turbine  blades  the  pressure  will 
be  le-  s  on  i he  convex  side  of  the  profiles  than  on  the  concave  side. 

The  circumferential  component  cf  the  force  resulting  from  this  pressure 
difference  rotates  the  working  wheel;  the  kinetic  energy  of  the  gas  Is 
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converted  Into  mechanical  work. 

If  the  gas  pressure  Pg  3t  the  nozzle  exit  (in  front  of  the  working 
wheel)  Is  equal  to  the  pressure  p^  behind  the  wheel,  then,  provided 
there  are  no  losses,  we  find  that  the  whole  energy  of  the  gas  becomes 
kinetic  energy  In  the  nozzle;  this  type  of  turbine  Is  said  to  be  active. 
Its  working  v;heel  channel  cross  sections  have  to  be  chosen  such  that 
(cf.  Fig.  9»l«5i  a)  the  relative  velocities  are  equal  on  both  sides  of 
the  working  wheel.  The  circumferential  force  arises  due  to  a  change  in 
only'  the  d'rectlon  of  the  momentum  vector. 

The  other  limiting  case  represents  the  purely  reactive  turbine, 
wi.ci'e  '-he  gas  parameters  in  the  nozzle  remain  completely  unchanged.  The 
process  of  gas  expansion  and  energy  conversion  occurs  as  a  whole  In  the 
working  ’..'heel.  In  whose  channels  the  pressure  and  temperature  drop  and 
the  relative  velocity  Increases.  The  circumferential  force  arises  owing 
to  the  luomentum  vector  of  the  outcomlng  stream  (cf.  Fig.  9.1.5,  b) 
changing  in  i;oth  magnitude  and  direction. 

Hence  ’«o  can  see  that  the  expressions  "active"  and  "reactive"  tur¬ 
bine  arc  conventional.  The  process  of  gas  expansion  In  a  turbine  usual¬ 
ly  occurs  both  in  the  nozzle  and  in  the  working  wheel  (Fig.  9.1.6); 
such  turbines  are  said  to  be  reactive.  The  flow  cross  section  between 
the  profiles  In  the  turbine  decreases  and  the  lattice  Is  called  a  tur¬ 
bine  lattice.  More  exactly,  such  a  turbine  is  denoted  as  a  confusor. 

In  a  compressor  the  gas  Is  compressed  both  In  the  working  wheel 
and  In  the  guide  mechanism  behind  It.  The  velocity  In  the  compressor 
channels  drops,  pressure  and  temperature  rise.  The  channel  cross  sec¬ 
tions  Increase  dovmstream  and  owing  to  the  geometry  these  lattices  are 
termed  diffusor  lattices;  less  accurately,  they  are  said  to  be  compres¬ 
sor  lattices. 

A  subsonic  flow  In  the  channels  of  a  diffusor  lattice  has  the  same 
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Fig.  9. 1,5. Idealized  diagrams  of  turbine  stages:  If  the  potential  ener¬ 
gy  Is  entirely  converted  Into  kinetic  energy  In  the  guide  mechanism  we 
have  an  active  turbine  (a):  If  this  Is  done  In  the  working  wheel,  we 
have  a  reactive  turbine  (b). 

character  as  the  flow  In  a  dlffusor  -  the  veloclt.y  drops,  and  the  pres¬ 
sure  rises.  The  boundary  layer  on  the  profiles  therefore  grows  rapidly, 
if  the  pressure  gradients  are  large  It  becomes  separated  and  revei’se 
flow  arises.  Owing  to  this  the  potential  motion  of  an  Invlscld  fluid 
differs  considerably  from  that  of  a  real  viscous  fluid. 

In  the  channels  of  a  confusor  lattice  the  motion  Is  accelerated. 
The  boundary  layer  In  them  Is  very  thin  and  separates  with  difficulty. 
Th  motion  of  a  real  viscous  fluid  Is  very  similar  to  the  potential  mo¬ 
tion  oi'  an  Invlscld  fluid.  The  theoretically  calculated  properties  of 
confusor  lattices  correspond  well  with  experimental  data,  which  cannot 
be  said  of  dlffusor  lattices. 
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Fig.  9«1.6.  Reactive  turbine;  the  gas  ex¬ 
pansion  occurs  In  the  channels  of  both  the 
working  wheel  and  the  guide  mechanism* 


Moreover,  the  confusor  (turbine)  lattice  can  operate  as  a  compres¬ 
sor,  and  conversely,  the  dlffusor  lattice  can  work  as  a  turbine.  They 
are  then  said  to  operate  under  off -design  conditions. 

Second  form  of  the  Euler  turbine  equation.  When  we  multiply  Eq. 
(2.2.7)  by  the  angular  velocity  or  rotation  (o)  of  the  working  wheel 
and  assume  that  iii  -  1,  we  obtain  for  the  work  done  by  1  kg  mass  of  gas 
in  a  turbine  stage 

(9.1.3) 

Instead  of  w^,  w^  from  turbine  theory  Is  used  here  to  denote  the 
tangential  component  of  relative  velocity,  and  the  subscripts  1  and  3 
refer  respectively  to  Input  and  output  of  the  stage.  When  we  consider  a 
compressor  stage  we  have  to  alter  the  sign  of  ^1^.  Taking  Into  account 


i 


-  572  - 


(9.1.4) 


j  that 

ShiTiu  3).  I 

* 

follows  from  Eq.  (9.1.1)«  ?  «  7  +  u ,  we  obtain 

(9.1.5) 

For  an  axial-flow  turbine  Ug  .  u^,  and  Instead  of  (9.1.5) 


/-  ■?— j  (9.1.6) 

”  a  a  * 

The  reactivity  ratio.  The  first  term  In  the  Euler  equation 
2  2 

(®3  “  characterizes  the  energy  expended  In  changing  the  absolute 

velocity  of  the  flowj  l.e..  In  changing  the  kinetic  energy  of  1  kg  mass 
of  gas. 

The  second  term  Is  connected  with  the  change  In  relative  velocity. 
It  Is  the  energy  expended  In  changing  the  velocity  In  the  working  wheel 
channel. 

The  third  term,  connected  with  the  change  In  circumferential  velo¬ 
city,  characterizes  the  fraction  of  work  done  by  the  wheel,  which  Is 
related  to  the  pressure  rise  due  to  centrifugal  forces.  The  sum  of  thr 
last  two  terms  y  l(«?— characterizes  the  change  In  poten¬ 
tial  energy  of  1  kg  of  gas.  The  fraction  of  total  energy  converted  in 
the  working  wheel  of  the  turbine  corresponds  to  the  reactivity  ratio  of 
the  stage,  l.e.,  to  the  ratio  between  the  work  Ip  done  by  the  gas  (or 
on  It)  owing  to  the  change  In  potential  energy  In  the  working  wheel  and 


the  total  work  Ip  +  Ij^  done  by  or  on  the  gas ; 


(9.1.7) 


The  reactivity  ratio  may  vary  within  wide  limits;  It  can  be  e -ual 
to  or  less  than  zero  and  larger  than  unity.  With  It  the  triangle  of  ve 
locitles  changes  too.  For  an  active  axial-flow  stage  we  have 
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Geometrical  and  kinematic  parameters  of  a  plane  linear  lattice.  In 
addition  to  the  common  geometrical  parameters  (cf.  Fig.  3.5.1),  the 
chord  b,  the  maximum  thickness  d,  the  maximum  camber  f,  the  position  of 
the  maximum  camber  b^,  and  the  position  of  maximum  thickness  b^,  concept 
tlons  referring  to  the  camber  of  the  profile  and  to  the  directions  of 
the  leading  and  trailing  edges  are  Introduced  Into  turbine  engineering 
In  order  to  characterize  the  profile  geometrically  (Pig.  9.1. 7).  The 
direction  of  the  leading  edge  is  determined  by  the  acute  angle  be¬ 
tween  the  chord  and  the  tangent  unit  vector  to  the  camber  line  at  the 
leadl.ig  edge,  directed  downstream;  the  trailing  edge  direction  Gg  Is 
determined  correspondingly.  The  camber  of  the  profile  is  characterized 
by  the  angle  of  camber  (cf.  Pig.  3.5.I) 

e  -  01  +  Gg. 

The  straight  line  joining  the  corresponding  points  of  the  lattice 
profiles  in  the  direction  of  their  camber  line  curvature  Is  called  the 
axis  (front  of  the  lattice;  Its  unit  vector  Is  denoted  by  Tq.  The  lat¬ 
tice  spacing  (period)  1  Is  the  distance  on  the  lattice  axis  between  tiie 
corresponding  points  of  neighboring  profiles.  For  a  turbine  lattice  un¬ 
der  design  conditions  Its  direction  of  motion  coincides  with  the  axis, 
whereas  for  a  compressor  It  Is  oppositely  directed.  ’ 

A  linear  profile  lattice  Is  obtained  as  a  result  of  unrolling  the 
wheel  cross  section  of  an  axial-flow  turbine  with  a  cylindrical  surface 
on  a  plane.  The  axis  of  rotation  of  the  working  wheel  coincides  with 
the  axis  of  the  cylinder  and  Is  perpendicular  to  the  axis  (front)  of 
the  lattice;  for  the  lattice  -00,  ?t  Is  convenient  to  keep  the  unit 
vector  tj(of  the  angular  velocity  3)  as  a  normal  to  the  lattice  front 
directed  from  Inlet  to  outlet.  If  turning  the  unit  vector  anticlock¬ 
wise  (clockwise)  through  a  right  angle  aligns  with  the  lattice  axis,  we 
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!  shall  denote  the  lattice  as  right-handed  (left-handed).  Positive  angles 
j  are  measured  anticlockwise  in  the  right-handed  lattice  and  clock;-/lse  In 
the  left-handed  lattice. 


9»1»7.  tooraetrlcal  and  kinematic  lattice  parameters.  The  type  of 
the  lattice  Is  determined  by  the  direction  In  which  the  axis  of  rota- 
to  tt  coincide  with  the  lattice  axis  T«.  a) 

rl^t-nanded  (all  angles  counted  anticlockwise  are  positive),  b)  left- 

randed  (all  angles  counted  clockwise  are  positive)^  1)  Confusor:  2) 
dlffusor;  3)  axis  of  rotation.  '  v^wniusor, 


The  position  of  the  profile  in  the  lattice  Is  determined  by  the 
^lgg,ng  angle  of  Incidence,  3,  which  is  the  smallest  angle  through 
wl'.lch  the  chord  unit  vector  ?p(dlrected  from  the  leading  edge  to  the 
trailing  edge  of  the  jr  of  along  its  chord)  must  be  rotated  to  coin- 


clde  with  the  lattice  axl8«  which  we  shall  therefore  the  angle  of  the 
lattice  axl8«  0.  it  is  sometimes  convenient  to  determine  the  position 
of  the  profile  by  the  stagger  anr,le  y  which  Is  the  -ingle  through  which 
the  unit  vector  Ip  has  to  be  rotated  to  coincide  with  the  unit  vector 
^0)  lattice  rotation  (Flgi  9*1*8)<  If  y  >  0  we  have  a  confusor  (tur» 
bine)  lattice,  and  If  y  <  0  the  lattice  Is  of  the  dlffusor  (compressor) 
type. 

Besides  the  rigging  angle  of  Incidence,  p,  of  the  profile,  the  ge- 
ometrlcal  forward  rigging  angle  Pj^p  (and  backward  rigging  angle  p2p) 
ere  Introduced;  these  are  the  smallest  angles  through  which  the  unit 
vecLcrof  Inlet  (outlet;  direction  must  be  rotated  to  coincide  with  the 

lattice  axis.  Here  we  have  Q  ^  —  B,  . 

^2p  *^lp* 

In  theoretical  considerations  of  lattices  the  coordinate  origin  Is 
often  placed  at  the  chord's  midpoint,  the  x-axls  being  oriented  along 
the  chord  unit  vector  and  the  y-axls  being  obtained  by  turning  the  x- 
axls  anticlockwise  through  90^  (right-handed  coordinate  system)* 


Fig.  9.1.8.  Form  of  flow  through  a  fixed  lattice  of  profiles,  a)  Veloc¬ 
ity  field;  b)  pressure  distribution  on  the  profile;  c)  pressure  and  ve¬ 
locity  In  the  channel  between  the  profiles. 


The  kinematic  lattice  parameters  determine  the  velocity  direction. 
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jThe  angle  be  tween  the  velocity  direction  at  the  Inlet  (outlet) 

and  the  lattice  axis  is  called  the  forward  (backward)  rigging  an;^le. 

The  angle  of  attack  a  {a^)  Is  the  angle  between  the  direction  of 
the  velocity  Wj^(v^)  and  the  profile  chord 

a  -  e  - 

The  angle  of  Influx,  Is  the  angle  between  the  direction  of  the 
velocity  and  the  unit  vector  of  the  Inflow  direction: 

The  angle  of  lag,  fig,  la  the  angle  between  the  direction  of  the 
velocity  Wg  and  the  unit  vector  of  the  outflow  direction: 

Finally,  there  Is  another  essential  lattice  parameter,  namely  the 
density  of  the  lattice. 1. e. .  the  ratio  b/1  =  F. 

The  form  of  motion  of  the  flow  through  a  fixed  linear  lattice*  Let 
us  consider  the  two-dimensional  potential  motion  of  an  Incompressible 

inviscid  fluid  through  a  fixed  linear  lattice  of  profiles.  The  flow 
through  a  linear  lattice  is  assumed  to  be  periodic,  i.e.,  on  any 
straight  line  parallel  to  the  axis  of  the  lattice  (see  Pig.  9.1.8)  the 
flow  parameters  at  any  given  point  of  the  straight  line  will  be  the 
same  as  those  lying  at  distances  of  +  nl  (n  »  1,  2,  3,  ...).  Theoreti¬ 
cally,  the  flow  parameters  level  off  and  become  equal  only  at  infinity 
upstream  and  downstream  from  the  lattice.  In  practice, for  streamlined 
profiles  It  Is  already  at  small  distances  (1  to  2  periods)  both  up¬ 
stream  and  downstream  from  the  lattice  that  the  nonuniformity  of  the 
lattice  parameters  becomes  negligibly  small  and  that  their  values  are 
the  same  as  at  Infinity.* 

Let  us  decompose  the  flow  as  a  whole  Into  the  streamlines.  If  the 
flow  does  not  separate  and  the  walls  of  the  lattice  profile  are  Impene¬ 
trable,  the  contours  of  each  of  them  will  be  streamlines.  Each  profile 
will  have  Its  own  strcanil  lt;e,  comlnj  from  Infinity,  splitting  at  the 
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forward  stagnation  point,  recombining  at  the  backward  stagriatlon  point 
and  flowing  off  to  Infinity.  The  Zhukovskiy -Chaplygin  condition  will  be 
valid  and  necessary  even  for  lattices  of  profiles  with  sharp  trailing 
edges;  infinitely  large  velocities  cannot  arise,  and  the  flow  must  . 
leave  each  of  the  lattice  profiles  smoothly,  l.e. ,  the  backward  stagna¬ 
tion  point  must  lie  on  the  trailing  edge. 

In  a  flow  about  a  profile  in  a  lattice,  as  In  a  flow  round  an  Iso¬ 
lated  profile,  the  velocity  will  be  greater  on  the  convex  side  of  the 
profile  than  on  the  concave  side,  and  the  pressure  will  be  lower.  Owing 
' j  the  pressure  difference  a  force  will  be  acting  on  the  profile  which 
Is  dii_cted  from  the  concave  to  the  convex  side.  This  can  also  be  de¬ 
rived  from  the  momentum  conservation  law,  according  to  which  a  change 
in  direction  of  the  velocity  Wj|^  to  w^  must  give  rise  to  a  force  R  di¬ 
rected  from  the  concave  to  the  convex  side  of  the  profile  surface.. 

Structure  of  the  flow  In  a  lattice  of  profiles.  Provided  the  per¬ 
iod  is  not  too  large,  the  flow  between  two  nelghborl’^'’'  profiles  may  be 
considered  as  a  flow  In  a  channel.  In  this  case  all  cc.islderatlons  dis¬ 
cussed  In  Part  8.5  remain  valid.  We  have  to  take  Into  account  that  this 
method  does  not  apply  to  the  Inflow  region  of  the  profile.  This  can  be 
seen  In  Fig.  which  gives  a  graph  of  the  velocity  distribution  on 

a  profile  In  a  confusor  lattice  for  an  incompressible  fluid  flow. 

Deflection  of  the  flow  through  a  lattice  of  profiles.  The  force  of 
finite  magnitude  arising  on  an  Isolated  profile  cannot  alter  the  momen¬ 
tum  of  an  Infinite  mass  of  fluid  passing  per  unit  time.  Therefore#  a 
single  profile  (or  a  finite  number  of  them)  does  not  change  the  form  of 
the  flow  at  a  sufficiently  la  je  distance  from  It. 

When  a  flow  passes  through  a  lattice  of  profiles  the  Infinite  mass 
of  fluid  Is  affected  by  an  Infinite  ni  mber  of  profiles  which  are  able 
tj  change  the  momentum  of  the  whole  mass  of  the  fluid. 
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The  angle  Pj^(pp)between  the  velocity  direction  at  the  Inlet  (outlet) 
and  the  lattice  axis  Is  called  tije  forward  (backward)  rigging  angle. 

The  angle  of  attack  a  (^j^)  Is  the  angle  between  the  direction  of 
the  velocity  and  the  profile  chord 

a  -  0  - 

The  angle  of  Influx,  6^,  is  the  angle  between  the  direction  of  the 
velocity  and  the  unit  vector  of  the  Inflow  direction: 

The  angle  of  lag,  dg*  la  the  angle  between  the  direction  of  the 

^  • 

velocity  Wg  and  the  unit  vector  of  the  outflow  direction: 

Finally,  there  Is  another  essential  lattice  parameter,  namely  the 
density  of  the  lattlce,l«e. ,  the  ratio  b/1  ■ 

The  form  of  motion  of  the  flow  through  a  fixed  linear  lattice.  Let 
us  consider  the  two-dimensional  potential  motion  of  an  Incompressible 

Invlscld  fluid  through  a  fixed  linear  lattice  of  profiles.  The  flow 
through  a  linear  lattice  Is  assumed  to  be  periodic,  l.e.,  on  any 
straight  line  parallel  to  the  axis  of  the  lattice  (see  Pig.  9*1*3)  the 
flow  parameters  at  any  given  point  of  the  straight  line  will  be  the 
same  as  those  lying  at  distances  of  +  nl  (n  =  1,  2,  3»  ...).  Theoreti¬ 
cally,  the  flow  parameters  level  off  and  become  equal  only  at  infinity 
upstream  and  downstream  from  the  lattice.  In  practice, for  streamlined 
profiles  It  Is  already  at  small  distances  (1  to  2  periods)  both  up¬ 
stream  and  downstream  from  the  lattice  that  the  nonuniformity  of  the 
lattice  parameters  becomes  negligibly  small  and  that  their  values  are 
the  same  as  at  Infinity.* 

Let  us  decompose  the  flow  as  a  whole  Into  the  strea;..! Ines.  If  the 
flow  does  not  separate  and  the  walls  of  the  lattice  profile  are  Impene¬ 
trable,  the  contours  of  each  of  them  will  be  streamlines.  Each  profile 
will  have  Its  own  streamline,  coming  from  Infinity,  splitting  at  the 
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forward  stagnation  point,  reeanblnlng  at  the  backward  stagnation  point 
and  flowing  off  to  Infinity.  The  Zhukovskly-Chaplygln  condition  will  be 
valid  and  necessary  even  for  lattices  of  profiles  with  sharp  trailing 
edges;  Infinitely  large  velocities  cannot  arise,  and  the  flow  must 
leave  each  of  the  lattice  profiles  smoothly,  l.e. ,  the  backward  stagna¬ 
tion  point  must  lie  on  the  trailing  edge. 

In  a  flow  about  a  profile  In  a  lattice,  as  In  a  flow  round  an  Iso¬ 
lated  profile,  the  velocity  will  be  greater  on  the  convex  side  of  the 
profile  than  on  Lhe  concave  side,  and  the  pressure  will  be  lower.  Owing 
to  the  pressure  difference  a  force  will  be  acting  on  the  profile  which 
is  clrek,ted  from  the  concave  to  the  convex  side.  This  can  also  be  de¬ 
rived  fro:.'i  the  mor.ontum  conservation  law,  according  to  which  a  change 
In  direction  of  the  velocity  Wj^  to  Wg  must  give  rise  to  a  force  R  di¬ 
rected  from  the  concave  to  the  convex  side  of  the  profile  surface, . 

Structure  of  the  flow  in  a  lattice  of  profiles.  Provided  the  per- 
lod  Is  not  too  large,  the  flow  between  two  neighboring  profiles  n.ay  be 
considered  as  a  flow  In  a  channel.  In  this  case  all  considerations  dis¬ 
cussed  In  Part  8.5  remain  valid.  We  have  to  take  Into  account  that  this 
method  does  not  apply  to  the  Inflow  region  of  the  profile.  This  can  be 
seen  In  Pig.  9»1»9,  which  gives  a  graph  of  the  velocity  distribution  on 
a  profile  In  a  confusor  lattice  for  an  Incompressible  fluid  flow. 

Deflection  of  the  flow  through  a  lattice  of  profiles.  The  force  of 
finite  magnitude  arising  on  an  Isolated  profile  cannot  alter  the  momen¬ 
tum  of  an  Infinite  mass  of  fluid  passing  per  unit  time.  Therefore^  a 
single  profile  (or  a  finite  number  of  them)  does  not  change  the  form  of 
the  flow  at  a  sufficiently  largi  distance  from  It. 

When  a  flow  passes  through  a  lattice  of  profiles  the  Infinite  mass 
of  fluid  Is  affected  by  an  Infinite  number  of  profiles  which  are  able 
to  change  the  momentum  of  the  whole  mass  of  the  fluid. 
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Let  ue  consider  a  contour  formed 
by  two  streamlines  (though  this  is 
not  necessary)  separated  by  the 
length  of  a  spacing  and  by  straight 
line  sections  parallel  to  the  lattice 
axis  lying  so  far  in  front  of  and  be¬ 
hind  the  lattice  that  the  velocity 
distributions  on  them  can  be  taken  as 
uniform  (Pig.  9*1.10).  The  mass  of 
fluid  passing  per  unit  time  between 
the  streamlines  AB  and  DC  through  the  sections  AD  and  BC  is  finite.  The 
change  in  momentum  per  unit  time  of  this  mass  will  therefore  be  finite 
too,  and  equal  to  the  difference  in  momentum  of  the  volumes  AA'D'D  and 
BB'C'C. 

Two  fundamental  lattice  relations  may  be  indicated  (for  simplicity 
we  consider  an  incompressible  fluid,  p  ■■  const).  The  first  results  from 
the  mass  conservation  law: 

(9*1*8) 

the  second  reads 

v,coip,-v,coih-f-^.  (9*1*9) 

where  r  is  the  circulation  about  one  profile.  It  can  be  obtained  by 
calculating  the  circulation  with  respect  to  the  contour  ABCDA  in  Fig. 
9*1.10: 

Since  the  flow  Is  periodic,  ( sr-rfr— —  f and  in  the  case  of 

dt  do 

uniform  velocity  distributions  on  BC  and  AB  we  have 

r»/(v,cos?|— v,cotp,).  (9*1*10) 


Fig.  9* 1*9*  Velocity  dlstri 


butlon  on  a  profile  In  an  in¬ 
compressible  fluid  flow,  cal¬ 
culated  by  the  channel  method. 
I)  Number  of  points. 
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profile  lattice.  The  amount 
/^®  lattice  Is  detennlned  by  the  normal  veloo< 
Ity  component^  therefore  (with  p  =s  const)  w, sin  S,  =:  w  sin  6  •  the  eir 

soaclnraMrt  contour  formed^by  thl  two^streaSllnes  one' 

spacing  apart  and  by  closing  straight  lines  parallel  to  the  lattice  ax¬ 
is  IS  r-f(*icoiPi— skCMM* 


This  expression  does  not  depend  on  how  distant  the  sections  AD  and 
BC  are  taken  as  being.  In  Fig.  9.1.10  these  relations  are  given  In  the 
form  of  triangles  of  velocities. 

Dividing  Expression  (9*1.9)  ty  w^  =.  Wj^  sin  Pj^  =  Wg  sin  Pg,  we  ob¬ 
tain 

c‘gPi=ctgp,+X;  (9.1.11) 

Energy  exchange  between  moving  lattice  and  flow.  For  an  energy  ex¬ 
change  between  working  wheel  an^  flow,  and  correspondingly  between  lat¬ 
tice  and  flow.  It  Is  necessary  that  a  transport  motion  exists  at  the 
working  wheel  (lattice).  With  zero  transport  motion  at  the  working 
wheel,  then,  although  there  Is  a  momentum  change  and  forces  arise  on 
the  blades  of  the  wheel,  the  work  done  by  these  forces  will  be  equal  to 
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zero* 


Thus,  when  energy  Is  exchanged,  the  absolute  motion  of  the  flow 
will  be  unsteady.  It  follows  from  (2.3,25)  that  the  total  change  In 
specific  energy  Is  connected  with  the  local  change  In  motion; 

(9.1.12) 

0-  t  H 

Equation  (9.1.12)  expresses  the  fact  that  the  change  In  total  en¬ 
ergy  of  any  particle,  determined  by  the  left-hand  side  of  (9.1.12), 
will  differ  from  zero  during  the  particle's  motion  only  when  this  mo¬ 
tion  occurs  In  the  field  of  variable  pressure  (5p/St  /  O).  In  turbines 
this  variable  pressure  field  Is  produced  by  the  blades  of  the  working 
wheel  as  It  rotates. 

Vftien  rotation  Is  uniform, the  relative  motion  will  be  steady  and 
the  pressure  distribution  will  be  the  same  as  It  would  be  If  It  were 
connected  with  the  profile. 

In  the  absolute  system  of  coordinates  fixed  to  the  turbine  body, 
however,  the  spatial  periodicity  of  the  relative  motion  will  be  a  peri¬ 
odic  function  of  time  (Pig.  9.1.11.  c). 

If  the  velocity  of  the  transport  motion  Is  u,  then  the  distance 
traveled  In  the  time  6t  will  be  61  =  u  dt.  It  follows  that  6t  =»  6l/u. 
The  scale  of  length  can  thus  be  transformed  to  a  time  scale  by  dividing 
It  by  u  and  the  division  gives  us  the  pressure  as  a  function  of  time. 
The  trajectory  of  a  particle's  absolute  motion  Is  obtained  by  plotting 
Its  positions  at  short  Intervals  of  time,  6t, 

The  forces  acting  on  a  linear  lattice.  Let  us  divide  two  stream¬ 
lines,  AB  and  CD,  by  the  length  of  the  spacing  (cf.  Fig.  9.1.10)  and 
let  us  denote  the  force  acting  on  the  profile  In  the  lattice  by  R. 

We  then  apply  the  momentum  theorem  (2.2.17)  to  the  fluid  volume 

enclosed  between  these  lines  and  the  sections  AD  and  BC,  parallel  to 

the  lattice  axis  and  placed  far  upstream  and  downstream  of  the  lattice, 

where  the  velocity  distribution  Is  uniform;  first  we  shall  suppose 
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thai,  the  fluid  Is  Incompressible  (p  a  const). 

If  we  take  Into  account  that  the  continuity  equation  reads 
then 


i-i 


(p,  —/»,)  /„  -J-  /  (ptt .  /V  )  (a-, — = /  (p,  — 

^  (9.1.13) 

ere  deno'-es  the  velocity  of  deflection  of  the  flow,  -  w^.  ' 


Fit.  9.1.11.  Lattice  in  uniform  motion,  a)  The  oarticl#.  tm 

and  streamlines  In  absolute  motion,  I  and  II  pathrof 

concave  and  convex  side  of  hiariA  ttt  lu  particles  along 

or  the  Channel  kb”  5  ‘eS 


To  obtain  the  viscosity  effect  In  explicit  form  we  consider  It  by 
the  rather  widely  used  "hydraulic"  method,  l.e.,  by  determining  the 
pressure  losses  due  to  friction,  between  the  sections  AB  and  BC  (cf. 

(^.^h3l)].  Since  there  are  no  other  dissipative  factors,  the  Bernoulli 
equation  assumes  the  form 


,,+.f  .,.+4+,.. 

In  this  case  (9.1.13)  can  be  written  as 

-pWm-Vt+Pp, 


(9.1.14) 


(9.1.15) 
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where  TT  =  l/2(w,  +  v?*)  denotes  half  the  geometrical  sum  of  the  velocl- 
m  X  e 

ties  at  Infinity  In  front  of  and  behind  the  profile  (cf.  Fig. 

£)• 

Therefore 

^  •  0  ® j +'-/>.= 

-»/  (pw,  X  (r.  X  »j)]  +Lpt.l 

Since  1  we  have 

1/ (T.  X  5^1= !^(^*  -  »i)  ^1= r. 

l.e.,  we  may  regard  the  vector  1(T^  x  w^)  as  the  vector  F  of  circula¬ 
tion  about  the  profile;*  denoting  p  1  by  R  we  have 

^=:pS,xf+iC^^.  (9.1.16) 

In  the  case  of  zero  viscosity  the  lift  of  the  profile  In  the  lat¬ 
tice  placed  In  an  incompressible  fluid  flow  Is  equal  to  the  product  of 
the  fluid's  density,  the  magnitude  of  half  the  vector  sum  of  the  veloc¬ 
ities  at  Infinity  In  front  of  and  behind  the  profile,  and  the  circula¬ 
tion  around  the  profile;  Its  direction  Is  obtained  by  turning  the  ve¬ 
locity  vector  vTjjj  through  a  right  angle  against  the  direction  of  clrcu-- 
latlon.  This  theorem  was  stated  by  N.Ye,  Zhukovskiy;  the  force  R  =  pw^r 
Is  the  Zhukovskiy  force. 

As  will  be  shown  In  what  follows  (cf.  Part  9.7),  this  relation  Is 
somewhat  modified  If  we  consider  a  compressible  fluid  (gas). 

In  a  viscous  Incompressible  fluid  toj— and  the 

circulation  r  has  to  be  determined  from  the  real  velocities.  This  moans 
that  the  drag  force  R^  which  Is  equal  In  magnitude  to  the  product  of 
dynamic  head  losses  In  the  lattice  and  the  lattice  spacing,  and  which 
is  directed  along  the  axis  of  rotation  of  the  lattice,  has  to  be  added 
1.0  the  Zhukovskiy  force.  The  viscosity  effect  becomes  thus  apparent 
b...h  directly  througl;  the  drag  force  R^  and  Indirectly  (Implicitly) 
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through  a  change  In  the  velocities  and  Wg  at  Infinity  and  In  the 
cixxuiatlon  F. 

The  lift  and  drag  coefficients  of  a  profile  In  a  lattice.  They  are 

usually  determined  from  the  mean  velocity  w  : 

in 

R.~C.^A.  (9.1.17) 

V.’e  see  from  Fig.  9»1«12  that  the  viscosity  effect  on  a  profile  In 

a  turbine  lattice  will  cause  C„  „^to  exceed  C  and  that  when  It  op- 

y  rt  y  iz' 

er5;to3  as  a  pump,  Cy  ^  will  be  smaller  than  Cy  Fig.  9»1*13  shows 

graphs  of  the  changes  In  C  ,  C  -  and  \i  =  C  /C  after  V.  1.  Lechev's 

y  X  A  y 

.•>.  •‘•'^nts*  for  a  blade  profile  of  a  reversible  pump  —  turbine,  ar- 

In  a  lattice  under  turbine  and  pump  conditions,  and  also  Isolated. 


Fig.  9.1.12.  The  lift  of  a 
profile  In  a  turbine  (cmpres- 
sor)  lattice  Is  greater  (smal¬ 
ler)  than  tb .  lift  Rj  of  an  Iso¬ 
lated  profile.  1)  Compressor;  2) 
turbine. 


Conditions  of  flow  about  a  lattice.  As  we  have  Indicated,  turbines 


arc  reversible  machines  and  the  flow  about  one  and  the  same  lattice  of 
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profiles  may  correspond  to  the  machine's  operation  either  as  a  turbine 
or  as  a  compressor.  For  lattices  operating  under  turbine  conditions, the 
inlet  pressure  exceeds  the  outlet  pressure  p^,  the  Inlet  velocity  is 
smaller  than  the  outlet  velocity  Wg  and  the  circumferential  force 
coincides  with  the  direction  of  the  transport  velocity  TT 
with  iT  m  uTq). 

When  the  lattice  operates  under  compressor  conditions  all  these 
relations  are  reversed;  <  Pg,  Wj  >  and  Is  directed  oppositely 
to  u  (If^j  = 

The  conception  of  the  turbine  (compressor)  lattice  coincides  with 
the  conception  of  a  eonfusor  (dlffusor)  lattice  only  If  the  flow  satis¬ 
fies  the  design  conditions  (Pig.  9»1*1^). 


Fig.  9.1.13.  Experimental  graph 

of  the  dependence  of  C  and 

y  r 

S  iz* 

Lattice  efficiency.  In  analogy  to  the  linear  dlffusor,  an  ei’fi- 
clency  is  sometimes  defined  for  a  compressor  lattice  as  the  ratio  of 
he  pressure  Increment  really  obtained  In  a  viscous  fluid  and  the  pres¬ 
sure  Increment  that  would  be  obtained  In  an  Invlscld  fluid  for  the  same 
values  of  the  velocities  and  (l.e.,  with  the  same  triangle  of  ve- 
1 ;  '  i  ties ) : 
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Taking  Into  account  that  (cf.  51g.  9.1.12) 


we  obtain 


Kt  -  R,  CO*  ?«  —  Rm  *la  fm.  R»  =*  R> »•“  f«  +  ««>» 


^yco*?.,  — _  >  —  I*  »g  y«i'  •  »8>i 

(/f,slnP«  +  /?,co*p«)clgP,  “  i  rKClgfa '*lg(Pl-t>l)  ‘ 


(9.1.18) 


1  fj/pSuMNuu  fie/kuM 


BecuupfyMimxxot  sSmaamt 


3  nunfeteopmH  ptumt 
*,>w*i  P*<P» 


Fig.  9.1.1^.  Various  conditions  of  a  flow  through  a  confusor  lattice. 
1)  Tuxblne  conditions;  2)  circulation -free  flow;  3)  compressor  condi¬ 
tions. 


In  orde”  to  obtain  a  given  deflection  of  the  flow  In  a  turbine 
lattice  (the  same  circumferential  force),  the  pressure  difference  must 
be  greater  for  a  viscous  fluid  than  for  an  Invlscld  one.  Corresponding¬ 
ly. 

P'~  Pi  R/*  *la  ~  CO*  Pa 

iP»  —  Pl)^^Ra  “  {Ry  coi  Pa  +  /?,»!*  Pa)  tg  ji*  ” 

^l-HClgP„^  tg(P,-,^)  (9.1.19) 

•-  !«>•  “  l*P| 

This  definition  of  the  efficiency  colhcldes  with  the  energetic 
definition  as  the  ratio  of  work  put  in  and  work  taken  out.  In  fact,  for 
a  „orapx’essor  lattice,  for  example,  we  have 
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”1*  ^BOTCf  ^tSTJia^ 

which  agrees  with  the  above  formulation. 

9.2.  POTENTIAL  FLOW  OP  INCOMPRESSIBLE  FLUID  THROUGH  A  LATTICE  OF  THIN 
PROFILES 

The  theory  of  the  lattice  wing  due  to  Chaplyf^ln  and  Zhukovskiy.  In 
his  paper  "Theory  of  the  Lattice  V/lng"  (191I),  S.A.  Chaplygin  gave  a 
solution  to  the  problem  of  the  flow  through  an  Infinite  lattice  of  pro¬ 
files.  He  considered  a  lattice  of  plane  plates  arranged  parallel  to  the 
imaginary  axis  ^  (Fig.  9<2.1).  S.A.  Chaplygin  used  a  rather  complicated 
procedure  of  mapping  this  lattice  to  the  upper  semi -plane  of  the  varia¬ 
ble  u  In  such  a  way  that  both  sides  of  the  plates  constituting  the  lat¬ 
tice  on  the  2-plane  are  transferred  to  form  real  axis  of  the  u-plane, 
and  he  established  the  Interrelation  between  direction  and  magnitude  of 
the  flow  velocity  far  In  front  of  and  behind  the  plate  lattice  and  then 
he  used  the  formula  named  after  him  to  find  the  forces  arising  on  the 
plates  constituting  the  lattice.  In  this  paper  S.A.  Chaplygin  Indicated 
a  method  of  constructing  a  lattice  of  profiles  with  rounded  leading 
edges  and  sharp  trailing  edges. 

Soon  after  S.A.  Chaplygin's  paper  ap¬ 
peared,  N.Ye.  Zhukovskiy  published  hie 
third  article  "Vortex  Theory  of  the  Propel¬ 
ling  Screv/,"  in  which  the  problem  of  the 
plane  plate  lattice  was  solved  directly  by 
constructing  the  characteristic  function. 

In  what  follows, the  relations  between  the 
parameters  of  the  plate  lattice  will  be  de¬ 
rived  by  the  method  of  conformal  mapping  of 
exterior  of  this  lattice  to  the  exterior  of  a  circle. 


Fig.  9.2.1.  Lattice  of 
plane  plates  as  consid- 
red  by  S.A.  Chaplygin 
In  1911. 
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Fig.  9.2.2.  The  flow  about  a  circle  of 
a  plane-parallel  stream  can  be  considered 
as  the  flow  from  two  dipoles;  one  lies  at 
the  center  of  a  circle,  the  other  at  Infin¬ 
ity. 


Lattice  of  unstaggered  plane  plates.  Considering  the  uniform  flow 
L.  ;  i'.f  from  a  dipole  (Fig.  9*2.2)  located  at  Infinity  (p.  149),  let 
t -par' c  the  source  and  the  sink  constituting  the  dipole  at  the 
.'.;.t  vd  the  circle,  placing  the  sink  at  point  +mrQ  and  the  source. 


Fig.  9*2.3.  To  make  the  circle  of  radius  Tq  become  a  streamline  enclos¬ 
ing  the  singularities  placed  at  the  polnts’^mrQ  and  -mrQ  Identical  sln-- 

ularitles  must  be  placed  at  the  points  —  m)  and  Vq/tiu 


havxng  the  same  intensity  Q,  at  the  point  -mrg  (ra  <  l).  In  order  to 
make  the  circle  of  radius  rQ  Into  a  streamline, a  sink  must  then  be 
placed  at  point  r^/m  and  a  sour-  at  point  -r^/ -  m  (Plg.  9.2.3),  both 
with  the  Intensity  Q.  Let  us  put  Q  =  w^h,  h  being  a  certain  length 
whose  meaning  will  be  explained  in  what  follows.  The  canplex  potential 
of  such  a  flow  has  the  fonn 
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c  +  — - 

In — . 

2«  C-mrj 

** 


For  the  subsequent  calculations  It  Is  convenient  to  add  the  con¬ 
stant  quantity  [In  (-  1)  =  in  e”^]  to  the  potential  and  write 

X.  W  T^+ 1  • 

2«  I  i  —  mrt  J 


If  we  now  take 


* = A  [in  4.  In  . 


(9.2.1) 

(9.2.2) 


as  the  function  mapping  It  to  the  exterior  of  the  circle,  we  shall  then 
have  a  uniform  plane -parallel  flow  In  the  z-plane 

X  (*)“«•-*.  (9.2,3) 

The  points  5  =  SO  over  to  the  z-plane  at  In¬ 

finity.  Since  the  singularities  are  conserved  In  this  transformation 
the  source  and  the  sink  are  displaced  to  infinity,  the  former  along  the 
negative  semi-axis  and  the  latter  along  the  positive  semi-axis. 

Owing  to  the  conformity  of  the  mapping,*  the  numerical  values  of 

velocity  potential  and  stream  function  are  conserved  and  so  are  the  nu - 

nerlcal  characteristics  of  the  singularities  (source -sink  Intensity, 

dipole  moments,  vortlcltles).  On  passing  around**  any  external  slnru- 

larlty,  e.g. ,  the  source  at  point  rQ/m,  we  obtain  the  Intensity  Q  mJx. 

Corresponding  to  this  In  the  z-plane,  where  the  velocity  w  Is  parallel 

00 

to  the  x-axls,  there  will  be  a  flow  through  sections  of  length  h  on  the 
y-axls,  l.e.,  corresponding  to  the  whole  flow  from  the  source  on  tne 
plane  of  the  circle  there  will  be  a  flow  In  a  band  of  width  h  In  the  z- 
plane. 

Passing  around  the  source  a  second  time  raises  the  intensity  h,>  Q; 
it  la  convenient  to  Imagine  this  circumvention  occurring  on  a  second 
plane  -  a  screw  surface  of  InflnSt^i;.  small  pitch  (Fig.  9.2.4);  corres- 
o:.-, ’.ing  to  It,  there  will  r;.  a  second  hand  lying  alongside  of  the  first. 
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A  third  band  will  correspond  to  a  third  circumvention,  and  so  on.  The 
planes  formed  by  stratifying  the  ^-plane  constitute  the  so-called  many* 
leaved  Rlemann  surface.  Infinitely  many  circumventions  of  the  source 
(or  another  singularity)  lead  to  an  Infinite  multitude  of  bands  lying 
side  by  side  (their  widths  are  equal  to  h  in  the  given  case)  and  cover¬ 
ing  the  whole  z -plane. 


Infinitely  many  circumventions  of  the  source 
(sink)  yielding  infinitely  many  bands  lying  side  by  side  (of  width  h  In 
figure)  covering  the  whole  z-plane.  Right,  a  perspective  diagram  of 
the  Rlemann  surface  and  the  circumventions  about  a  source. 


Let  u;.  investigate  where  the  point  <  .  r^e^^  of  the  circle  Is 
l  i  ::^oced  to.  Making  use  of  th^. many -valuedness  of  the  logarithm,*  we 


can  write 


whence 


2«  I  />a— J 
_  *  fi.  (**•?•  +  .  «_.J  I- 

3«l  «?—«(*'•  +  *■*•)+ 1  J 

2«  l—rMcotl-faiS  ' 

r  — ■*  I-  .. 

2«  "l  -J*coi*  +  »i  ’  •*'“**  (*“0.  ±  I. +2,...  (9.2.4) 


We  see  that  corresponding  to  the  point  of  the  circle  In  the  C- 
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plane  there  will  be  an  Infinite  totality  of  twice  traveled  line  sec¬ 
tions  In  the  z-plane,  parallel  to  the  x-axls,  of  the  length 
and  the  spacing  h,  arranged  symmetrically  with  respect  to  the  y-axis, 
l.e.,  an  unstaggered  lattice  (Fig.  9.2. 5)« 

Lattice  of  plane  plates  arranged  one  after  the  other.  If  vortices 
of  the  strength  P  =  w^d  (Fig.  9*2.6)  are  located  at  the  points  mrg  and 


naps  the  circle  on  the  to  an  unstag¬ 

gered  lattice  of  plane  plates. 


and  vortices  of  the  strength  -w  d  (m  <  1,  real)  at  the  points 

0  ^  <D 

-HiTg  and  +  rg/m,  then  the  stream  function  will  read 

„  (9*2.5) 

‘  2«  V  ro-mt  ;  — mro/ 

To  obtain  the  flow  w  z  on  the  z-plane  we  have  to  apply  the  mapp’ni;; 


function 


(9.2.6) 

2,  \  r»—  mC  V  —  "irt  / 

The  vortices  at  the  points  +  rg/m  are  displaced  to  infinity.  Cor¬ 
responding  in  the  x-plane  to  one  circumvention  of  the  vortex  there  will 
to  a  displacement  along  the  straight  line  section  of  length  d  = 

d  to  the  whole  interior  of  the  circle  —  the  band  of  width  d.  O;-)  the 
seccod  circumvention  of  the  vortex, the  whole  region  outside  the  circle 


’..ill  be  mapped  as  the  second  band  of  width  d,  and  so  on.  The  whole  z- 
pla:  will  look  as  if  It.  were  made  up  of  bends  of  width  d  glued  togeth 


-  591  - 


er  along  the  x-axls  (cf.  Fig.  9*2.6)  and  the  ^-plane  will  be  a  Rlemann 
suriace  with  Infinitely  many  leaves.  The  circle  (more  exactly,  the  In¬ 
finite  multitude  of  circles  on  the  Infinitely  leaved  Rlemann  surface) 
Is  mapped  to  a  system  of  straight  line  sections  constituting  part  of 
the  siralght  streanllnes. 

In  order  to  determine  the  length  of  the  sections  we  put  ^  =  rQe^^. 

Is.en 


:  ^  i_l  — «*  — .  .. 


Fig.  9«2.6.  To  one  leaf  of  the  Rlemann  sur¬ 
face  on  the  ^ -plane  corresponds  a  band  of 
width  a  on  the  z -plane. 


Taking  Into  account  that 

we  obtain 

«_jt+/jr - +  (»+,)]_ 

i. e. , 

^arclg-^^f^  +  nrf;  y-O*  (9.2*7) 

The  circle  Is  therefore  mapped  to  a  row  of  sections  of  length 
(chord) 
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—  arc 


7m 

i  —  ml 


arranged  on  the  real  x-axls  with  spaclncs  «qiial  to  d  (unstaggercJ  lat¬ 
tice,  Pig.  9«2. 7). 

Staggered  (diagonal)  lattice.  Superimposing  the  two  flows  consid¬ 
ered  above  we  obtain 

Z*(C)  =  -/-,  ^[(A  -  id)  in  ^‘^4  +  (A  +  td)  In  . 

2*  I  /“f  — I  — Wr§J 


with 


<f=/sln?;  A=/cosP; 


we  have 


Function 


In  +  In  . 

^  2«  1  ro  — mC  C— m/^o  J 


i= i  -^-4  +  "  4  -5-1 

2«  I  fo— »iC  m/oJ 


(9.2.8) 


(9.2.9) 


maps  the  flow  from  the  vortex  sources  at  the  points  +rQ/m  streaming  a- 
round  the  circle,  to  the  flows  Xq(z)  =  on  the  z-plano.  Using  Eqc. 
(9.2.4)  and  (9.2.7)  obtained  before  we  can  write  the  real  and  Imagl n" i 
parts  of  the  mapping  function  In  the  form 


iL=  i??J_  In  l+?«cos»+  _  Jl<^.  ^  p. 

/  7x  \  —  7ri  cos  *  -(•  ml  *  1  — 

.  —  “Acosft  (A'  -O.  "L  i .  ih 2r  •  •  •)•  (9.2.10) 

/ 


Fig.  9-2.  V.  Mapping  of  thi-  ijlrclc  '-  o  a 
lattice  ci'  pla^c.-  a  ■■ranges.  ..n  ’ha  I'.val  x- 
axls. 


In  this  case  the  circle  cr 


Infln'tf.ly  Ica'-cd  R'u'nann  surface 


;  ov;  c;  .-j'  'h’  line  sect  Ions,  parallel  lo  the 


ever  to  an  Ini'- 


\ 


real  x-axls,  their  axis  enclosing  the  angle  p  with  the  Imaginary  y-axls 
(Fig.  9.2.8). 

In  fact,  corresponding  to  each  circumvention  of  the  circle,  when 
I  he  nu’::er  k  Is  ■  slant,  mere  will  be  a  double  circumvention  of  the 
straight  line  se  , on  parallel  to  the  real  axis  (y  =  k  cos  0  =  const). 
When  k  is  changed  by  unity  (k  being  an  integer)  ^  changes  by  the  quan¬ 
tity  jL  cos  p,  and  all  abscissas  of  the  subsequent  section  acquire  the 
rame  corctant  inciement  1  sin  3. 

lit  It  cl  the  sec'  Ions  (chords)  must  be  determined  by  calcu-  - 
i •  ng  tne  distance  between  the  beginning  and  the  end-point  of  the  sec- 
■  ’  th-  c’.  i'^ance  between  leading  and  trailing  edges,  where 

Tnia  yields 


Wo  +  mC,  * 

where  Is  a  point  on  the  circle  at  which  dz/d?  =  0. 


Fig.  9.2.8.  Mapping  of  a  circle  to  a  di¬ 
agonal  lattice  of  plane  plates. 


Assuming  and  solving  this  equation  we  obtain 

e-He-^  /«»)==<?'»  (l-mV'»), 

whence 


_  (l  +  BlhfCS?  -f  f(l  —  W»)t|fl> 
(l  +  /n})cosP  — <(1  — 
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or 


(9.2.11) 

(I  — »i»)(l +  *’■»)  l-mJ  ® 

Equation  (9.2.11)  determines  two  angles  corresponding  to  the 
points  S  and  P  on  the  circle  which  go  over  to  the  beginning  and  the  end 
of  the  section: 


•« ’8  (tt5  ‘KttS  ‘^0 


r, 


for  which 

sin  \  —  sin cos  —  cos 

We  have  therefore  from  (9.2.10) 

2«  ^rriL = 2cos?  In  - 

I  I  —  2«  co»  »,  +  m* 

.  .1  B  .  2m»ln*, 
—Itlnparcig-- - - . 

1  •—  ftl* 


Calculating 


•In  ft  =__•*?* _ 

cos 

r  >+!«’»«  /(l-m»)'  +  4m>ccs3S 


and  substituting  In  (9.2.12)  we  obtain 


_=cospln - - + 


+  sin  arc  tg- 


2m  sin  S 


(9.2.12) 


(9.2.13) 


(I  —  m3)3  -t-  im-  cos’  p 

This  relation,  linking  Lho  parameter  m,  the  lattice  denali; 
and  the  angle  p  of  the  lattice  Is  given  In  the  table. 


/:* 

0* 

iI5' 

±30'* 

.45. 

£60  i 

1 

±:5. 

0 

1 

1 

1 

1 

I 

1 

1  i 

1 

0,25 

0.99C 

0.W7 

0,93,4 

0.999 

l.OOo  [ 

l.oofi 

0.50 

0.916 

0.910 

0,93S 

0,96.6 

o.9^7  ; 

O.WJ 

— 

0,75 

0.7b! 

0.7SJ 

0,810 

0,818 

0,911 

0,975 

— 

1,00 

0,6,96 

0.698 

0.6.S5 

0.72* 

0,775 

0.857 

1 

1,25 

C..S57 

0,.970 

0.6<« 

0.647 

0,697 

0,725 

J.?0 

0,464 

0, 

0,518 

0,542  1 

0.560 

0.5^5 
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TABLE  (cont'd) 


1.75 

0.419 

0.423 

0.435 

0.450 

0,464 

o.4n 

0,482 

2.00 

0.371 

0.375 

0,383 

0.395 

0,404 

0.411 

0,421 

2.25 

0.335 

0,339 

0.343 

0,350 

0,355 

0..359 

0,o63 

2.50 

0.314 

0,315 

0.317 

0,320 

0,323 

0.325 

0.326 

oo 

0 

0 

0 

« 

0 

Thus,  Function  (9*2.9)  maps  the  flow  In  the  plane  outside  the  clr 
.  of  ladlus  Tq  with  real  w^  to  a  uniform  flow  w^z  which  Is  parallel 
to  the  real  axis,  and  therefore,  parallel  to  the  plates  (zero  angle  of 
attack  for  each  of  the  plates). 

.'alt Ice  of  plates  with  nonzero  an;;le  of  attack.  To  obtain  a  flow 
t  ‘  '-plane  with  an  angle  of  attack  a  0  we  consider  first  a  clrcu 
ia’tc;i-iree  flow  about  a  cylinder  In  the  C-plane  [cf.  (9.2.9)],  the 
fj  ...  t.iG  ar.gle  of  attack  a, 

(9*2.14) 

and  apply  Transformation  (9*2.9)  to  It.  This  does  not  change  the  geome 
try  of  the  lattice  of  plates  obtained  by  mapping  the  cylinder.  The  ve¬ 
locity  distribution,  however,  will  be  different.  Since 


an  i 


dt 


A 

tfC  t* 


i25«.  =  J£sL  \e-i  (.+»)  {  "  _  \ X 

2*  (  rQ~mi/ 


d: 


we  have 


1  M  mro/ir.  \ 

C  —  mro  /J 

imrc  1 

K  V'#  —  "’P 

1 

a 

■ 

n 

a 

j 

1 

{li-mK*)**  * 

(9*2.15) 


The  point  z  =  +  00  corresponds  to  ^  =  +  rp/m.  Substituting  these 
values,  we  obtain  from  (9.2.15) 
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(9.2.16) 


(»,-  !j-i« 

l.e.,  the  flow  far  In  front  of  and  behind  the  lattice  Is  directed  at 
the  angle  a  to  the  real  axis,  or,  what  Is  the  same,  at  the  angle  a  to 
each  of  the  plates  (Fig.  9.2.9).  The  separation  points  on  the  circle 
are  found  If  we  put  (9.2.11),  we  obtain  the  co¬ 

ordinates  of  the  separation  points  of  the  flow: 

•oi= arc  («+?)]. 

l«+«*  J  (9.2.17) 

As  can  be  seen  from  Relation  (9.2.16),  the  flow  about  the 

lattice  of  plates  considered  does  not  Influence  the  velocity  at  Infin¬ 
ity.  According  to  Zhukovskiy's  theorem  the  force  acting  on  any  of  the 
plates  will  be  zero,  because  the  circulation  around  the  profile  Is  e- 
qual  to  zero.  When  the  flow  hits  the  plate  at  the  angle  of  attack  a, 
the  velocities  at  the  leading  and  trailing  edges  become  Infinite,  since 
the  angles  of  the  partition  points  on  the  circle  are  determined  by  Re¬ 
lation  (9*2.17)  and  they  do  not  coincide  for  a  ^  0  with  the  points  cor¬ 
responding  to  the  leading  and  trailing  edges,  defined  by  Eq.  (9.2.11). 
To  satisfy  the  Zhukovskiy -Chaplygin  condition  for  smooth  flow  about  tr,t 
trailing  edge,  a  circulatory  flow  must  be  superimposed  on  the  flow- 
round  the  cylinder  such  that  the  point  corresponding  to  the  trailing 
edge  coincides  with  the  backward  stagnation  point. 

Purely  circulatory  flow  through  a  lattice  of  plane  plates.  A  pur.'- 
ly  circulatory  flow  about  a  cylinder  can  be  achieved  by  placing  vor¬ 
tices  with  the  circulations  r/2  Inside  the  circle  at  the  points  imr^, 
where.  In  order  to  conserve  ihe  streamline  circumferences,  -.-.rtlcou 
with  the  circulations  -r/2  must  be  placed  at  the  points  ir^/m  (Fig. 
9.2.10). 

The  characteristic  function  of  the  flow  [cf.  (3.2.12)]  reads 
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(9.2.18) 


p-_i’ 


HI* 


Fi.j.  9.2.9.  Circulation -free  flow  about  a 
iat'.ice  of  plane  plates  at  an  angle  of  at¬ 
tack  a. 


Maintaining  as  before  the  mapping  function  In  the  form  (9.2.9)  and 
taking  Into  account  that  conformal  mapping  does  not  change  the  numeri¬ 
cal  characteristics  of  the  singularities  (Intensity,  circulation),  we 
shall  have  a  circulatory  flow,  r,  around  each  of  the  profiles  (cf.  Fig. 
9.2.10).  The  external  vortices,  -r/2,  at  the  points  +rQ/m  are  shifted 
to  Infinity,* 

The  velocity  at  any  point  of  the  ^-plane  outside  the  circle  will 
be 


K 


P 


T)' 


2r.  (P-mJrJ)  («.»?-/}>* 

At  the  points  of  the  clrc' 

(®:  '“’ll).  2^^  + 


r  (I— w«)(cot>-K»|pt) 


Srr,  (I  —  m5)J  4-  4ni*  «|n*  • 
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(9.2.19) 


pig.  9*2.10.  Flow  about  a  lattice  of 
plane  plates  by  a  purely  circulatory 
stream. 


The  general  case.  In  order  to  obtain  the  flow  about  a  lattice  of 
plates  with  a  given  angle  of  attack,  a,  and  nonvanishing  circulation  we 
have  to  superimpose  Flows  (9*2.14)  and  (9*2.18)  on  the  ^-plane  of  the 
circle ; 


C-M/nJ  «« 


(9*2.20) 


and  map  the  flow  obtained  on  the  z-plane  with  the  help  of  Function 


(9*2.9): 


t=i-  In  +1-'  In  . 


The  magnitude  of  the  circulation  r  Is  determined  from  the  Zh:.i:ov- 
skly -Chaplygin  condition  on  the  smooth  flow  about  the  trailing  eur-c  o!' 
the  profile.  For  this  purpose  the  backward  separation  point  on  the  cir¬ 
cle  must  go  over  to  the  trailing  edge. 

At  the  separation  point  =  r^e^^  where  ».=  " +  'E , 

the  total  flow  velocity  on  the  circle. 


1  1+ 


o_  / 


—  I 

2s 


-  599  - 


must  be  equal  to  zero,  emitting  the  subscript  "k"  of  0  we  find  from 
this  condition  that 


r=- 


ewftr,  _  roi)  » » _  (1  _  ,1  (« • ») 

<  (l-flH)#'* 


1-m*  *“■ 


But,  as  we  already  know. 


sin »  =  -<!-- "f!) cos»-il±^>-£5ii.. 

A  /t 

where,  for  brevity,  we  put  V{T^=7-':fl^*ESPf. 

Therefore, 

—  cos  0  + 1  sin  8  =  ^ '  f  «(l  — ni»)sin>  _  r  . 

»  •  "  ’ 

— — — mV'))  — ; 

Ar  ^ 

^  i? 

Consequently, 


r = 2i 


«(!-«<) 


mltern  — 


— 2i  — - - mltc^ 


Amlw, 


sini. 


(9.2.21) 


/^(l  —  m-  )i  +  4nt  co»7 


For  an  Isolated  plate 


r„=nfrir.  tiaa. 

Thus,  denoting  the  ratio  of  lattice  profile  lift  to  Isolated  pro¬ 
file  lift  as  the  coefficient  of  lattice  Influence  on  the  lift,  we  ob¬ 
tain 


y _ _r _ 4»i/ _ 

8*  1^(1  ~  #»!)*-}•  to**  * 

ihe  values  of  k  are  given  In  Pig,  9.2.11, 
For  p  -  0 


Q* 


Ami 

•UtA-  mtf  • 


In  this  case 


(9.  2. 22) 


or 


«> 

21 


—In 


l-mi 
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i"f  « 
I  — m 


«» 

eK 


Solving  this  equation,  we  find 


t 


m  I  .1,  «» 

I  +  /R*  ^  2  21" 


Therefore,  for  0 


T5;r=‘8^  (9.2.23) 


If  S  =  7r/2  we  find  by  analogy  that 


and  finally 

k  ■  «**#«»■* 

.***a‘*  (9.2.24) 

Change  of  angle  of  attack.  As  was  shown  (cf.  Pig.  9.1.10),  the  ve 
loclty  along  straight  lines  parallel  to  the  lattice  front  will  have  a 
constant  canponent  r/1  regardless  of  the  position  of  these  straight 
lines.  The  profile's  angle  of  attack  therefore  varies  with  the  flow  ve 
loclty  at  Infinity  In  front  of  the  lattice;  the  amount  of  this  varia¬ 
tion  Is  determined  by  the  relation 


+  — COI> 


*'  r  . 

V.  cot* — ^»IpP 

_  1^(1  —  nflTjt  +  4m't  cot'P  +  <w  cos  p  ^  ^ 

~  )^(|  —  4-  toii'f  H-  4m  sin  Mg  «  (9.2.25) 

Deflection  of  the  flow.  The  relations  between  the  angles  of  Inflo 
and  outflow  of  the  stream  for  a  lattice  of  plane  plates  can  be  found 
from  Equalities  (Fig.  9*2.12) 


Wg~w,  tin  O’,  tin  p, — K»,  tin  p,. 

Wf  cos  Pi  +  =  ir,  cos  ?,  -  i-,  cos  P,  — ^ . 

from  which 
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(9.2.26) 


Fig.  9»2. 11.  Coefl’iclent  of  Influence  of  the  lattice  of  plane  plates  on 


the  lift,  *  =  _ 


l)  For  small  1/b. 


results. 


Noticing  that  the  angle  of  attack  a  =  B  -  9  Is  also  determined  by 

m  " 

the  circulation  through  the  relation  f— we  find 


whence 


cie  -ctg  p,+ =c«g  p,+*  ^  (»in?clg  p.-cot  p), 


clgp,= 


=y(«‘£Pi+clgM. 


We  find  from  this  equation 

ctgp,=i4clgp,+A. 


1  (9.2.27) 


602 


where 


2*^eo*P 

-  ,  7  ^  • 


(9. 2.27) 


Fig.  Per  deriving  the  relation 

+  between  the  angles  of  Inflow 
and  outflow,  and  0^,  respectively. 

The  values  of  A,  B,  and  the  angle  of  lag  6  =  0  -  (cf.  Fig.  9 
12)  for  a  lattice  of  plates  .are  given  In  Pigs.  9.2.I3-15.  As  we  can 


■  ;■  lattice  density  0  <  _i/b  <  1  the  coefficient  A  and  the  angle  of 
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lag*  6,  are  close  to  zero,  and  cot  Pg  »  B.  This  result  is  well  verified 
by  experiment. 
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Pig.  9«2, 15.  The  angle  of  lag, 
<5,  for  a  lattice  of  plates. 


Lattice  of  solid  Zhukovskiy  profiles.  As  for  the  isolated  profiles 
obtained,  we  assume  that  In  the  ^-plane  the  mapping  circle  of  radius  R, 
which  Is  somewhat  larger  than  tv.-  radius  r^  of  the  Initial  circle,  is 
mapped  to  the  lattice  of  plates.  If  the  mapping  circle  passes  through 
the  backward  separation  point  of  the  Initial  circle  and  If  the  forward 
separation  point  lies  Inside  It,  then,  making  use  of  Transfer matlon 
(9.2.9)  we  obtain  In  the  z-plane  a  lattice  of  solid  profiles  with 


Fig.  9*2.16.  Conformal  map¬ 
ping  of  the  circle  2  with 
the  help  of  a  function  map¬ 
ping  the  circle  1  to  a  lat¬ 
tice  of  plates  yields  a  lat¬ 
tice  of  solid  curved  pro¬ 
files.  Each  number  Inside 
the  circle  Indicates  the 
center  of  the  circle  yield¬ 
ing  the  profile  with  the 
same  number.  The  profiles 
1,  2  and  11  are  self-inter¬ 
secting. 


roun<:ed  leading  edges  and  sharp  trailing 
edges.  The  shape  of  the  profile  will  he 
determined  by  the  position  of  the  center 
of  the  mapping  circle;  however,  only 
slightly  curved  profiles  which  Jo  not 
Intersect  themselves  (Profiles  1,  2  and 
11  In  Fig.  9.2.16)  are  self-lntersect- 
Ing)  are  obtained. 

9.3.  SOLUTION  OF  THE  PROBLEM  OF  A  PRO¬ 
FILE  LATTICE  BY  THE  METHOD  OF  VOR¬ 
TEX  SHEETS 

The  most  heavily  loaded  parts  of 
the  blades  In  turbines  are  the  profiles 
far  from  the  axis  of  rotation.  Strength 
considerations  make  It  possible  to  sat¬ 
isfy  the  requirements  of  aeromechanics 
and  to  make  these  profiles  like  the 
guide  vane  profiles,  l.e.,  thin.  The  In- 
vestlt,atlon  of  lattices  of  such  profll. 
of  small  camber  allows  us  to  employ  ’  h' 
method  of  vortex  sheets  positioned  c:. 


the  camber  line  of  the  profile. 

Despite  the  difficulties  of  obtaining  a  general  analytical  ool'.- 
tlon  by  this  method,  there  exist  well  elaborated  graphlcal-analyi !  c  tl 
procedures  for  finding  a  solution  to  any  special  case  of  arbltrai'y  pro¬ 
file  lattices.  This  Is  ensured  i  the  widespread  practical  application 
at  the  vortex  sheet  :  ucd  In  the  design  offices  of  our  plants. 

In  order  to  investigate  the  lnfluer;ce  of  the  geometrical  parame¬ 
ters  of  a  lattice  of  sol'u  profiler  on  Its  aerodynamic  properties  It  Is, 
hewe-er,  convenient  i.  jc  't.e  n;ethod  of  conformal  mapping  of  profile 


-  605  - 


lattices  to  circle  lattices;  the  flow  about  a  circular  lattice  can  be 
graphically  Investigated  by  the  method  of  vortex  sheets^ 

lattice  of  thin  profiles.  Let  us  renumber  all  the  profiles  of  the 
lattice  In  the  upper  semiplane  with  positive  numbers  and  those  In  the 
lov.'er  semiplane  with  negative  numbers,  according  to  the  sequence  (0, 

+  If  ±  2,  +  attributing  the  number  "zero"  to  the  fundamental 

profile  whose  chord  coincides  with  the  x^xls  and  whore  midpoint  Is 
traversed  b.;  the  y-axls,  (Plg.  9.3.1).  The  coordinates  of  the  midpoint 
ot  ne  chord  of  the  profile  will  be  kl  cos  3  and  kl  sin  p.  We  place 
'.x  sheet  on  the  camber  line  of  each  profile,  which  has  the  vortl- 
j  eq.  ^1  uw  the  discontinuity  —  v;^  of  the  tangential  veloc- 

.1.,  ooi.iporcnt  at  ihe  point  s.  Since  the  flow  conditions  In  the  leading 
anJ  trailing  edge  regions  of  each  profile  of  the  lattice  are  the  same 
as  the  condition  of  the  flow  around  a  like  Isolated  profile,  then.  If 
the  profile's  camber  Is  assumed  to  be  small  (y/b  «  1,  x  »  s)  and  the 
varlabl'-'f  s  =  x  =  (b/2)  cos  are  substituted,  It  Is  cc  onlent  to  seek 
the  vortlclty  of  the  vortex  sheet  In  the  form  of  a  series 

T  (8)  =  2u-.  fa,  ctg  Y  +  2  sin  {  9.  3 . 1 ) 

\  / 

v;here  w^^^  Is  the  magnitude  of  half  the  vector  sum  of  the  velocities  far 
In  front  of  and  behind  the  lattice,  which  will  be  denoted  In  what  fol¬ 
lows  as  the  velocity  of  the  undisturbed  flow. 

The  circulation  about  a  profile  in  a  lattice  (cf.  p.  210  )  is  e- 
qual  to  , 


r  « 

!  -  \ 

r=  j  7(s)t/s^  j2M 

*  0 

~  t 

/  -V  (9.3.2) 

■(‘'o+y)*®'-- 

Hence  the  lift  per  unit  length  of  the  airfoil  Is  given  by 
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R,  -  2.  i  cyf~.  (9.3.3) 

l.e..  It  Is  determined  by  only  the  first  two  coefficients  of  Seiler 
(9.3.1);  the  other  terms  redistribute  the  circulation  without  chantsinc 

Its  total  amount. 


of  thin  sllt^htly 


Pig.  9.3.1.  Lattl'-c 
curved  profiles. 


If  a,  the  angle  of  attack  of  a  profile  with  the  mean  velocity 
Is  as  Indicated  In  Fig.  'y.3.1,  then,  by  virtue  of  delations  (9.1,..) 
(9.1.10),  the  angles  and  between  '.he  velocities  and  .at  ■; 
profile  chord  (x-axls)  are  determine;!  by  tlie  relation 


O'lqSin  a  fin  g 


(9.3.^) 


cos  ■  ±  cos  ft 


.ra. 


05  a  i  "^)'r 

The  velocity  Induced  by  th<.  vori  e x  s::c-'.-tc.  This  velocl'”  Is  t  '.a 
s  Tie  at  corresponding  points  on  each  of  ttie  profiles;  we  siiall  ti.  •••  - 
fori  determine  It  for  i.he  fundan;c-’al  profile.  It  will  be  cor'iposcu,  on 
•b--  c.ie  hand,  of  the  '.elcclty  lr;d,ceJ  by  Ll.o  vortex  sheet  belonging  to 
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this  profile;  like  that  for  an  Isolated  profile,  this  velocity  Is  equal 
to 

Woo,  -  -  tr,  -  y  fl,  cos  «*j  ( 9.  3 . 5  ) 

and,  on  the  other  hand,  of  the  velocity  Induced  by  the  vortex  sheets  of 
all  other  pioflles.  In  order  to  determine  this  second  velocity  compo¬ 
nent,  we  consider  an  Infinite  row  of  Identical  vortices,  Y(s)ds,  posi¬ 
tioned  on  the  camber  line  points  of  each  of  the  profiles,  corresponding 
^  ^  i’LJndar.erlal  profile,  which  we  take  as  the  origin  of 

.  inatrs  (^,  tj),  the  rj-axls  lying  In  the  direction  of  the  lat- 

’I-'..  axis.  The  complex  potential  at  the  point  C  of  the  fundamental  pro- 

~  ^  ^ "dlnate  system  of  the  vortex  Y(s)ds  on  the  kth 

airfoil  will  be 

+i)+ln«]. 

Omitting  the  constant  In  k^,  vjhlch  Is  unessential  for  the  poten¬ 
tial,  and  summing  over  the  action  of  all  profiles,  wo  o'-  aln  the  con- 
plex  potential  at  the  point  ^  ^  +  Itj; 

f7(s)>nn{l~^^)*. 

It  Is  proved  In  mathematical  lectures  that 

Then 

JtpW=^  j  7(s)^lnsIn-*--InCjrf*. 
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The  complex  velocity  at  poir  c  !  of  the  fundamental  profile  due  to 

all  "foreign"  vortices  is 


Since 


* 

i— T 


cigf=^ 


cot  —  ch  —  +  /  SiB  --  sb  — 


tin 


- j -  tin  —  cb  —  — /cot  ~  th — 


v;e  have 


'"(17%, 


(9.3.6) 


In  the  (x,  y )-coordlnate  system 

B’j,  =  a'o£sin?  +  tt'o,cos?.  — ■‘^'usCosP-  (9. 3. "7) 

In  the  Leningrad  lletal  'dorks  imenl  I.V.  Stalin  the  func  'ons 
n)  =  const  and  h(f^,  rj)  --  const.  Introduced  by  A.F.  Lesochln  a.-/!  T,. 
A.  Simonov  [9.^]  were  calculated  and  their  values  plotted  on  a  nomogram 
(F  -:-  9.3.2). 
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F.1g.  Functions  a(?,  t^)  and  b(e,  n)  are  the  projections  on  the 

and  T)-axes  of  the  velocity  Induced  at  point  +  Iq)  by  an  Infinite  row 
of  vortices  with  the  circulation  r  =  1,  arranged  on  th?  axis  passing 
hrough  the  coordinate  origin,  assuming  that  there  Is  no  vortex  at  the 
origin;  the  signs  of  the  functions  a  and  b  are  governed  by  the  follow- 
wlth^that  “  coincides  with  the  sign  of  t],  and  the  sign  of  b 


If  a  given  lattice  is  drawn  on  a  tracing  paper  to  such  a  scale 
that  Its  period  is  equal  to  the  period  on  the  nomogram  then,  when  the 
profile  Is  so  positioned  that  the  point  s  lies  at  the  coordinate  origin 
of  the  nomogram  and  the  lattice  r  Is  coincides  with  Its  rj-axls,  the 
values  written  against  the  lines  a(^,  q)  =  const  and  b(^,  q)  *  const 
Intersecting  at  a  point  a{^,  q)  chosen  on  the  camber  line  will  be  .the 
values  of  the  functions  a  and  b  at  this  point.  From  the  physical  point 
c’  view  this  v.'lll  be  the  projection  of  the  velocity  onto  the  axes  ^  and 
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at  the  point  a  considered  (with  t;./  coordinates  ^  and  rj)  of  an  Infin¬ 
ite,  row  of  vortices,  each  vjith  the  circulation  T  =  1,  placed  at  points 
that  correspond  to  the  coordinate  origin,  whereas  the  vortex  located  at 
the  coordinate  origin  (coinciding  with  the  point  s  of  the  fundamental 
profile)  Is  eliminated  (cf.  Fig.  9.3.2). 

In  order  to  calculate  the  Integrals  entering  and  (9.3.6),  It 
Is  convenient  to  return  to  the  variable  s  =  b/2  cos  i>.  Then 

1  ,  ^  / 1  +2»/*  / 

+  «i2-J-]/  l-(2s/A)H 

Going  over  to  the  dimensionless  variable  =  2s/b  and  omitting 
the  subscript  for  the  variable  under  the  Integral  sign,  l.e.,  assuming 
b  s=  2  for  the  chord,  we  arrive  at 

I  _ _ 

Jd  (s,  +0]  M  ~~i-  -r 

+  . . .] f  J |a„(l  +  5) -t  d,  ( 1  -  s>)  + 


where  f(s)  denotes  the  numerator  function.  The  formula  for  Wq  rcadr  a- 
nalogously.  ^ 

I 

The  Integral  f  —  Is  calculated  by  approximation.  If  we  put 

"  j  y  1— ■«’ 


s  =  cos  0  then,  as  can  be  seen,  /o==J/(cos9)rf9.  .  Applying  the  trapozol. 

;al  rule  and  dividing  the  interval  into  four  parts,  we  obtal:. 

'.-i-[/(-»+y(-|)+v(|)+/(i)]. 

The  integral  can  be  calculated  more  accurately  if  the  interval  is 
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divided  Into  more  parts  and  If  we  apply,  foi*  example,  Hermlte's  formut; 

la:* 

|7i“r“v2:/w+w>: 

■Vj  =» cos  — ^ 7 *  (i  — 1.  2,  3...,  n): 

V.hen  the  an[^AO  of  attack  and  the  camber  are  small,  the  velocities 
1.  ;.i  d  bj  the  v  ertex  sheets  are  small  compared  with  the  velocity  of 
t*-  undisturbed  flow;  ihelr  componer.i  s  alon^:  the  chord  can  be  neglected 
'  ■  :■  eloc'fy  calculation  can  be  carried  out  on  the  profile  chord. 

”  -''''O-Lties  K(o)  =  WQQy/w^,  Induced  by  the  "own”  vortex 
4.a.-er..  cco.’ui  to  (J.j.:,)  and  the  velocities  L(o)  =. 

"foreign"  vortices 

•  +1 

fT(a.  s)I*(s,  o)slnP--a{s.  9)cosPJrfl=» 

I  V 

=  ,— J  l(s.  «)<^(».  •)* 

for  a  series  of  points  of  the  profile  (chord),  and  then  adding  them  to 
the  velocity  ~  w^a  of  the  undisturbed  flow,  we  can  write  with  the 
boundary  condition  dy/dx  =  •.y/w^  the  following  set  of  equations 

a+/C(9)  +  £.(9)=^(o).  (9.3.9) 

Here  dy/dx  (o)  denotes  the  angles  of  slope  of  the  tangent  to  the 
caciLur  line  of  the  profile  at  those  points  a  for  which  the  velocities 
K(c)  and  L(a)  were  determined. 

These  equations  contain  tr  unknown  coefficients  a^,  a^,  ag, 
of  the  series  expansion  oi’  (9.3.1)  for  tiie  circulation;  solving  Set 
(9.3.10)  enables  us  to  determine  as  many  of  the  coefficients  a^,  aj^, 

Sg,  ...  as  we  have  equations  In  the  set;  details  as  to  the  solution  of 
the  problem  are  given  Ir.  rp  olal  tey  bucks,  e.g. ,  [9,  13], 
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Lattice  of  thin  profiles  "•j-nlZ  camber.  In  this  case  the  com¬ 
plex  velocity  at  the  point  Xq  of  the  fundamental  profile  Induced  by  che 
vortex  sheet  of  the  kth  profile  v/111  be 


* 

T 


or.  If  the  vortlclty  Is  replaced  by  the  expression  for  It, 

'  j.  2tr,  cig ^  <1,  sin  n;  j 


sin  = 


»  +  ycos« 


-If 


•  I 

'  p  ««(i  +<o«?)+— i)  y  —  fOS 


+  CM#— cosy 


■df. 


Assuming  5=^2*  yt-'H cos O  (l  does  not  lie  on  the  section  -  1,  +  1), 


we  find 


/  ^  f  JE21£?_  rf. 

*  J  *—  eosy  y^j"  —  1 

and  after  this  we  calculate  Wqj^  and  In  the  form  of  trigonometri¬ 

cal  series  with  coefficients  depending  on  the  lattice  parameters.  It  : 
however,  rather  complicated  to  obtain  the  general  expression,  but  r.-  n 
we  restrict  ourselves  to  a  small  number  of  terms  of  the  power  serif.r 
expansion  of  the  ratio  b/l,  we  obtain  simple  expressions.  For  example. 
If  we  neglect  the  terms  of  higher  than  fourth  order  In  b/l  and  add  the 

velocity  Induced  by  the  own  vortex  sheet  and  the  velocity  w  paral.el  to 

m 

the  flow  then  the  calculations  yield 


--  ^cos  J  -  ao7j  -  Y  '7:)  + 

--  =  |sln  o  -  u,  (1  -  ;»,)  +  j  _ 

~-\2a^Pf—a,  (1  cos *  +  0,00$ 28, 
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where 


'Sp'  ■V-I-I.08J 

and  so  on. 

For  the  camber  line  of  the  profile  formed  by  the  P-curve 

I -.V’)  '’nd  t  hi  S-c  rvc  (cf.  Fig.  3.6.4);  substltut- 

'.a  X  =  —  [u/^)  C  JL  us 

?L  .P  +  cos  »  —  CCS  20  -  cos  36 


if  "  T  y  ^ 

The  boundary  condition  for  the  camour  line  w  /w^  =.  d  /d..  gives  us 

y  y  X 

:  -2c^,  +  ,;,(1-;,,)^2a  fl,— |s. 

Usually  s  la  very  small  and  then 


- JL; 

''  I-rt  2  '  2 


Therefoi'e 


^  \  ‘  7}  {\-~riP 

When  and  are  more  accu.  at 

determine  the  piv:suiv  distribution 
Relation  (3.6.25) 


[-+(/’- y]  ( I  •-/>i)j. 

ely  calculated  it 
over  the  lattice 


Is  possible  to 
profile,  using 


Sparse  latt ice  of  plane  platen.  Let  us  consider  a  lattice  of  plane 
plates  with  y  =  0,  dy/'dx  .  0  an  email  b/1. 

Restricting  ourselves  to  the  two  terms  a^  and  of  the  series  ex- 
pans Ion  we  obtain 


tJn  •  - 


■ 

•  -a’ 


--  ■ 

'-a' 


(-;:) 


’si:o?2?r=(,,;||  ^cosi>J. 
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For  an  isolated  plane  plate 


whereas  for  the  lattice  with  the  degree  of 


Pig.  9* 3* 3*  Dense  lat¬ 
tice  of  plane  plates  - 
the  velocity  at  the 
outlet  coincides  with 
the  direction  of  the 
plates. 


accuracy  adopted. 


Thus 


'-ff 


l  +  0.41l^co»2? 


(I"*/**)* 


I -0.822 


(9.3.10) 


Comparison  with  the  exact  solution  that 
agreement  is  good  for  >  1.  5. 


Dense  lattice  of  plates.  When  the  density  Is  high  (b/l  »  l)  the 


velocity  at  the  exit  of  the  lattice  coincides  with  the  direction  of  the 


plates.  In  this  case  it  follows  from  the  triangle  of  velocities  (Fig. 
9.3.3)  that 

w.sln«=^sln? 


and  therefore  the  coefficient  of  Influence  of  the  lattice  is  given  b> 

k^lL^  (9.3.11) 

Fai  %iTm  (In  •  «  >  iTa  sin  ■  *b  tin  f 

It  can  be  seen  from  Fig.  9.2.11  that  up  to  1/b  =  0.8-0. 9,  k  Is  an 
almost  linear  function  of  ^/b  and  that  the  agreement  with  the  exact  so¬ 
lution  Is  good. 

Flow  about  a  lattice  of  discs.  Let  us  consider  a  lattice  of  dl  '.cs 
of  radius  r  and  with  the  spacing  1  In  parallel  uniform  flow  of  Invlscld 
incompressible  fluid  with  the  velocity  parallel  to  the  x-axls  (Fig. 
9.3.^).  Let  us  enumerate  all  discs  according  to  the  sequence  of  numbers 
.  +  1,  +  2,...,  the  positive  numbers  for  the  upper  and  the  negative 
:;a,  jers  for  the  lower  semiplane,  the  number  "0"  being  attributed  to  the 
fi.-.  lamental  disc  plav^ed  at  the  coordinate  origin. 
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We  replace  each  of  the  discs  by  quies¬ 
cent  fluid  and  place  at  the  boundary  of  each 
disc  a  vortex  sheet  with  the  vortlclty  <y(s) 
per  unit  length  [cf.  3.6.2)]; 

1  (*)  =-  “'.(s)  -  k;  (s)  =-  w(f ).  ( 9. 3. 12  ) 

Owing  to  (3.2.13)  the  complex  velocity 
at  the  point  Zq  of  the  fundamental  disc.  In¬ 
duced  by  the  vortex  sheet  on  the  disc 
will  be  equal  to 


•  1  .  ‘9. 3*  La '  t  ■'  ce 
of  OS'S. 


(9.3.13) 


From  the  Identity 

u*  (C)  rfC  =-  ( - « J.-,.)  (di  +  i Jr.)  (tf  t  d\.  +  v,  rfr.) + 


and  the  boundary  condition  expressing  the  fact 

that  t‘ e,  nonnsl  component  of  the  circumferential  velo-’t;  vanishes.  It 
follows  that 


R  {w  (?)  </C)  ^  K-  (j)  </s  =- (*)  I  |, 

Since  the  complex  coordinate  of  any  point  of  the  kUj  circle  (k  = 
=  +2,  +3,  ...)  can  be  written  in  the  form 


(9.3.14) 

where  z  Is  a  point  on  the  fundamental  circle  that  corresponds  to  the 
po  ^  on  the  circle  (cf.  Fig.  9.3.4),  the  expression  for  the  com¬ 

plex  velocity  (9.3.13)  can  be  rewritten  In  the  form 


(9-3.15) 

Where  the  path  of  Integration,  Ij^,  is  replaced  by  the  contour  C,  l.e., 
the  circle  at  the  origin  of  coordinates.  The  physical  meaning  of  this 
Is  that  instead  of  finding  the  velocity  at  the  point  Zq  on  the  contour 
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of  the  fundamental  disc  due  to  ttu  V(  r’tex  sheet  of  the  kt  h  cli'olo  we 
determine  the  Identical  velocity  at  the  corresponding  point  on  ih’'  '  h 
circle  due  to  the  vortex  on  the  fundamental  circle. 

Summing  over  k  from  to  -H»  (excluding  k  =  0  which  Is  Indicated 
by  a  dash  at  the  summation  clgn,  Z’)  we  find  that  the  C’^mplex  velocity 
at  the  fundamental  circle  due  to  the  external  singularities  Is  equal  to 


2«i  ^  J  ■ 

c 


This  expression  Is  summed  calculating  the  Influence  that  each 
pair  of  circles  symmetrically  disposed  with  respect  to  the  fundamental 
circle  exerts  on  the  latter,  beginning  with  the  nearest  pair,  k  =  +  1: 


Si.  f  .  .-=  i-  f  a-  ( s)  V  i - L 

2*/  J  2—  kte'^  2r/  .)  Sq—  2  — 

»-il.  ±J . -  C  C  *-i 


kle 


1  + 


+  !  -^  2'./  J  S  (To  - :)"  (9.3.16) 

In  addition  to  the  velocity  Induced  by  the  external  vortex  sheets 
at  each  point  of  the  fundamental  circle  a  velocity  will  arise  owing  tc 
Its  own  vortex  sheet  (for  k  =  0)  which  Is  equal  to 


2K/.1/0-' 


(9.3.17) 


where  the  sign  means  that  we  have  to  take  the  principal  value  of  he 
Integral  (cf.  p.  205). 

Calculating 

ip dz - i-S',)  {dx  +  idy)  =-  (u-^ dx  +  s', dy)  +  / ( dx~w,dy). 
we  obtain  (cf.  Fig.  9.3.6) 


wher,  R  {. . .}  denotes  the  real  part. 

The  fundamental  enuadlon.  be*  us  add  the  velocity  Induced  by  all 
•/re  A  sheets  of  thi  leit!  to  11-  velocity  of  the  undisturbed  paral- 


.■(s)^.Tc,/7+  u-,  {(tp,  -/tp,)  ^5) . 
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lei  flow,  Wjij.  If  we  multiply  the  complex  velocity  obtained  at  the  point 
z  of  the  fundamental  cylinder  by  dz^ds,  then  the  real  part  of  this 
prodac-  gives  the  total  velocity  at  the  point  Zq  considered;  owing  to 
the  boundary  cc;;dltlon  It  wl^l  be  directed  along  the  tangent  to  the 
body  con' our  at  this  point.  It  was  shown,  however,  in  (3.6.9)  that  the 
tangential  velocity  arbitrarily  close  above  the  vortex  sheet  is  equal 
lo  half  the  velocity  discontinuity  at  this  point. 

y  .'.et't-  ;  (^'•j.12)  this  yields  the  fundamental  equation 


R 


Supposing  u  =  (zq-  z)/le^^,  we  can  write 


i£>. 

2 


Jo-* 


I  VI  8* 


ki-at  ’ 

t-i 


if 


_ 


in 


^ 

♦-I  *=i  1 


V±_i — 

o*  «*».«* 


ki 


-”fi:““+5-siyr+Fi(tn+ ■]- 

rml  m  «| 

with 

ic-i-r-v 

The  calculations  show  that  the  numerical  values  of  Sg  rapidly 
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tend  to  unity: 


5, 1,04^93:  5;=-^=  1.08232;  =>  1 .01734. 

In  this  case  the  fundainental  equation  aosumes  the  form 

2  *  ) 

-'*l”-7;  +  «j7=7.iM  j  (9.3.18) 

The  solution  of  this  equation  Is  rendered  more  simply  If,  follow¬ 
ing  N.Ye.  Kochln,  we  consider  the  general  case  of  the  flow  about  a  lat¬ 
tice  of  discs  as  the  result  of  superimposing  three  simpler  flows  (Fig. 
9.3*5):  1)  a  circulation -free  transverse  flow  (w^);  2)  a  circulation- 
free  longitudinal  flow  (wg)  and;  3)  a  purely  circulatory  flow  (w^) 
(9.51. 

The  transverse  flow.  In  this  case  p  =  7t/2.  From  the  symmetry  con¬ 
dition  (cf.  Fig.  9.3.5,  a)  we  have  Wj(il)  =  -  w^(-  i>),  l.e.,  the  func¬ 
tion  Wj^(O)  Is  odd  and  can  be  represented  by  a  series  of  the  form 

,Vp,sJn«»  ,  Moreover,  w,(i))  =  w,  (tt  -  i>),  l.e.,  Vp,slnna=  V3,slnr(r- s'!. 

asi  »=l 

where  all  even  coefficients  must  vanish.  The  series  for  the  velocl  •, 
Wj^(O)  therefore  has  th°  form 


2^?:«+iSin(2n+ I)».  ■ 


where  the  velocity  of  the  undisturbed  flow,  w 


m' 


(9.3. 19) 

Is  taken  to  be  c.'icol  to 


unity. 

Let  us  assume  that  z  =  re^***  and  Zq  =  re^’^  on  the  circle.  Tlv  n, 
substituting  (9.3.19)  Into  the  left-hand  side  of  the  fundamental  equa¬ 
tion  (9.3.18)  and  taking  Into  account  that  ;il  sin  x  =  e^*  -  we 

find  that 


m 
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»j.4l»ln<2fl  fl)l 


rdfl 


4-  2  ‘  r  >)'•> + R  V  A  .w.p,, ;  f  r  'Hi! 

‘  y  -*' 


-d^  — 


2« 

-/ 


(9.3.20) 

Calo>^latlon2  shov:  [9.6],  that  the  real  part  of  the  expression 
;  1  L-races  of  (9.3.20)  Is  equal  to  zero  and,  thus,  the  j.eft-hand 


Pig.  9.3.5.  Special  cases  of  flows  past  a  lattice  of  discs, 
verse  circulation -free  flow,  Wj(i>)  =  w^  (-  i>)  =  w  (tt  -  -J)j 

■  "2''  "  “2<’'  “  '’>i 


a)  Trans - 

b)  longl- 

c)  purely 


side  of  Eq.  (9.3.18)  Is  equal  to 


# 


2  2^ 

Let  us  consider  the  rl^ht-hand  side  of  the  fundamental  equation 
(9.3.18).  We  find  first  of  all  that 
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— iln#. 


(9.3.21) 


Substituting  Expression  ')  for  w^(i>)  In  the  Integral  of  the 

right-hand  side  we  find  after  some  not  too  complicated  but  rather  oom- 
bersOTie  transformations  that  the  right-hand  side  as  a  whole  Is  equal  to 

-tin  P:.  H  2^-  ’lj)sln  (2*-  2«  -  1)  ft. 

a-«  t-l 

Here  Cji«=Sm  ^  binomial  coeffi¬ 

cient. 

Comparing  the  coefficients  of  the  sines  of  arcs  of  equal  multi¬ 
plicity  of  the  expressions  found,  we  obtain  an  Infinite  set  of  eqia- 
^lons 


•  /2j  +  ?/i-1\ 

(/is=  I,  2i  3  ■  .  .  )• 


(9.3.22) 


It  can  be  solved  by  means  of  the  method  of  successive  approxima¬ 
tions  (9.5]. 

Without  pausing  to  dwell  on  the  technique  of  calculation  [9*6], 
give  the  final  expression  for  02n+l  form 

+  rt). 

where  the  functions  n)  are  represented  as  power  series  1* 

with  coefficients  depending  on  n. 

Omitting  the  general  expression  for  n)  we  list  hert:  lie 

12 

values  accurate  up  to  the  term  In  q  ; 

-  fl,=  1 .216?-’  +  1  +  0,C6G0?'  +  0,1 10/  +  0, 100?">  +  0,0664?”+ . . . 

S, =  0,494?’  +0,406?«+0.157?*+0,156?'®  +  0,077?”+  .  .  . 

_/?,=0.19V  +0.159?«+0.l32?”  +  n,l22?”+  .  .  . 

fi,- 0,031.7*  t-0.035?'+0.0S1?”+  .  .  . 

-5,  =  0,0214?»+0,1767’<'+  .  .  . 
iJ„«  0,0063?” +  0,0054?’'  -'-  .  .  . 

-  0,00  i  9,7”+  .  .  . 
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nie  longitudinal  flc.i.  In  this  case  p  =  0  and  from  the  symmetry 
conditions  'cf.  Fig.  9.3.5,  b)  „e  have  Wj(e)  =  j)  .  -  _  j). 

the  I’e  fore 

a.,,,,  00s  (2/»  +  j);r  (9.3.23) 

The  solution  to  the  fundamental  equation  (9.3.18)  obtained  by  the 
same  method  yields 

The  values  of  accurate  up  to  the  term  In  are  the  follow- 

!  I  ; : 

V  TO,06CG7'--O.llOv’iO.lO0^'*-O,O66V»+  . 

-■•b  -  0.'^?<"v'-r  'l,)Ori7<  +  O.I577*— 0.1‘G7'®  +  0.0777’*+  . 

y1  rrr -.o.I937‘  +  0, IfiO^'+0, 132^“— 0,122^'*^  . 

-0.0ol7'  + 0.0557* +  0,08I?«+ .  .  . 

-4,=='-0,021V  +  O.OI76tf'»+.  .  . 

■“-0,00657’"+ 0.005 V*+  .  •  • 

-0.00197'*+  ... 

The  circulatory  flow.  For  a  lattice  of  discs  with  Its  axis  laid 

along  the  y-e.xls  (cf.  Fig.  9.3.5,  b)  a  repetition  of  the  above  consid¬ 
erations  leads  to  the  relations 

«'3  ^  2  *2,  t  ^  2«fl ;  aj,  -  (  -  1 

M,=  I 

/1,=  -  1,G457*  +  0.C677«— 0,2287'»+  .  .  . 

/<,- -0.2707* +0..52l7'-0.01l47'*+ .  .  . 

A--0.06327‘  +  0.2707'«- .  .  . 

/1,“-0.0I627»+0.I|67»-  .  .  . 

Ao=  - 0.00327“+ .  .  . 

-0.000987'*+  .  .  . 

If  the  angle  p  of  the  lattice  a.\ls  deviates  from  7r/2,  then 

^®)  ^(*„  cos  2n6  +  p„  tin  2«l)j 
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The  msgnitude  of  the  circulation  r  has  to  be  determined  fi’om  i.'.  h 


Fig.  9*  3.6.  urapn  of  vai’iatlon  of  A 
^  n 

and  as  dependent  on  cj. 


of  the  variations  of  and  In  dependence  on  g,  from  which  wc  r.,i 
that  even  for  very  dense  lattices  with  ^  near  unity  these  values  ,  son,, 
tissllsll'ly  small  even  vhien  k  ~  8—10  and  in  the  calculations  vjc  .‘aii 

Q  TO 

restrict  ourselves  to  q  -q  ^  as  the  highest  powers. 

The  velocity  potential  on  the  circle.  It  Is  determined  i.  n  the 
.  -at.on  For  rQ  =  1  the  velocity  po¬ 

tential  q)(l,  0)  a  cp»(’>}  on  tlie  circle  Is  equal  to  TwCO^dO.  When  the 


velocity  of  the  undisturLad  flow  Is  =  1,  the  transverse  flow  through 
the  lattice  of  discs,  owing  to  (9.3.19),  Is  given  by 


^  J  ^  p:,4 1  Sin  (2/1  + 1)  » 

and  Lhe  lor,  itud Inal  flow,  according  to  (9. 3.21),  by 

9l  (»)  =  J  ^  «:.♦!  cos  (2/j  + 1) »  rf»  =. 

«•# 


(9.3.24) 


I  att  1  ?t.. 


-L- discs.  In  the  general  case  the  velocity  dls- 
li,.’  I  V  aciulng  the  velocities  of  the  three  fundamental 


11'jv/s,  that  of  the  tra.n'-v.'rce  flow,  Wj^(O), 
Wg(0),  and  of  the  circulatory  flow,  w^(0). 
e  =  8+Tf=0  +  -l-p  and  =  i,  we  obtain 


of  the  longitudinal  flow. 
Supposing  (Fig.  9.3.7)  that 


-uF,  (0)  cos  7  +  i?,  ( 8)  sin  T  +  ^  w,  (»).  (  9. 3 , 25  ) 

The  values  of  v.-^,  w^,  w^,  (p*,  9*  and  dependent  on  6  =  0  +  y  are 
given  In  Appendix  9. 

poter  -lal  of  a_now  through  a  lattice  of  discs,  start¬ 
ing  from  the  fact  that  the  tangential  velocity  w(o)  on  the  circle  Is 
equal  to  the  vortlclty  of  the  vortex  sheet,  y(o),  at  this  point  .  . 
(9.3.12),  we  can  use  the  solution  found  to  the  problem  of  the  flow 
through  a  lattice  of  discs  to  derive  the  complex  potential  of  the  whole 
flow.  In  fact,  the  complex  pote-vial  at  any  point  z  of  an  elementary 
vortex  y  (Old^l,  placed  at  the  circle  at  the  point  C  +  kle^^  will 

2«/ ^  that  of  the  whole  vortex  sheet  of  the 

kth  circle  will  be 


where  c  denotes  a  circle  wlln  i.'-e  center  at  the  origin  of  coordinates. 
Suininlng  over  all  k  from  -oo  t  o  t-co  and  adding  the  complex  potent.' al  of 
the  parallel  flow,  we  find 

Z  (^)  ^  Jt  C)  In  («-  C)  I  i  + 

e 


where  the  dash  at  the  summation  sign  Indicates  that  the  value  k  =  0 
has  to  be  ontltted  in  summing  over  k,  since  the  potential  of  the  sheet 
of  the  fundamental  circle  Is  taken  Into  account  by  the  second  tenn  of 
the  right-hand  side. 


Integration  leads  to  the  following 
form  of  the  complex  potential  of  the 
lattice  of  discs:* 


V  * ' 

—  -  a-, 

nl 


,,  In  Sin  7^5  .(9.3-25) 


where  a,  -*#. 

and  and  are  expressions  obta  ,i'‘d 
previously. 

Denoting  the  expression  7i/ne‘^'  by 


Fie.  9.3.7.  The  general 
case  of  zero  clrculatlo!. 
flow  about  a  lattice  of 
circles  may  be  regarded 
as  the  sum  of  two  particu¬ 
lar  cases  —  transverse  with 
velocity  w  cos  y  and  lon¬ 
gitudinal  With  velocity 

sin  v. 
m  ' 


X  and  performing  the  differentiation,  we 

obtain  the  complex  potential  of  tj-ie  l?t- 

tlce  of  discs,  of  unit  radius  vjh.n  w  ==  1 

m 

is  the  velocity  of  the  undisturbed  flow: 


sh f tg).;  j. 

+  sh-»  /j  +  -L  /a  ;  j  ,  ( 9.  3 .  26  ) 

3  ^ 

,  I  ,  1  +2cli»X^ 

12  sb<l«  ^ 
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As  we  can  see,  the  sum  of  all  terms  of  the  right-hand  side  of 
(9.3.26)  with  the  exception  of  the  first  term  Is  a  periodic  function  of 
the  period  le^^. 

Lattice  of  ^.pproxlmately  circular  contours.  The  potential  of  di¬ 
poles  uniformly  arranged  on  sections  of  the  Imaginary  axis  (Fig.  9.3.8) 
wl'h  the  pei'iCd  Jl,  and  placed  In  a  plane-parallel  flow  having  the  ve¬ 
locity  =  1  along  the  real  axis,  has  the  form 


+i 

2O  t  .C  +  A)  • 


-  Is  the  dipole  moment  per  unit  length  (Fig.  9.3.8,  a).  As  E.L. 
i?---']  a  shown.  If  the  stream  function  Is  zero  wo  obtain  a  lat- 
’■•v'-.e  contours  deviate  only  slightly  from  circles  with 
their  centers  on  the  Imaginary  axis. 

E.L.  Dlol’.h  and  A.fu  Glnovskly  [9*9)  showed  In  their  paper  that  the 
complex  potential  of  the  transverse  flow  through  a  lattice  of  "near- 
clrcles"  can  be  obtained  by  arranging  dipoles  of  eanal  moment  on  the 
Imaginary  axis  in  a  parallel  uniform  flow  occurring  along  the  real  axis, 
at  a  distance  ^  from  each  ether,  and  vortex  pairs  of  ,  al  Intensity  nig 
but  opposite  sense  of  rotation  on  both  sides  of  the  dipoles  at  a  dis¬ 


tance  of  X  (cf.  Fig.  9.3.8,  b)  where  (w 


Ipm, 


In 


m 

ihr/xc+nfl 


«io2/>l  — A)) 


1) 


Here  p  =  n/1,  m^,  mg  and  X  are  parameters  subject  to  the  following  con¬ 
ditions:  1)  the  points  ^  =  +  1  must  be  stagnation  points  (w  =  0);  2) 

T)  =  +  1  when  ?  =  0;  3)  at  the  points  C  =  0  and  n  =  +  1  the  radius  of 
cur'-ature  Is  R  =  1.  The  authors  solved  the  transcendental  equations  ob- 
ined  by  choosing  numerical  values  for  the  parameters  for  a  series  of 
values  of  q  =  2rQ/l  between  0.5  and  1.  The  preseiice  of  three  parameters 
riiakrs  It  possible  to  obtain  contours  which  are  very  similar  to  circles. 

The  results  of  an  analysis  of  the  shape  of  the  "near-clrcles”  show 
that  the  greatest  deviation  of  the  radius  vector  of  a  "near-circle" 
from  the  radius  of  a  circle  amounts  to  less  than  0.6jf. 

The  longitudinal  and  circulatory  flow  about  "near-clrcles"  can  be 
calculated  fairly  simply  from  the  transverse  flow. 
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a)  /) 


Fig"  9" 3- 8-  Dipoles  placed  in  a  plane-parallel  flow  and  uniformly  ar¬ 
ranged  on  sections  of  length  2X  of  the  Imaginary  axis  (a)  with  the  per¬ 
iod  1,  together  with  the  dipoles  on  the  Imaginary  axis  with  the  period 
1  an^  vortices  (b)  on  both  sides  of  the  dipoles  give  a  lattice  of 
'"near-clrcles.  ” 

9.4.  MAPPING  OF  A  LATTICE  OP"  CIRCLES  TO  A  LATTICE  OF  THEORETICAL  PRO¬ 
FILES 

To  construct  a  lattice  of  theoretical  solid  profiles,  which  are 
very  Important  for  the  analysis  of  the  general  properties  of  lattices. 
It  Is  natural  to  attempt  to  apply  N.Ye.  Zhukovskiy's  method  of  roundlrg 
to  a  lattice  of  circles  [9.8]" 

In  fact,  let  us  compare  the  complex  potential  of  a  clrculatlc 
free  flow  for  a  unit  circle  (the  velocity  at  Infinity  being  assumed 
equal  to  unity) 

z,-C+Y  (9.4.1) 

with  the  potential  of  a  circulation-free  flow  about  a  lattice  of  cir¬ 
cles  (9.3.26)  of  unit  radius  for  the  velocity  =  1  of  the  undisturbed 
f  1  ow , 


where  g(0  Is  a  periodic  function  with  a  period  equal  to  le  Since 


(9.4.2) 
la 


u*.lln;.ted  Increase  of  the  spacing  1  causes  the  lattice  of  circles  to 


degenerate  to  a  single  circle,  we  have  g{0  -♦  1/C  as  1  -*  «o. 

Moreover,  the  function  g(0  is  finite  at  infinity,  and,  since  the 
velocity  remains  unchanged,  v,e  must  have  Further,  If  we 

calculate  the  potential  of  a  circulation-free  flow  on  the  contour  of  a 
circle, 

=  cos »  +  /  sin  »  +  R  O)  +  i  Im  (C))  - 
=cos 

then,  "lOticlng  that  the  circular  contour  Is  a  streamline  for  which 

w,  .‘.e  uotaln  the  Imaginary  part  of  g(C)  on  the  circular  contour  In 
-riTi  Ira  -^g'O]  =  ^  =  ~  sin  <t,  whereas  In  accordance  with  (9.3.25) 
he  1-  a  1  part  c'"  g(C)  on  the  circular  contour  will  be 

+  Tj(*+i)$lnT, 

where  (pj  and  <p*  are  determined  by  Formulas  (9.3.24). 

Thus,  on  the  contour  of  the  circle 

f  (.1 ..  ;  sin  0  =  ^’(0  +'j)c')s^+  t)**'’T'~cos4.  ^9. 4, 3) 

Eut  on  the  contour  of  each  circle  of  the  lattice  In  the  C-Plane 
the  Injaglnary  part  x(0  vanishes,  and  therefore,  mapping  the  diagonal 
lattice  onto  the  plane  with  the  help  of  Function  (9.4.2),  l.e.  ,  as¬ 
suming 

«  =  Z2,(t)“C  +  «{C). 

vje  obtain  In  the  z-plane  a  diagonal  lattice  of  plates  with  the  paral¬ 
lels  o  the  real  axis  of  the  z-plane  staggered  to  the  same  extent.  In 
ex3c'  ly  the  same  way  the  unit  circle  Is  mapped  to  a  section  of  the  real 
axis  if  (9. 4.1)  Is  taken  as  the  rp oping  function. 

It  can  therefore  be  shown  that  the  function  g(C)  plays  the  same 
role  In  a  flow  about  a  lactlce  of  circles  as  the  function  1/^  In  the 
flow  about  an  Isolated  circle.  Hence,  If  the  function  1/^  Is  explicitly 
s  pa  ated  when  the  function  z  =  f(c)  conformally  maps  an  Isolated  clr- 
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cle  to  a  profile,  l.e.,  If  we  take  z  -  ^  +  f(l/C)  and  replace  l/r  by 
the  function  g(0  puttlr.^:  z  =  f  +  f[g(0]<  then  we  can  expect  to  oMaln 
a  lattice  of  profiles  In  the  z-plane  which  have  shapes  similar  to  the 
Initial  Isolated  profile  with  the  same  period  ^e^^  as  the  function  c(C)» 
(Fig.  9.^.1)* 

The  mapping  function.  There  are  many  methods  of  solving  the  prob¬ 
lem  of  conformal  mapping  of  a  lattice  of  circles  to  a  lattice  of  given 
profiles.  The  simplest  one  Is  obviously  to  extend  S.A.  Chaplygin's 
method  of  obtaining  an  Isolated  profile  on  a  lattice  of  circles.  As  we 
have  Indicated  in  the  foregoing  (cf.  Part  3*5)>  S.A.  Chaplygin  has 
shown  that  a  great  variety  of  profile  shapes  can  be  obtained  by  apply¬ 
ing  one  and  the  same  mapping  function  (3.5.24),  containing  a  sufficient 
number  of  parameters  determining  the  profile  shape,  to  one  and  the  same 


:’lg.  9.1.4.  Mapping  of  a  lattice  of  profiles  to  a  lattice  of  circles. 

■;  Axis  of  rotation;  2)  lattice  axis;  3)  the  x-axls  (C  =0)  s  the  di¬ 
ction  of  the  circulation-free  flow.  ^ 


cJrc'e.  An  Investigation  of  this  function  by  A.S.  Glnevskly  and  Ye. I. 

U  ..V  [9.10],  fo.ll],  ■  'U  k  =  0  (which  corresponds  to  an  angle  of  zero 


at  the  profile's  trailing  edge). 


z 


‘C-«* 


(9.4.4) 


showed  that  It  yields  sufficient  variety  of  profile  lattice  shapes  in 
dependence  or.  the  complex  parameter  Eq  =  ^0  ITq’ ^ 

A.S.  Glnevskly  we  shall  deal  with  this  method  In  what  follows. 

In  order  to  separate  1/^,  we  rewrite  (9.4.4)  In  the  form 

« — •  .  "  ■  ■  ■  -----  ~  I .  .1  ■  es 

t-to 

-t  1 1  t  1 

C  — «»  C--«* 


ihio  lur.c*.  Icn  inapa  the  unit  circle  to  a  profile  whose  trailing 
edge  z  =.  0  corresponds  to  the  point  Cq  =  1  on  the  circle.  In  a  more 
general  case,  corresponding  to  the  transition  Cq  ^  at  the  trailing 
edge  z  =  0  we  have  to  write  the  mapping  function  in  the  form 


(9.4.5) 

As  has  already  be  .i  shown,  the  transforming  function  for  a  lattice 
is  constructed  by  replacing  1/^  by  the  periodic  function  g(C). 

Thus,  If  w\  take  0^  to  denote  the  polar  angle  of  the  point  corres¬ 
ponding  to  the  trailing  edge  and  the  value  of  the  function  g(C)  at 
the  point  =  e^'^O,  then  the  function  mapping  the  lattice  of  unit  ckr- 
to  a  lattice  of  Chaplygin  profiles  has  the  form 


The  equation  of  the  prof 11  contour.  As  has  been  shown  (9, 4.3) 

•=?(«)-/ sin#,  =?(»«)-' sine,.  (9.4.7) 

holds  for  the  contour  of  a  circle  where  q>(0)  Is  the  velocity  potential 
of  c  circulation -free  flow  about  a  lattice  of  circles  from  which  the 


potential  of  the  uniform  parallel  n  ■/  is  calculated. 

Substituting  ?  =  e  and  In  (9*  ^*5)  nov;,  wc  obtain  ItiL 

values  z  «=  X  +  ly  for  the  points  of  the  profile  contour 


j.,-n  %i  (?o-<slnlj)-{T-/sln») 

whence  the  coordinates  of  the  profile 


c  ne  re 


JC  — cos®  — cos  #«  — 
j'=sln6  — sin  ®,— 


(AnC  —  BftO)  A  Agp)  B 

A^+B* 

(BqC  4-  AiO)  A  -  (A„C  ^  BoD)g 
A^+Bi 


— 1  sin  ®0. 

—  TjjSln  ft. 

)-<?(«). 


^0*®  Sq  sin  tor#' 
fl=toSln»  —  V?. 
Z)=sln  ft  — sin  #0 


(9.4.6) 


The  quantities  (p*  and  <p*  necessary  lo  calculate  the  profile  coor¬ 
dinates  can  be  taken  from  the  table  In  Appendix  9*  The  values  of  the 
angles  Oq  and  the  velocity  potentials  on  the  circle  at  the  point  de¬ 
fined  by  this  angle  are  given  In  Tables  1  and  2  In  Appendix  10. 

For  sparse  lattices  q  ^  0.5  and,  restricting  ourselves  to  terms 
2 

containing  q  ,  we  obtain 


where 


*«=  —  fafctg 


0,8?3^»sln27 


\  "  I+O,823«:cos2i 

^* = ft,  COS  ft  —  COS  3®  +  COS  5* . 
fj=a,sln  ft — fljSlnS®  — 0}  sin  5®, 


6,=2+1.615<7»+!.35'I(?«  t  l,I12»».+  .... 
ft,  =  0,270<7‘  +  0.222?«+ 
ft#=0.0634(7«+ 

01  =  2—1 ,64V  +  I  ..354i7»~  1 . 11  2o*  + 
fl,=0,270(7‘— 0,222v«-f...; 
ai«'0.0634fl«+  .... 

The  profile  lattice  Is  thus  derermlned  by  the  parameters  y  — 

•-=  7T  2  -  p  and  q  =  2r/l,  varying  within  the  limits -y  , '.0<^<  1 

•  c'-aracterlzlng  t  h.-  slope  anglo.s  of  the  lattice  and  Its  density,  and 
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by  the  parameters  and  tjq  on  which  the  shape  of  the  camber  line  and 
the  profile  thickness  depend. 

In  order  to  calculate  lattices  of  prof'les  for  t^lven  values  of  the  ^ 
geometrical  density  parameters  b  =  b/1,  of  the (geometrical )  rigging 
angle  of  Incidence,  0p  =  3  -  ciq  (correspondingly,  of  the  geometrical 
ctaggr'r  =  -it/S  -  3p),  of  the  camber  7  =  f/b  and  of  the  thickness  3  » 

=  d/b.  It  is  necessary  to  know  the  relationship  between  these  and  the 
1  ol  ->Wing  parameters  of  the  lattice  of  circles  i  the  density  q  =  2r^/l 
c-  he  lattice  of  circles,  the  aerodynamic  stagger  y,  and  the  transfor- 
I  .  parameters  and  t]q.  It  Is  impossible  to  determine  this  rela- 
..n^p  Ij;  u:;:-.  i.v  M  cai  form.  It  has  been  established  on  the  basis  of 
etic- ' 'iiicr::-  j.n  ,  number  of  profile  lattices. 

gj_ape  of  camber  It-u-  and  thickness  curve.  The  limits  within  which 
the  parameters  and  tJq  vary  are  determined  by  the  condition  that  no 
self-intersection  should  occur  ( cf.  Fig.  9.2.16),  l.e.,  that  the  func¬ 
tion  a(0  and  dz/d?  should  have  no  zeros  In  the  whole  .  jglon  outside 
the  circles  with  the  exception  of  the  point  corrcspo;  g  to  the  trail¬ 
ing  edge  of  the  profile.  A  limiting  case  will  therefore  be  a  second 


cusp  on  the  profile  and  the  point  on  the  circle  corresponding  to  it. 
General  cons  b.t- rations  lead  to  the  conclusion  that  the  limiting  values 
of  the  param.eters  and  depend  on  the  density  q  =  2/1  of  the  lat¬ 
tice  of  circles  and  on  Its  stagger  angle  y.  The  sparser  the  lattice,  1. 
e.,  the  smaller  the  greater  Is  the  range  of  admissible  values  of 
and  rjQ. 

Calculations  on  a  series  '  profiles  showed  [9. 10]  that  profiles 
obtained  by  the  Chaplygin  transformation  (9.4.4)  have  a  camber  line 
which  Is  very  similar  to  a  circular  arc,  and  that  the  shape  of  the  sym- 
metj leal  part  of  the  lattice  profile,  namely  the  thickness  curve  over  a 

very  wide  range  of  dens'tl-s  b/l,  the  rigging  angle  p  =  3  -  x  ,  the 

8  0 
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Pig.  9.4  .2.  The  thickness  curve  vir¬ 
tually  does  not  chant^e  over  wide  In¬ 
tervals  of  lattice  parameter  variation. 


camber  T  =  f/t,  and  the  thickness  H  =  d/b,  are  virtually  unchanged  (cf. 
PlS»  9.4.2).  At  the  same  time,  within  the  limits  of  absence  of  solf-ln- 
Leractlon,  we  have  for  an  Isolated  profile  (q  =  0) 

•  ^-’  +  27- 

In  Appendix  10  tables  and  graphs  give  the  values  of  and 

In  dependence  on  T,  d,  7,  and  h/l  and  also  the  connection  between  b/1 
and  ^  obtained  from  calculations. 

* 

Velocity  distribution  on  the  profile  contour.  This  Is  determined 
by  the  relation  ^a'(i)=tc>(C) ^ ,  where  and,  owing  to  (9.3.25), 

If  Is  the  angle  of  attack  which  Is  equal  to  the  angle  between  the- 
vector  of  mean  velocity  and  the  direction  of  the  circulation -free 

flow. 


1  n 


Vm 


tp(C)  =  xri  (C)  cos  (•r  +  a,)  +  s’j(0  sln(7  +  «,)  + 


+ 


When  =  1  at  the  boundary  of  a  unit  cli'clc  '  -  e 


111 


w  (»)  =  J£>,  (»  4- 1)  COS  (t  -f  a.)  +  rr,  (8  +  ;)  sin  {-j  +  a.)  + 

r  ,  (9.4.9) 


The  sum  of  the  first  two  terms  of  the  right-hand  side  (9.4.9' 
gives  the  velocity  on  the  contour  of  the  circle  In  a  clrcula I lon-freo 
f'//  for  otg  =  0,  referred  to  (9-3.25), 


tf'o-  Wi COST +Cj sin  1. 
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Hence  the  polar  angle  of  the  stagnation  point  0^  on  the  circle, 
where,  by  definition,  Wq  =  0,  can  be  calculated  from  the  expression 

(9*^«  10) 

for  various  values  of  £  and  y  (cf.  Appendix  10).  The  point  on  the  cir¬ 
cle  determined  by  this  angle  must  go  over  to  the  trailing  edge  of  the 
profile. 

The  magnitude  of  the  circulation  F  Is  chosen  according  to  the  Zhu- 
kovokl '’-^haplyglr.  postulate  on  smooth  flow  about  the  profile's  trailing 
edg  ,  l.e,,  1‘r‘oiii  ihe  coridltlon  that  Expression  (9*  ^*9)  becomes  zero  at 
,  jlnt  il  =  Uq  for  all  angles  of  attack;  this  gives 

T-  —  “'i  a.)4-  T)»lP (;+•«) 

or,  owing  to  (9.4.10), 

r=. Sin «. .  ( 9. 4. 11 ) 

Substituting  this  In  (9*4.9)  we  obtain  the  velocity  at  the  points 
of  the  elide  whci'  the  circulation  is  chosen  according  1o  the  Zhukov¬ 
skiy -Chaplygin  condition  at  the  trailing  edge  of  the  profile 

a',(cos  sin  O* 

where 


and 


jcr,,— (*g+ 1)*  (*»+ 1)'  “■*  (*•+ 1) 


(9.4.12) 


are  the  velocity  components  at  the  point  that  corresponds  to  the  trail¬ 
ing  edge.  These  velocities  can  be  calculated  once  and  for  all  (cf.  Ap¬ 
pendix  10)  and  It  Is  then  easier  ,o  calculate  w(il).  It  Is  considerably 
more  difficult  to  calculate  the  expression  for  dz/d^.  If  we  restrict 
ourselves  hov;ever  to  calculating  the  magnitude  of  the  velocity  at  the 
profile  contour 
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(9.  ^.13) 


tri<8> 


(where  Is  the  rr.T;^nltudo  of  ■‘ho  velocity  at  the  contour  of  a  cir¬ 

cle  In  the  lattice,  x  and  ^  are  the  profile  coordinates),  then  In  this 

case  too  the  expression  for  w  has  a  rather  complex  form.  Cmlttlnc  the 

z 

intermediary  transformations  we  can  give  the  final  formulas  for  the  de¬ 
termination  of  dx/dil  and  dy/dd  [9.10]: 


lK‘A  +  l'B-yKA'  +  LB'\(Ai+B^^O{KA+LB)(AA-+BB’) 


^=(I+a)cos6— 

_ (VA+A'L-K'B-KB')(Ai+B^-  ::(LA-!rKB){AA'^BB') 
{A*+Btfi 

X^A,C-B,D,  -K'^At^  +  B^cosb, 


(9.^.1^) 


L=^B,C+Afi.  = 

^ -sin 8 +  0.0- 

#V  m9 

Let  us  point  out  that  most  of  the  quantities  entering  the  exprcc- 
ilons  for  dx/di),  dy/dO  and  for  the  velocity  of  the  profile  are  deter¬ 
mined  when  the  profile  coordinates  are  calculated. 

The  pressure  coefficient.  If  we  know  the  velocity  distribution,  wc 
find  the  pressure  coefficient  at  each  point  in  terms  of  the  prossum 
head  due  to  the  mean  velocity: 


^  f«'*»  \*'«/ 


r*m 

2 


(9. '-'.15) 


or  due  to  the  velocity  w^  of  the  undlstur'oed  Incoming  flow 


(9.^. 16) 


The  lift  coefficient  In  a  la'tlce.  Substituting  the  expression  for 

lors  2r  = 
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r  '  fvm  (9«^.ll)  Inic  '.he  relatlors  2r  =  C  bw  and  putting 

y  m  “ 


r*=  -  gio-^laT  — 


(9.4.17) 

we  find,  when  taking  b  =  2b/q  and  =  a  +  Into  account,  that 

^-7  r*  (V.  1)  sin  «,  - !'♦  (?.  1)  sin  («+.,).  ( 9. 4. 18 ) 


Pig.  9.4.3.  Lattice  of  profiles  calculated  by  way  of  example  and  the 
pressure  distribution  over  a  profile  or 


The  values  of  r*are  given  In  Appendix  10  (Table  7)  -s  functions  of 
a  and  y.  On  the  basis  of  a  series  of  lattices  calculated  by  means  of  a 
two-parametrlc  family  of  Chaplygin  profiles,  obtained  by  Transformation 
(9.4.6)  with  the  two  parameters  and  (e^  =  +  Itj^),  curves  were 

drawn  representing  the  dependence  of  dCy/da  and  on  the  following  ge¬ 
ometrical  lattice  parameters;  the  gecmetrlcal  stagger  (y  =  ■n/2  -  p), 
the  density  b/l,  the  thickness  ratio  1  =  d/1  and  the  camber  T  =  f/b  of 
the  profile,  which  render  the  calculations  much  easier  (Fig.  9.4.3,  cf, 

also  Part  9.13);  they  are  given  in  Appendix  10  where  an  example  of  the 
calculation  is  given  too. 

of  flow  from  a  lattice.  The  connection  of  the  geometri¬ 
cal  and  aerodynamic  lattice  characteristics  with  the  triangle  of  veloc¬ 
ities  Is  determined  In  the  same  way  as  for  a  lattice  of  plane  plates 
(cf.  Part  9.2),  '  y  relations  analogous  to  (9.  2. 26)-(9. 2. 27) ; 
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This  makes  it  possible  to  solve  the  so-called  converse  problem,  1. 
e. ,  to  choose  the  lattice  for  a  given  deflection  of  the  flow.  This 
problem  Is  solved  by  means  of  the  graphs  dC  /da  and  a^;  If  the  two  lat- 
tlce  parameters  and  0^  t.wo  profile  parameters,  e.g.  ,  d/b  and  h/l 
are  given,  we  find  f/b  and  p. 

9.5.  CONSTRUCTION  OF  PROFILE  LATTICES 

The  problems  considered  In  Parts  9*2-9«^  refer  mainly  to  the  flow 
structure  and  the  so-called  lattices  of  theoretical  profiles,  the  class 
of  which  Is  not  very  large.  Despite  the  auxiliary  tables  available, the 
construction  of  lattices  is  a  rather  ccmplex  task. 

The  great  value  of  solving  this  series  or  problems  consists  In  the 
determination  of  the  lattice  characteristics  to  be  analytically  or 
graphically  represented.  Meanv-.'hlle ,  the  constructor  must  have  a  suffi¬ 
ciently  simple  and  reliable  method  of  constructing  lattices  display  In/; 
given  prope*'tles,  for  example,  a  given  velocity  distribution  over  ii.  - 
lattice  profile  or  a  more  or  less  definite  profile  geometry  detcrnlned 
by  the  constructional  requirements.  In  this  part  we  shall  consider  rev- 
eral  solutions  to  these  prcMems;  unless  it  Is  otherwise  stated,  'i  .- 
fluid  Is  assumed  to  be  Incompressible  and  Invlscld. 

The  principal  streamline.  This  Is  the  name  given  to  the  streamline 
v.’.ilch,  coming  from  Infinity  to  the  profile,  blanches  at  the  iL^dlng 
edge,  runs  along  the  profile,  rejoins  at  the  trailing  edge  (or  leaves 
the  profile  contour  forming  the  stagnant  zone)  and  runs  off  behind  the 
■-  -  -  ;e  to  Infinity.  In  F'  j.  9.5.I  -his  Is  the  line  AEp^^^L. 
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She  ehannel  method.  As  we  have  shown,  when  the  flow  between  two 
neighboring  profiles  In  a  sufficiently  dense  lattice  Is  regarded  as  a 
curved  channel,  the  velocity  distributions  both  over  the  profile  con¬ 
tour  and  over  the  channel  cross  sections  can  be  determined  by  a  method 
described  In  Part  8.5.  Unfortunately  this  method  does  not  render  It 
possible  to  construct  the  flow  reliably  in  the  leading  and  trailing 
edge  zones  and  thus  to  take  the  angle  of  Inflow  Into  account. 

Th_e_veloc:t.v  hodccrraph.  This  Is  used  to  Investigate  the  flow 
th’ .ugh  lattices  of  plane  plates  by  N.Ye.  Zhukovskiy’s  method.  In  re- 
M.  ..oars  this  method  was  developed  In  connection  with  the  development 
■irboconp-  .3or  aircraft  engines  by  both  native  and  foreign  sclen- 

tl.-to.  n  what  follows  we  shall  deal  with  the  method  due  to  O.Yu.  Step¬ 
anov  [9.17]. 

When  we  draw  the  velocity  vector  from  any  point  0  along  the  prin¬ 
cipal  streamline  ABCDEFGKL-ABPQRSTKL  and  Join  the  tips  of  the  vectors 
by  a  smc..th  curve,  we  obtain  the  velocity  hodograph  o'’  Is  streamline 
(cf.  Fig.  9.5.1).  The  other  streamlines  *ln  the  channel  formed  by  the 
principal  streamlines  begin  at  Infinity  A  and  end  at  Infinity  B.  Their 
velocity  hodographs  will  begin  at  point  A  and  end  at  point  L,  the  ends 
of  the  velocli^vectors  w^  and  Wg  of  the  flow  at  Infinity  In  front  of 
and  behind  the  lattice.  The  velocity  hodograph  of  the  flow  through  the 
channel  formed  by  the  principal  streamlines  will  therefore  have  the 
fo  I  of  a  flow  from  the  source  A  to  the  sink  L. 

ie  shall  first  consider  the  flow  of  an  Incompressible  fluid.  From 
the  condition  of  conservation  of  ne  mass  flow  through  the  lattice  [cf. 
(9.1.9)]  the  straight  line  AB  will  be  parallel  to  the  lattice  axis 
(front).  The  mass  flow  from  the  source  and  the  corresponding  sink  Is 
then  obtained  by  multiplying  the  velocity  component  normal  to  the  lat¬ 
tice  axis  by  the  lattice  period,  l.e. ,  by  the  equation 

-63-  - 


Pig.  9.5.1.  Velocity  hodograph  of  profile  lattice.  In  the  region  of 
thick  trailing  edges  a  stagnant  zone  forms,  with  the  boundary  condi¬ 
tions  on  the  departing  streamlines,  a)  Constant  velocity  and  pressure; 
b)  constant  direction  of  the  velocity. 

As  in  the  case  considered  of  the  lattice  of  unstaggered  plane 
jlates  (cf.  Part  9.2),  a  multiple  circumvention  of  the  source  may  be 
considered  as  being  performed  on  a  Ricmannlan  surface.  Correspond]  v'  >  o 
one  clrcumventlcri  of  the  source  on  the  hodograph  plane,  there  v;lll  l  ‘  a 
transition  over  one  lattice  spacing  on  tne  physical  plane  of  the 

The  equation  given  is  Insuff  icier;!  to  determine  and  (o  c  .r- 
respondlngly  and  gg).  A  secor.d  equa)  lor;  can  be  obtained  from  Zq 
(9.1.10)  which  determines  ti.e  circulation  about  tfie  profile  f  =  ] 

cos  0^  “  Wg  2  ^2* 

Corresponding  to  the  constant  velo  ’ty  along  the  front  of  lat- 
i:e  with  the  period  1^,  at  infinity  in  front  of  the  lattice,  cos 
and  behind  it,  Wg  cos  Sg,  in  the  physical  plane  of  flow  there  is  a  vor- 
...  the  point  A  v/ith  the  clicula'  -on  snd  a  vortex 
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at  the  point  L  of  the  circulation  .  Wgl  cos  Pg  in  the  hodograph 
plane  (cf.  the  lattice  of  plane  plates,  arranged  one  after  the  other 
(Part  6.2).  We  can  thus  assume  that  the  flow  In  the  hodo3raph  plane  Is 
produced  by  a  vortex -source  at  the  point  ^  (<?-/«.,  sjnp,.  r,-/r^,co5p,)  and 
a  vortex-slnk  at  the  point  L(Q«>/B.'2sin{l],  rt-/tracospt)> 


^.e  trailing  edge.  In  the  flow  about  a  trailing  edge  of  finite 
thickness  a  stagnant  zone  forms,  beginning  at  the  points  G  and  T  and 
extending  to  Infinity.  As  the  boundary  condition  determining  the 
rtr.  :.li.nc-  -'.at  uoiJ.-.d  the  stagnant  zone  we  can  take,  for  example,  the 
cr  ,  ervatlon  of  the  constancy  of  velocity  and  pressure  on  the  stream- 
]  l'if  or  the  constancy  of  the  direction  on  the  streamlines  (cf.  Fig. 

a  and  :>).  in  this  case  there  will  be  only  a  sink  along  at  point 
L  ar  i he  c’crn  ;,ulty  equation  yields 


(9*5.2) 

where  o  =  c/b  1..  the  relative  thickness  of  the  Jet  zone. 

Construction  of  streamlines.  Let  us  Integrate  along  a  streamline 
(if  =  const)  on  the  velocity  hodograph  the  expression 

where  <:>  Is  the  velocity  potential,  w  the  conjugate  complex  velocity  and 

c.'j  a  streamline  element.  The  direction  of  the  streamline  element  dz  = 

1^ 

—  e  ds  colnc'dcs  with  the  direction  of  the  velocity  w  +  Iw  s  we^^, 
and  so  In  order  to  be  able  to  construct  a  streamline  we  only  need  to 
know  the  length  of  Its  element 

(9*5*3) 

Tne  method  of  constructing  a  profile  coinciding  with  the  principal 
streamline  Is  based  on  these  considerations. 

The  velocity  potential.  Th(  .eloclty  potential  at  corresponding 
points  in  the  hodograph  plane  and  In  the  flow  plane  Is  the  same.  In  or¬ 
der  to  determine  It  In  the  hodograph  plane  It  Is  convenient  to  make  use 
of  the  conformal  mapping  of  the  Interior  of  the  hodograph  to  the  Inter¬ 
ior  of  the  unit  circle  In  such  a  way  that  the  tip  of  the  veccor  w 
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|(vortex-80urce  at  A)  goes  over  to  the  center  of  the  circle  and  the  tip 
'of  the  vector  lying  on  the  contour  of  the  hodograph  (vortex-slnk  or 
sink  In  separated  flow  -  at  point  L)  goes  over  to  a  point  lying  on  the 
circle,  for  example,  the  point  with  the  central  angle  =»  0,  (Pig. 
9.5.2). 


Fig.  9.5.2.  Hodographs  and  lattices,  a)  Of  reactive  type  (3^^  =  90°, 

^2  *=  120°)j  b)  of  active  type  =  25°,  Pg  =  115°);  c)  of  compressor 
type  (0^  =  47°,  Pg  =  198°). 

Calculating  the  complex  potential  of  the  circle  from  the  vortox- 
ource  0’,Q)  lying  at  Its  center  and  the  sink  (-Q)  on  Its  contour,  we 
find 

♦=X9_^lnsln-J--  (9.5.4) 

At  the  leading  edge  branching  point  (b)  of  the  flow  about  a  pro¬ 
file  (at  the  origin  0  of  the  hodograpi;  plane)  the  velocity  bee  oner.  ::ero. 
Corresponding  to  It  there  Is  a  point  on  the  circle,  which  Is  detei . . Lned 
'-y  the  condition  that  d^/dO  =  0  at  this  point,  and  hence 

»,  =2arclg-Y-  (9-  -5) 

The  inflection  zone  on  the  Inner  side  of  the  profile  (saddle;  cor- 
•JS;. ends  to  the  zone  of  the  silt  about  point  P.  The  length  of  this  slit 
's  .  .  'hosen  that  thr  orlrlnal  of  the  branching  point  B  of  the  flow  Is 
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a  point  on  the  circle,  determined  by  Eq.  (9.5.5)< 

Choice  of._the  velocity  hodograph.  In  order  to  construct  a  lattice 
according  to  a  given  triangle  of  velocities  (Inlet  velocity  outlet 
velocity  Wg,  ^nd  the  corresponding  rigging  angles  and  Pg,  related  by 
the  expression  sin  3^  =  Wg  sin  pg,  we  must  know  In  addition  the  lat¬ 
tice  period  1,  the  maximum  velocity  w^^^,  the  velocity  at  the  profile 
«8p*  PJirallel  to  the  Inlet  velocity  and  the  velocity  w^^^  at 
the  inflection  point  of  the  profile's  saddle  contour,  and  also  the 
tii-  jJ-uiess  a  and  the  angle  <13  at  the  trailing  edge  of  the  profile. 

For  dlffusor  (compressor)  lattices  (1.05+ l.5)tr,. 

'turbine)  lattices  .  «... 

(1,05  .  »«i-(l,|+2.5)»,,  Bm- (0.5-i-|,7)», 

I  ohoui  borne  In  mind  that  as  the  velocity  w  Increases,  the 

cannor  01'  the  profile  Increases  and  the  profile  becomes  shorter.  For 
active  lattices  It  Is  recommended  to  take  the  velocity  at  the  profile 
back  to  be  constant.  The  trailing  edge  angle  m  »  5  to  10°. 

hnvlnf-  chosen  the  characteristic  propertler  >'y  the  circular 
arcs  the  hodograph  contour  Is  drawn.  Fig.  9.5.2  shows  several  types  of 
lattices  and  their  velocity  hodographs  [9.I8J. 

Moping  of  the  hodograph  region  on  a  circle.  As  we  shall  see,  this 
transformation  Is  most  simply  achieved  by  ellectrlcal  stimulation  with 


an  apparatus  [9.I8]  consisting  (Fig.  9.5.3)  of  an  electrolytic  tank  1, 
two  electrodes  2,  3,  two  shunts  4  of  copper  wire  1. 5-2.0  mm  and  O.75  nun 
in  jlameter,  respectively,  and  the  headphones  5.  The  electrolytic  tank 
!s  nade  of  a  piece  of  plasticine  (10  x  25)  pasted  on  glass  along  the 
hedograph;  It  Is  positioned  hor’-ontally  and  filled  with  water.  The 
system  Is  fed  by  alternating  current  from  the  120-220  v  mains;  the  cur¬ 
rent  Is  fed  through  a  lamp  to  the  electrodes.  The  Image  of  the  hodo¬ 


graph,  the  circle.  Is  subdivided  Into  16  equal  parts  which  are  marked 
by  the  figures  0,  1,  2,  ...  15  (16). 


The  following  sequence  of  suiuulatlon  can  be  recommended.  1)  The 
electrode  2  Is  fixed  at  the  point  where  the  vector  vTj^  has  Its  tip,  l.e., 
at  the  point  corresponding  to  the  center  of  the  circle;  2)  we  shall  as¬ 
sume  that  the  position  of  the  electrode  at  the  tip  of  the  vector  Wg 
corresponds  to  point  0  (the  original  of  point  L)  of  the  circle  at  = 

=  0.3).  If  one  of  the  contacts  Is  now  fixed  at  an  arbitrary  point  M, 
then.  If  the  other  contact  Is  shifted  along  the  contour  until  the  sig¬ 
nal  In  the  headphones  becomes  null  the  point  can  be  found  whose  Image 
on  the  circle  Is  the  point  N  which  Is  symmetrical  to  the  Image  M  = 

"  -  position  of  the  contacts  Is  fixed  at  the  points  M 

and  N  and  the  electrode  3  shifted  along  the  contour  of  the  hodograph  , 
point  8  on  the  circle  (Og  =  l80°)  can  be  found  from  the  cessation  of 
the  signal  In  the  headphones.  In  order  to  determine  the  points  4  and  12 
we  place  the  contacts  at  the  points  B  and  L  and,  shifting  the  electrode 
3  over  the  hodogr?.ph  contour,  we  find  successively  point  4  =  90*^) 

and  then  point  12  =  270°).  6)  The  length  of  the  silt  Is  so  chosen 

that  the  point  on  the  circle  with  as  calculated  by  Formula  (9.5.5) 
becomes  the  Image  of  the  origin  0  (B)  of  the  hodograph  vectors. 

The  construction  of  a  lattice.  Lattices  are  constructed  by  grapho- 
analytlcal  methods.  V/e  determine  the  mean  velocity  w^^  and  the  mea..  In¬ 
crement  of  the  potential  ,  ,  on  the  selected  section  and  from  (9.  *-3) 

we  calculate  the  length  of  the  profile  element 

which  we  lay  off  In  the  direction  of  the  mean  velocity  w^^.  It  Is  con¬ 
venient  to  begin  the  construction  at  the  branching  point  c.f'  0  (B). 

If  the  lattice  obtained  and  its  profile  do  not  satisfy  certain  re¬ 
quirements  (mainly  constructive  In  nature),  then  the  velocity  hodograph 
to  be  corrected  and  all  the  calculations  are  repeated.  When  the 
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Fl-S*  9«5»3«  Conformal  mapping  of  the  velocity  hodograph  to  a  circle  by 
the  method  of  electrodynamic  simulation,  a)  Determination  of  the  two 
symmetrical  points  M  and  N;  b)  determination  of  the  point  =  l80®j  c) 

separation  of  the  points  d  =  98°  and  i)  =  270°;  d)  separation  of  the 
points  Og  =  (the  circle  is  subdivided  into  lo  equi,.i  sections). 


shape  of  the  profile  Is  altered  we  have  to  keep  In  mind  that  the  shape 
of  the  back  exerts  a  great  influence  on  the  flow,  and  when  the  condi¬ 
tions  on  the  back  are  satisfactory, attempts  should  be  made  to  restrict 
the  changes  in  shape  to  the  saddle  if  possible. 

9.6.  CIRCULAR  LATTICE  OF  PROFILES 

The  centrifugal  compressor  (CC).  The  blades  of  a  CC,  forming  a 
circular  lattice,  rotate  and  bring  the  air  contained  in  its  channels 
into  rotation.  Under  the  action  <'f  the  centrifugal  forces  arlslng,the 
air  is  accelerated  and  its  density,  pressure  and  temperature  are  raised. 
In  the  dlffusor  the  speed  of  the  air  drops  and  owing  to  the  reduction 
or  kinetic  energy  the  pressure  and  temperature  increase.  It  is  very  im¬ 
portant  to  guide  the  flow  in  the  dlffusor  properly,  since  this  is 
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I  where  the  compressor  losses  are  gi-eatest.  This  explains  the  great  varl- 
'^ety  of  dlffusor  types  used;  they  are  Investigated  and  estimated  In  the 
blade  machine  lectures. 

A  multi-stage  CC  consists  of  several  stages  mounted  on  a  single 
shaft  so  that  the  air  streams  from  the  first  to  the  second,  from  the 
second  to  the  third  stage,  and  so  on. 

Let  us  consider  a  vortex-source  at  the  coordinate  origin  of  the 

plane 

X(C)“-2^lnC=^(lnr+il>).  (9.6.1) 

r  r 

The  logarithmic  spirals  ^-Gexp— C.  rj-Ciexp-jj^  will  be  the  stream¬ 
lines  and  equlpotentlal  lines,  respectively,  of  ihls  flow.  Let  as  as¬ 
sume  the  streamline  sections  between  r  =  and  r  =  Rg  with  the  spacing 
27r/N  (N  being  an  integer)  are  solid.  The  corresponding  circular  lattice 
Is  that  of  a  norjnovlng  CC  with  Infinitely  thin  blades  describing  loga¬ 
rithmic  spirals. 

Let  us  determine  the  flow  parallel  to  the  x-axls  on  the  z-planr, 

X  (z)  *=  w^z,  l.e.,  the  Image  of  the  flew  (9. 6.1),  for  which  we  put 

*-=AlnC+P.  (9.6.2) 

This  Is  a  periodic  function  with  the  period  127Tk;  corrcspondln:' 
each  logarithmic  spiral  there  will  be  an  Itiflnlte  multitude  of  st ra  ighi 
lines  parallel  to  the  x-axls.  Corresponding  to  the  spiral  sectlot.c,  1. 
e.,  to  the  circular  lattice  there  will  le  an  Infinite  array  of  straight, 
line  sections,  l.e.,  a  lattice  of  plane  plates.  Thus  Function  (9.  •■■) 
maps  the  circular  lattice  of  logarithmic  spirals  te  a  lattice  of  plane 
plates  (Fig.  9.6.1). 

In  order  to  establish  the  correspondence  between  the  lattice  para- 
nt'-e  s  we  put  A  =  T  iA2,  3  =  Then  *-B,— y-B,-rAi«+A:\t!r. 

Let  the  first  blade  of  the  circular  lattice  with  the  endpoints 
0  A,  !•  er  Rj^  and  1}  -  0,  r  =  R2,  go  over  to  the  section  x  =  +  b/2  of 
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For  «  pUt*  with  y  -  0  we  have  Bg  +  >  Ag  In  r  ■  0,  for  the 

second  plate  with  y  ■■  h  we  have 


+  (9*6*3) 


This  gives  us 


— ^"Si— 0™aj  + Ai^+AitaAi* 
■i-s,+A,ha»  0-e,+A,a^ 


Solving  the  set  of  equations  (9.6*4)  we  find 

.  .  1  NIS  ‘  .  A* 

.  ■A— - T— 

ta-^  3khi-^ 

A|  *1  Ai 


(9.6.4) 


(9.6.5) 


s, - 

2«to-rf 

"I 

la  AjAfta  —  nilaAt^a 
A|  •  • 


and,  consequently. 


*  2«  *■’3^"* 

la — *•  +  ' 

A|  la(A|:A|) 


(9.6.7) 


At  the  same  time  It  follows  from  (9.6.4)  and  (9.6.5)  that 

From  the  relation  It  follows  that 


Fig.  9- 6.1.  Mapping  of 
a  circular  lattice  of 
logarithmic  spirals  to 
a  lattice  of  plane 
plates. 


For  r  «  0  we  have  X  ■  0,  l.e.,  the  lat¬ 
tice  of  radial  blades  goes  over  to  a  lattice 
of  plane  plates.  For  the  latter 

(9.6.9) 

Function  (9.6.9)  obtained  can  be  taken 
as  the  transforming  function  In  order  to  map 
a  linear  lattice  of  solid  profiles  to  a  cir¬ 
cular  lattice  of  solid  profiles,  and  the  re¬ 
lation  w  =  w-(d5/dz)  can  be  used  to  deter- 

*  S 

ti'lne  the  velocity  at  any  point  of  it. 

In  the  considered  case  of  a  flow  the 
circulation  about  each  of  the  profiles  Is 
equal  to  zero,  as  can  be  seen  from  Fig.  9.6.2 
Therefore,  no  Interaction  of  forces  will  oc¬ 
cur  between  lattice  and  flow.  In  fact.  In  ac¬ 


cordance  with  (9.1.9),  the  moment  generated  by  one  blade  of  the  circu¬ 
lar  lattice  when  1  kg  of  fluid  mass  passes  through  the  lattice  is 

where  r  and  f  are  the  circulations  about  the  outer  and  Inner  circles 
n  V 

(cf.  Fig.  9,6.2),  respectively. 

In  our  case  and  M  =  0. 

In  order  to  obtain  a  nonvanishing  moment  the  profile  must  be  ar- 
-anged  -at  a  certain  angle  of  attack  and  the  Zhukovskly-Chaplygln  condl- 
■  .  on  on  a  smooth  flow  about  the  trailing  edge  must  be  satisfied.  This 
'a'-n’es  a  circulation  to  arise  about  the  profile  and  In  connection  with 
-lie  circulatlcn  ith  respect  to  a  contour  enclosing  the  whole  clr- 


eular  lattice  will  differ  from  the  circulation  of  the  vortex  on  the  ax¬ 
is  of  rotation  of  the  circular  lattice.  Fig.  9.6.3  shows  a  flow  of  this 
type  when  there  Is  no  vortex  at  the  lattice  axis  and  the  flow  Is  radial 
Rotation  of  circular  lattice.  If  the  wheel  rotates  uniformly,  the 
period  of  pressure  change  Is  since  the  moment  acting  on 

the  particle  Is  6M  »  ap6r6br,  the  work  performed  on  tte  particles  (or 
by  tne  particles  In  the  case  of  a  turbine)  per  unit  time  (l.e.,  the 
power)  will  be  equal  to  fiMco  =»  6p6r6bra>.  The  mass  of  a  particle  Is  6m  - 
p6r6b-jj— ,  and  therefore  the  change  In  specific  energy  of  a  particle 

®<iual  to  .  This  Is  In 

ac-'eemcnt  with  Relation  (9.1. 12)  obtained  previously  and  with  the  con¬ 
clusion  that  In  order  to  obtain  a  change  In  energy  it  Is  necessary  to 
change  the  pressure  with  time. 

Let  us  note  that  as  the  number  N  of  blades  Increases  at  constant 
power,  the  slope  of  p(t)  also  remains  constant  -  and  the  "saw-tooth" 
character  of  the  pressure  change  with  time  Is  retained  (Fig,  9.6.4). 

This  Is  also  true  when  the  number  of  blades  Is  raised  to  Infinity;  In 
this  limiting  case  the  flow  becomes  axlsymmetrlc  and  unsteady. 


If  the  wheel  rotates,  the  absolute  mo¬ 
tion  remains  a  potential  motion  but  will  be 
unsteady. 

If  the  wheel  rotates  uniformly,  then  In 
a  coordinate  system  fixed  to  It  the  wheel 
will  be  at  rest,  and  the  flow  through  It  will 
be  s'.ady  relative  to  It.  Finally,  this  Is 


Fig.  9.6.2.  The  clrcu-  ^^ehly  convenient  and  In  many  cases  this  slm- 

latlon  about  each  blade  ,  ... 

Fjj  Is  equal  to  (F^-F  )/k.  ^^®  Investigation. 

The  Bernoulli  equation  In  the  Relative 

motion.  As  we  know,  the  laws  of  mechanics  remain  valid  in  inlformly 
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Fig.  9.6.3.  A  circula¬ 
tory  flow  Is  superim¬ 
posed  on  the  radial 
flow  from  a  plane  source 
at  the  origin  of  coordi¬ 
nates  such  that  the  flow 
about  the  trailing  edge 
Is  smooth. 


tatlng  systems  If  the  radially  directed  cen- 
2 

trlfugal  force  mreu  and  the  Coriolis  force 
are  added  to  the  forces  acting  In  the  abso¬ 
lute  coordinate  system;  the  magnitude  per 
unit  mass  (tension)  of  the  Coriolis  force  Is 
determined  by  the  vector  product  2cju  x  w  and 
Its  direction  Is  perpendicular  to  the  angular 
velocity  of  rotation  and  the  relative  veloc¬ 
ity. 

The  centrifugal  force  Is  directed  radi¬ 
ally  and  Its  magnitude  per  unit  mass  Is  f^  = 

2 

=  o)  r;  its  potential  Is  U  ,  which  Is  found  by 

c 

integration; 


l/,«  —  ^•*r<fr=con$t— 

The  gravity  potential  Is  =  —  gz.  The  Coriolis  force  Is  perpen¬ 
dicular  to  the  relative  velocity.  Applying  the  Bernoulli  equation  wo 
find  that  along  a  streamline 


^ ^ ^  const . 


(9.6.10) 

where  the  pressure  function  P  =  Jdp/p  (  in  an  Isotropic  process  for  a 

gas  P  = 


^ t  for  an  Incompressible  fluid  P  =  p/p. 


The  constant  In  this  equation  Is,  generally  speaking,  dlf fe rvut. 
for  different  streamlines,  but  for  flows  which  are  free  from  rola;  Sot 
In  the  absolute  coordinate  system  (even  In  unsteady  but  potential 
flows)  It  Is  the  same  for  all  streamlines. 

In  fact,  for  an  absolute  unsteady  potential  motion  Legendre 
Integral  (2.2.14)  can  be  written  In  the  f  -llowlng  form 


^  << 

where  c  is  the  absolute  velocity  of  motion. 


(9.6.11) 
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Fig.  9.6,4.  Diagram  of  radial-flow  turbine  (a).  For  an  observer  at  rest 
the  pressure  change  with  time  at  point  A  in  s^ce  Is  periodic  Jlth  tte 

number  of  blades  and  o)  the  angular  velocltyUb)* 
when  the  number  of  blades  Is  doubled  the  pressure  distribution  (with  * 
unchanged  power)  will  be  as  shown  by  the  dashed  line,  the  ratio  6D/6t 


The  value  of  f(t)  will  at  each  Instant  of  time  be  equal  for  all 
streaml Ines. 


Since  the  relative  motion  Is  steady,  the  potential  must  remain 
constant  at  each  point  of  the  rotating  flow;  Its  total  variation  must 
therefore  vanish: 


it 

m 


Here  a>r  Is  the  linear  velocity  of  rotation  (transport  velocity); 
dl  Is  a  linear  element  In  the  direction  of  motion  and  therefore  d<p/dl 
is  the  velocity  component  of  the  absolute  flow  In  the  direction  of  re 
tat Ion,  equal  to  c^. 

Thus, 
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Prom  the  triangle  of  veloclLlos  (cf.  Fig.  9*6.4),  -»*-(«»') '• 

Therefore 

p.  (9.6.12) 

2 

where  the  constant  Is  the  same  for  all  streamlines. 

Let  us  consider  an  example  -  the  uniform  rotation  about  the  z-axls 
with  the  angular  velocity  oj  of  a  rectangular  channel  of  constant  cross 
section.  In  which  the  fluid  flow  In  the  absolute  system  of  coordinates 
Is  a  potential  flow  (Fig.  9*6.5). 

Let  us  assume  that  In  relative  motion 

•,*=«»=«, +2»jf.  i»,=ir,=0. 

In  absolute  motion 

c,=»x, 

In  relative  motion  this  flow  Is  vortical  at  each  point  of  the 
stream,  since  tot,®=rot,«=0,  •  In  absolute  mo¬ 

tion  curl  c  =  0. 


Fig.  9.6.5.  In  uniform  motion  of  a  rectangular  channel  the  motion  ’n- 
slde,  which  Is  potential  In  the  absolute  coordinate  system,  will  b^  voi - 
tlcal  In  relative  motion  .  1)  Trajectory  of  absolute  motion. 

The  volume  force  components  will  be:  the  centrifugal  force  =: 

O  A 

fcv  =  ^cz  =  Coriolis  force  /„=0, /,^=0  ; 

the  gravitational  force  /,,=/„=0. 

Assuming  that  In  relative  motion  each  particle  moves  uniformly  In 
a  straight  line  (cylindrical  channel),  l.e.,  that  Its  acceleration  Is 


zero,  we  can  write  the  projection  of  the  equation  of  relative  motion  as 


0— 0— 4«V — 0——/——^. 

t  iM  ‘  f  9  ^ 

Multiplying  the  first  equation  by  dx,  the  second  by  dy,  and  the 
third  by  dz,  and  Integrating,  we  obtain 

y (jc»-3y*)-2«tc<,y-t/^-P=conit 

But 

tt»+4«ytP,+4^>*. 


and,  therefore. 


Since  =  const,  we  have 


(9.6.13) 


Before  the  Integration, the  equation  of  motion  was  multiplied  by 
the  arbitrarily  positioned  element  dr’^idx+jdy+kdz.  therefore,  the  con¬ 
stant  of  Integration  Is  Independent  of  the  position  since  it  was  the 
same  for  all  streamlines  In  Eq.  (9.6.12)  as  well. 

Velocity  distribution  In  the  channels  of  a  CC.  From  the  equation 
of  motion  of  a  fluid  in  a  coordinate  system  fixed  to  the  working  wheel 
(relative  motion),  l.'^p  ,  we  find  the  velocity  distribution  In 

the  channels  of  the  CC. 

Neglecting  the  force  f  of  the  Earth's  gravity  and  taking  Into  ac- 

O 

j  2 

count  that  the  centrifugal  force  f  Is  radially  directed  (r  =  <d  r), 

c  c 

and  the  Coriolis  force  =  2w  x  m  lies  In  the  plane  of  rotation  of  the 
wheel  and  Is  directed  along  the  normal  r?  to  the  relative  velocity,  l.e., 
to  the  streamline,  and  also  that  /—/,+/,=•*"+ 2tpw«I  »  we  find  that  all 
forces  and  velocities  lie  In  the  plane  of  rotation  (Pig.  9.6.6). 

Projecting  the  equation  of  motion  onto  the  direction  of  the  tan¬ 
gent  to  the  streamline,  we  obtain  (9.6.6) 


(9.6.14) 


— —  ®v,s;a? - — , 

dt  ^  f  41 

where  P  Is  the  angle  betv;een  the  normal  n  to  the  streamline  and  the  ra¬ 
dius  r. 

If  R  is  the  radius  of  curvature  of  the  streamline,  the  projection 
onto  the  normal  rT  of  the  streamline  gives  us 

(9.6.15) 

If  the  motion  depends  only  on  the  radius  r,  then 


— ^=»VcosP— 2i»i» — 

H  t  tn 


^=slnp. 

4!  4r  4t  4r  41 


Noticing  that  w  =  dVdt  and  supposing  that  P  =  Jdp/p,  we  can  re¬ 
write  Eq.  (9.6.14)  In  the  form  wdw^<^rdr—dp  ,  whose  solution  reads 


(9.6.16) 


Fig.  9.6.6.  Forces  and  velocities  In  the  plane  of  rotation.  The 
strength  of  the  volume  forces  ?  Is  composed  of  the  strength  of  the 
gravitational  force,  of  the  strength  of  the  centrifugal  force  7^  = 

=  Q?v,  and  the  strength  of  the  Corlolos  force  7|^  =  2w  x  w,  IJlng  In  the 
plane  of  rotation  of  the  wheel,  and  directed  along  the  noi:  nl  to  the 
relative  velocity,  l.e.,  to  the  streamline. 

If  we  suppose  that  the  rotation  of  the  flow  at  the  Inlet  (if  there 

Is  any)  Is  produced  by  a  vortex  at  the  origin  of  coordinates,  the  abso- 

1  motion  will  be  potential  everywhere.  In  front  of  the  Inlet  of  the 
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lattice^as  well  as  behind  the  outlet  from  the  lattice^  the  absolute  mo¬ 
tion  will  be  steady.  Since  the  motion  in  the  channel  is  assumed  to  be 
frictionless,  the  potentiality  of  the  absolute  motion  is  not  violated 
for  this  region  either.  Therefore,  f{n)  must  be  the  same  for  all 
streamlines;  It  was  shown  above  that  this  is  a  constant  quantity. 

Thus, 


const." 


(9.6.17) 

T'if ferentlatlng  this  equation  with  respect  to  the  normal  n 

4k  4» 

we  in.ruauce  dp/dn  Into  Eq.  (9.6.15)  and,  noticing  that±iL=rf£  and 

dr~dncos^,  we  obtain  •*rco*J+^+«Vco$J  —  whence  for  blades 

bent  forward  (cf.  Fig.  9.6.6), 


and  for  blades  bent  backward 


n 


(9.6.18) 


For  radial  blades  (R  -•  «>) 

^0=2*.  «=2»n+const.  (9.6.19) 

l.e.,  the  relative  (in  the  case  considered,  radial)  velocity  Increases 
In  the  direction  of  the  normal  to  the  radius  In  the  direction  or  rota¬ 
tion. 

If  there  Is  a  large  number  of  blades,  the  radius  of  curvature  of 
the  blades  Is  large  compared  with  the  transverse  channel  dimensions  and 
can  be  taken  as  constant  for  all  s'l-eamllnes  at  a  section  normal  to  the 
streamlines  passing  through  In  the  middle  of  the  channel. 
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Therefore,  from  (9.6.I8), 


whence  we  obtain  after  integration 


=FI.(j.+i)-J+C. 

where  the  upper  sign  applies  to  blades  bent  backward. 

Denoting  the  velocity  In  the  middle  of  the  channel  (n  =  0)  by  w  . 

'  m 

we  have 

For  n/R  «  1  we  can  assume  where 

«'=(l=F-^)w«+2»«. 

Let  us  denote  by  the  velocity  on  what  is  called  the  driving 
side  of  the  blade  (the  blade  surface  that  turns  In  the  same  direction 
as  the  rotation),  for  which  n  =  -  d/2,  and  by  w^  the  velocity  on  the 
driven  side,  n  =  +  d/2,  so  we  obtain  from  (9.6.20)  [sic]. 

(9.6.20) 

The  velocity  distribution  Is  therefore  linear  In  character,  with 

The  pressure  difference  between  the  two  sides  of  the  blade  Is  de  ¬ 
termined  from  the  Bernoulli  equation  for  relative  motion 


2  . 

Supposing  the  process  Is  Isentroplc,  p  =  const  ,  we  have 
=  — £_  and  therefore 

J  f  *—•  f 

*-iW»  2  a  •  -  ’ 

Notice  that  p^  =  when  uj/w^^  =  1/2R,  l.e.,  the  pressure  differ  — 
er.'. :  vanishes;  to  these  conditions  corresponds  w-,  =  w  =  w  , 
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If  the  velocity  Is  Incompressible,  P  *  p/n>  then 

f9.6.S2) 

As  d  =  2nr/N  -*  0,  l.e. ,  as  the  number  N  of  blades  tends  to  Infin¬ 
ity,  though  the  pressure  difference  tends  to  zero,  the  product  (pg  — 
p^)li  remains  constant  and  the  power  consumed  by  the  compressor  main¬ 
tains  Its  value;  at  the  same  time  it  Is  supposed  that  the  thickness  of 
the  blades  Is  equal  to  zero,  their  capacity  being  conserved. 

For  radial  blades  (R  -►  »)  we  obtain  from  (9.6.20),  (9.6.21)  and 

•:...6.22): 

for  p  =  const 

/I  ft  \  ^  •iJ 

for  p  =  const 

The  critical  velocity  in  relative  motion.  It  follows  from  the  en¬ 
ergy  equation  In  relative  motion 

(where  is  the  stagnation  temperature  In  relative  motion)  that 

the  total  energy  of  a  particle  varies  as  the  particle  Is  displaced  ra¬ 
dially.  Since  the  sonic  speed  In  a  gas  depends  only  on  Its  temperature. 


* 

i»=r 


(9.6.23) 


a*=k*-S-^k^^^kRr, 

rff  9 


the  critical  velocity  (determined  as  the  gas  velocity  that  Is  equal  to 
the  velocity  of  sound)  will  no  longer  be  constant  along  a  flow  element 
but  will  vary  with  the  radius.  If  we  denote  It  by  ql*.  ,  we  can  write 

O  wll 


=  *•*•*  a**  =  con»t+(ii3!  . 
2(4- 1)  •"  ”«»‘T  2  • 


(9.6.24) 


In  order  to  determine  the  constant  In  this  equation,  we  take  usu¬ 
ally  the  given  conditions  at  the  Inlet  of  the  working  wheel.  For  this. 
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Asking  Int^o  sc  count  that  c  =  v;  .  =  w  ,  c  —  u  =  w  j  we  wr1‘c 

2  22  ^  -'Zu  u 

c  -  2uc^^  +  u  =  w  ,  and  from  Eq.  (9.6.24)  we  find  that  If 

denotes  the  enthalpy  of  the  flow  at  the  inlet, 

con8t=c,r =  c,T  +  ~~  uc,^c,T^  -  (ur,)„. 

whence 


+'•=?)- 


(9.6.25) 

For  a  streamline  of  an  axial-flow  compressor  the  critical  velocity 
In  relative  motion  Is  the  same  along  one  radius.  As  the  radius  Is 


changed,  not  only  the  stagnation  temperature  Tq  =  const  +  u^/2p  In 
relative  motion  but  also  the  stagnation  pressure  and  density  In  this 
motion  will  change. 


Equation  for  the  compression  shock  In  relative  motion.  Repeating 
the  discussion  pertaining  to  (2.6.2)  we  obtain 


PlWj-PjlP,. 


(9.6.26) 


p>=fRT.  ] 

The  similarity  In  the  form  of  the  compression  shock  equatlo;;.  <Vi 
absolute  and  relative  motion  results  from  the  fact  that  the  shock  -.qus- 
tlons  do  not  contain  forces  proportional  to  the  gas  mass,  which  are  ad¬ 
ded  as  a  result  of  the  transition  from  the  absolute  to  the  relatl-v- 
system. 

Solving  System  (9.6.26)  and  Introducing  the  quantity  a^  from  Eq. 

o  t  n 

'9.6.25),  we  obtain  the  basic  relation 

(9.6.27) 

and  therefore  all  conclusions  drawn  before  with  respect  to  absolute  mo- 
I  icr  '.an  be  taken  ovc.  with  appropi-iate  corrections  for  relative  motion. 
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The  axial  vortex#  As  already  indicated,  the  relative  motion  be¬ 
tween  the  blades  of  the  working  wheel  will  be  a  vortical  motion.  Prom 
the  physical  point  of  view  we  can  visualize  the  appearance  of  this  mo¬ 
tion  If  we  consider  the  rotation  of  a  cylindrical  cavity,  e.g. ,  a  cir¬ 
cle  filled  with  an  Invlscld  fluid,  about  an  axis,  as  shown  in  Pig. 
9.6.7.  Each  particle  of  the  invlscld  fluid  filling  the  closed  cavity 
will  rotate  relative  to  the  container  walla  like  a  solid  particle,  with 
the  same  angular  velocity  but  in  the  opposite  direction.  This  kind  of 

motion  will  also  be  found  In  a  cavity  (closed  channel)  of  any  other 
shape. 

if. is  motion  is  described  as  the  motion  caused  by  an  axial  vortex. 

'as  shall  assume  that  the  motion  due  to  the  axial  vortex  will  not 
be  changed  if  the  channel  Is  opened,  l.e.,  if  we  take  away  the  surfaces 
which  prevent  the  fluid  from  streaming  radially  through  the  channel.  On 
this  assumption  the  motion  in  the  rotating  lattice  can  be  determined  by 
superimposing  the  transport  motion  from  the  whole  wheel  and  the  motion 
from  the  axial  vortex  on  the  flow  in  a  quiescent  lattice. 


Fir.  9.6.7.  When  a  cylinder  filled  with  an  invlscld  fluid  rotates  about 
the  3xlSf  each  fluid  particle  contained  in  a  closed  cavity  rotates  rel^- 
atlve  to  the  container  walls  with  the  same  angular  velocity,  but  in  the 
opposite  direction  (a);  the  same  Is  true  for  a  channel  in  a  centrifugal 
compressor  (b).  ° 

Under  the  Influence  of  the  axial  vortex  the  circumferential  veloc¬ 
ity  component  at  the  outlet  (the  most  important  for  the  power  and  ca¬ 
pacity  of  the  CC)  Is  diminished  by  c"  and  becomes  equal  (Fig.  9.6.8)  to 
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The  quantity 

Is  called  the  slip. 

To  estimate  the  Influence  of  the  axial  vortex,  Stodola  made  use  of 
(Fig.  9.6.8) 

^>y“»«np,  (9.6.29) 

(N  Is  the  number  of  blades). 

This  estimate,  however.  Is  satisfactory 
only  If  the  number  of  blades  Is  large  enough. 

Let  us  consider  In  greater  detail  the 
motion  of  the  fluid  In  uniformly  rotating 
cavities. 

The  absolute  motion  of  an  Incompressible 
and  Invlscld  fluid  In  a  cavity  Is  a  potential 
motion  to  v;hlch  the  relations 

d»T  s»r 

=0.  =0. 

ix  dy 

apply. 


Pig.  9.6.8.  Under  the 
Influence  of  an  axial 
vortex  the  circumferen¬ 
tial  velocity  component 
at  the  outlet  Is  reduced 
by  the  amount  c^. 


—  +  (9. 6.^0) 
-  "  •  dy»  ’  dy* 


The  relative  motion  In  uniform  rotation  of  the  cavity  Is  vortlcalj 
for  It  the  velocity  potential  Is  zero  and  the  equation  of  the  sli.-.a-r- 


functlon  Yq  Is 


iwj  dxtj, 


>2». 


dx  dy  dx^  dy* 

If  we  take  Into  account  that  In  uniform  rotation 

Lhea  from  the  stream  function  equation 

dWf^w^dy-JL'fdx  •(xdx+ydy) 
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we  obtain 


'f.-'F— 7(^+3^.  (9.6.31) 

l.e..  In  order  to  find  the  stream  function  of  the  relative  motion  In 
the  cavity  we  have  to  calculate  from  the  stream  function  of  abso¬ 

lute  motion.  At  the  walls  =  const,  and  hence  the  boundary  condition 
for  the  determination  of  the  function  t  satisfying  Eq,  (9.6. 31)  are 

'F.mj,’=-7(-**+J*)+con»L  (9.6.32) 

The_axlal  vortex  In  elliptical  and  triangular  cavities.  The  flow 
i  ..m  i,i;e  axial  vortex  can  be  found  In  the  converse  way  -  by  choosing 
.he  function  i  satisfying  the  differential  equation  (9.6. 30),  the  shape 

of  the  cavity  and  the  flow  In  It.  Let  us  give  two  examples,  considered 
by  N.Ye,  Zhukovskiy.* 

As  the  first  example,  let  us  take  T  =  nco(x^  -  y^).  We  can  satisfy 
ourselves  by  direct  verification  that  m  =  0,  The  stream  function  for 
relative  motion  Is 

The  streamline  equation,  which  Is  also  the  contour  equation  reads 

or 

•**  I  >*  _  COMt 

Assuming  const  =  ±/k  -  n^,  we  obtain  the  equation  of  an  ellipse 
with  the  semlaxls 

This  ellipse  will  also  be  the  contour  of  the  cavity. 

The  streamlines  In  absolute  motion 

nm  (x’-  y*)  “  (x*-y*)+coDit 


Fig.  9«6.9.  Streamlines  of  axial  vortex  for 
ellipse  and  triangle. 

are  equilateral  hyperbolas  (Fig.  9.6.9);  at  the  same  time 


Integrating  the  first  equation  we  obtain  the  velocity  potential  In 
the  foim  4)  =  2na»:y  +  f(y).  Differentiating  It  with  respect  to  ^  and 
putting  It  equal  to  c  =  ^/3y,  we  find  =  2ncoxy. 

The  second  example:  we  put  T=  ^{x*— Sxy’). 

Then 


=-7 1"  3  xy) + x«  +y  J = 

=  ^I«x*+^*~3’(3»*x~l)l. 

p 

Solving  the  equation  7^  =  const  =  C  for  y  ,  we  find 

-i— i-c 

2  \»  .  27fl»  • 


or,  with  n  =  l/a. 


If  we  take  as  the  contour  th-:-  sircarnllne  for  which  C 
on  the  equation  for  the  conto  ir  boundaries  reducer  to  throe  rtrn'  -th 
ilr>  3 : 
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Thus,  the  cavity  Is  constituted  by  the  three  sides  of  an  equilat¬ 
eral  triangle;  for  the  case  of  uniform  rotation  the  streamlines  In  it 
are  given  In  Fig.  9*6. 9* 

Radial  channels.  In  order  to  solve  the  problem  on  the  fluid  motion 
In  a  CC  with  an  arbitrary  number  of  radial  channels^^  It  Is  necessary  to 
know  the  motion  due  to  the  axial  vortex  In  the  cavity  constituted  by 
the  radial  walls  with  the  angle  a  and  the  circular  arcs  of  and  Rg 
which  correspond  to  the  Inlet  and  outlet  (Rg  >  Rj^)  of  the  channel. 

Since  the  absolute  motion  Is  a  potential  motion,  we  have 


'  dr  r  dr 

*  r  dt  ir  dr 


(9.6.33) 


The  streamline  equation  (continuity  equation)  Is 

(9.6.3^) 

If  we  substitute  the  expressions  for  w^  and  from  (9.6.33)#  into 
the  continuity  equation  (9.6.3^)#  we  find  that 


±  ^  rfr-  r  -^  </» + w  tfr-=0. 

r  <ir 


(9.6.35) 


VJe  shall  seek  the  general  solution  to  Eq.  (9*6.35  )  In  the  form  of 
a  sum  of  particular  solutions  of  the  Laplace  equation  + 


t  dr 


1  df 
t*  dP 


.0. 


<p =2  '"*•  ( 9. 6. 36 ) 


since  the  walls  are  radial,  symmetry  conditions  mean  that  a  rever¬ 
sal  of  the  direction  of  rotation  (or,  what  Is  the  same,  of  the  angle  0) 
will  cause  the  potential  to  chan'-  ^  Its  sign  and  the  series  will  not 


contain  cosine  terms,  l.e.,  C 


m 


m 


0  and 


(9.6.37) 


-  662  - 


In  order  to  determine  the  cc  .  I'lclenl  s  A  ,  B  ,  we  make  neo  of  the 

m  m 

boundary  conditions:  if  a  =  2-n/N,  then  1)  on  the  radial  walls,  with 


•  and  c. - 

-  2  •  •  *  r 


1  p 

-“r,  wo  have  =  -  cor  j  2)  on  the  radii 


r  s=  and  r  =  the,  radial  component  of  c  vanishes:  c^  =  dit/Sr  =  0. 

Omitting  the  Intermediary  calculations,  we  give  the  final  form  of 
the  solution; 

•r*  iin2»  8»  ’  (—1)* 


2  eo»«  acosi^J  (nl  — 4)(2;t  — ])  '' 
(/??•*-  /?7  ^  *)  r*"  -  (/?,/?;)’"*-  (if?-’-  if?-’) 


(9.6.38) 


(•=1^ 


^  m>2.  X>4y 


If  we  retain  only  one  term  of  the  sum  then  we  obtain 

•r*  . 


As 


2  co>« 


.  „  (9.6.39) 

If  R^  « 

*  wr*  iln5«  ,  8c.  ^  (—1)*  ^  f  r  \"  ,  , 

**"'"*•  (9.6.40) 

■•I 

Omitting  the  calculations  we  give  tlic  expression  for  the  ct;i.. 

function  (for  «  R^) 

mf*  COj2*  8c  ^ 


Ts=. 


2  cot 


(9.6. -'=1; 

■  «  cos  o  .cbW  2A  ~  1  fli*  —  4  \  >7,  /  ' 


Restricting  ourselves  to  the  first  term  we  obtain,  with 

(9.6.4?) 


T=-- 


itr’  CPS  28  8 


?»  6c  r  rx*  N  . 

- - - \  cos  —  8. 

«  T  tos «  «’  —  I6jJ  \  /f  /  2 


2  cut  < 

The  calculations  show  that  tlie  center  of  the  axial  vortex  co..-’- 
cidos  with  the  cerilci'  of  t.;.','  circle  lnsci‘ibed  in  an  impeller  sc.-tor 

J“T_ 

M...t 
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f  '  9.6.10),  lie. 


■th  ^o  =  'i 


Since  the  angular  velocity  of 


the  vortex  coincides  with  the  angular  velocity  of  the  Unpeller  rota¬ 
tion,  the  ratio  of  the  linear  velocity  due  to  the  vortex  on  the  im¬ 
peller  rim  to  the  linear  velocity  of  the  Impeller  Itself  will  be 


(9.6.43) 


The  accuracy  of  this  ratio  Is  seen  from  Fig.  9.6. 10. 

Despite  the  inaccuracy  of  the  boundary  conditions  used  (cf.  page 
657)  the  solution  obtained  Is.  as  Fig.  9.6. 10  shows.  In  good  agreement 
wl: h  experiment  even  when  the  number  of  blades  Is  low. 

D  . termination  of  ^  he  form  of  motion  of  the  axial  vortex  by  the 
analoQ^.  Considering  the  torsion  of  a  prismatic  rod.  Saint  ' 
Venant  has  made  the  supposition  that  In  any  cross  section  all  stress 
components  with  the  exception  of  the  tangential  stresses  and  ) 

vanish  (Fig.  9.6.11). 


Fig.  9.6.10.  Geometrical  method  of  determining  the  Influence  of  an  ax 
lal  vortex  In  radial  channels.  1)  Stodola's  method,  Eq.  (9.6,25)-  2) 
geometrical  method;  3)  experiment;  4)  number  of  blades, 
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If  there  are  no  volume  forc'  ,  .he  equrprlum  cond'tlcn.-  lead  to 

the  system  of  equatlonc 


dz 


=  0. 


+  0. 


di  dx  '  dj 

The  first  tv/o  equations  show  that  the  stresses  on  al 
tions  are  equal.  The  third  equation  makes  It  possible  to 
function  cl'  such  that 


(9.6.44) 

1  cross  sec- 
Inti’oduce  a 


d4> 

'tx’^  (9.6.45) 

The  appearance  of  stresses  Is  however  connected  with,  certain  de¬ 
formations,  which  cannot  be  arbitrary. 


Fig.  9.6.11.  Analogy  between  t  ne  pro:  ten;  concci'nlnG  the  tangential 
stress  distribution  on  torsion  of  a  pi’tsmatlc  bar  and  the  problc:;. 
the  motion  of  an  axial  vortex  Ir.  a  c>  anivl  uf  the  same  cross  sc  ctli  n 
(a);  a  membrane  fastened  on  a  plane  contour  (b)  and  cqull Ibriui:.  uf  i 
membrane  element  (c). 


In  lectures  on  clast  idly  theory  It  Is  proved  that  the 
compatibility  conditions  for  the  case  of  elastic  def  ermat  lo:: 
the  relations 


Substituting  T 

Z  A 


^  dy^  dxt  ^  dyi 


0. 


and 


zy 


Into  these  oqua’ lone  we 


find 


d_ 

dx 


d>*  \ 

\dxi 

dj  J  j  ■ 

oy. 

=  0. 


o -cal ! ed 
l-'.j  ;  to 
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(9.6.46) 


l.e. , 


,  g>* 


This  Is  the  Poisson  equation  which  Is  satisfied  by  the  motion  con¬ 
nected  with  the  axial  vortex  (see  page  660,  the  equation  for  H^q).  The 
solution  of  the  problem  on  the  tangential  stress  distribution  on  the 
torsion  of  a  prlsr.iatlc  bar  can  therefore  be  directly  transferred  to  the 
motion  of  an  axial  vortex  In  a  channel  of  the  same  cross  section  as  the 
bar.  This  analogy  was  first  mentioned  by  N.Ye.  Zhukovskiy  In  his  work 
"On  the  Motion  of  a  Solid  Body  with  Cavities  Filled  with  a  Homogeneous 
Dropable  Fluid,"  published  In  I885. 

From  the  purely  practical  point  of  view.  In  order  to  solve  the 
!-.  -i  ;  of  the  axial  vortex  In  a  channel  of  given  cross  section  It  Is 
nor;  ;or. /enicni  to  use  the  membrane  analogy. 

Leu  a  membrane,  l.e.,  a  very  thin  film,  be  fastened  to  an  arbi¬ 
trary  plane  contour  (cf.  Fig.  9.6.11)  and  let  the  pressure  on  the  mem¬ 
brane  be  greater  by  the  amount  £  on  one  side  than  on  the  other  side. 

The  membrane  therefore  bulges,  and  the  distances  of  Its  points  from  a 
certain  plane  parallel  to  the  plane  of  the  contour  will  be  different; 
let  us  denote  them  by  z.  Let  us  consider  the  equilibrium  of  an  element 
abed: 


whence 


but 


_L+J_ 

Hi  ^  Rt 


-i. 


(9.6.47) 


and  therefore. 


Ri  dxt’ 


iRt  ■  p' _ 

rf4t*  Of*  t  " 


CM  4. 


(9.6.48) 


Thus,  the  distances  of  the  points  to  the  membrane  fastened  on  a 
certain  plane  contour  and  subjected  to  a  constant  pressure  are  governed 
by  the  same  equation  as  the  tangential  stresses  on  a  rod  of  the  same 
cross  section  undergoing  torsion,  or  as  the  stream  function  of  an  axi¬ 
al  vortex  In  a  channel  of  the  same  cross  section,  or  as  the  velocity  ^ 
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distribution  In  a  viscous  fluid  m-  utlnc  lamlirir  motion  thro!.:;'-!  a  tube 

of  the  same  cross  section. 

9.7.  LATTICES  OP  PROFILES  IN  SLTBSCMIC  GAS  FLOW 

The  Influence  of  the  compressibility.  The  high  gas  velocity  In  the 
channels  of  turbines  makes  It  necessary  to  take  the  compressibility  of 
the  gas  Into  account. 

The  Influence  of  the  compressibility  affects  not  only  the  aerody¬ 
namic  properties  of  profiles  but  also  the  configuration  of  the  trian¬ 
gles  of  velocities.  The  influence  of  the  compressibility  of  the  gas  on 
3  flow  about  the  profile  In  a  lattice  Is  much  greater  than  In  the  case 
of  the  flow  about  an  Isolated  profile. 

Experience  shows  that  in  subsonic  flows  the  angle  of  deflection  of 
the  flow  about  the  profile  lattice  varies  little  as  the  flow  velocity 
changes,  l.e.,  that  the  shape  of  the  middle  streamlines  is  determined 
by  the  lattice  profile. 

Shock  stall  and  choking  effect  for  a  lattice.  The  compressibility 
however,  proves  to  exert  a  very  great  Influence  on  the  velocity  and 
pressure  distribution  on  the  profile. 

In  this  case,  apart  from  the  possibility  of  the  appearance  of 
shock  stall  which  Is  connected,  as  for  a  free  profile  with  the  apy  u.- 
ance  of  zones  at  the  profile  contour  In  v/hlch  the  local  velocity  I  n. 
such  that  M  =  1,  a  choking  effect  may  arise  at  the  lattice.  If  the 
cal  velocity  In  the  narrowest  cross  section  between  the  profiles  ;tach- 
es  sonic  speed.  If  we  assume  that  the  direction  of  the  velocity  in  t,h-- 
narrowest  channel  cross  section  of  width  h  Is  Independent  of  ti,e  dlrt'c- 
-ion  of  the  Incoming  flov;  and  that  the  velocity  Is  uniform  ovl.’  thn 
cross  section,  then,  neglecting  the  losses,  we  can  write  (Fig.  9.7.1) 
the  continuity  equation  In  the  form 
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whence 


k-l 
*  +  l 


y(ML.). 


/•tap,  • 


(9.7.1) 


Fig.  9.7.1.  If  MJ  of  the  flow  ex¬ 
ceeds  the  value  Mf  for  which 
J(MJ  =  h/1  sin  then  a 

choking  effect  arises  at  the  lat¬ 
tice. 

from  which  It  follows  that  the  quantity  M,  depends  on  the  geometrl- 
cal  parameters  of  the  lattice:  the  shape  of  the  profile.  Its  thickness 
and  camber,  the  rigging  angle  of  Incidence,  and  the  density  of  the  lat¬ 
tice. 

Experience  shows  that  the  onset  of  shock  stall  at  m!!  .  and  the 

1  Kr 

formation  of  small  supersonic  zones  does  not  lead  to  a  sudden  change  In 
the  flow  conditions  whereas  when  Is  reached  the  flow  pattern 

changes  qualitatively.  A  change  the  aerodynamic  characteristics  usu¬ 
ally  occurs  at  M*,,  ^ 

The  lift  of  a  profile  in  a  lattice  placed  In  a  subsonic  flow.  The 
lift  of  a  lattice  profile  In  an  Incompressible  fluid  Is  determined  by 
N.Ye.  Zhukovskiy's  fonnula  where  the  characteristic  velocity 
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Wjjj  Is  equal  to  half  the  vector  s  ./n  the-  velocities  In  front  of  and 
behind  the  lattice.  Considering  a  profile  lattice  In  a  compressible  gas 
we  can  write  the  momentum  equation  as 

^ = (P, - Pi)tJ  +  P,/ (il  K-i) - Ps^ (^ ■  tt’:) (9.7.2) 

Which,  by  virtue  6f  the  continuity  equation 

p,/(iI-tr,)  =  pj/(T.B',)  (9.7.3) 

can  be  rewritten  In  the  form 

Pi)i- -  hi (i- •  w.)  . 

In  the  case  of  a  compressible  gas  we  also  put 


ID- 


(9.7.4) 


and  let  be  a  certain  density  satisfying  the  continuity  equation  for 
the  velocity  Rewriting  (9.7.4)  In  the  form 

_  Pl*l  I 

ta  Pi 

and  multiplying  It  scalarly  by  T^,  owing  to  (9.7.3)  we  obtain 


Pa  Pi  H 

where  =  because  of  the  definition  of  adopted. 

Hence 


— x-a— ^4^.  (9.7.5) 

fa  2  \  p,  h  /  ti  +  tJ  * 

l.e.,  the  characteristic  specific  volume  (v  =  l/p)  equals  half  the 
of  the  specific  volumes  In  front  of  and  behind  the  lattice. 

In  order  to  determine  p^  ~  p^,  we  have  from  (4.2.9): 


urn. 


- 

l  *  +  > 


Mr+ 


M^; 


•]- 


_[i — —  M? +■■-*■■■■■■  Mr± . .  .]= 
P  +  l  ^2(*+I)>  '  -  J  . 
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(M?-  m7)[i  (M?+M?)+0(M’^|. 


Composing  the  expression 


H 


H  tl-¥h 


=  0 1-  ~  ^  **'*'*‘8  (*  -H)«  ”»*'*•  ••]  [*  ~  ijrr  | 

’  ”  *Tr  ****+- 

(m7+m?)+0(m**). 


I 


2(*+l| 


we  c:.  oaln  to  within  an  accuracy  of 

Pi-Pt=P,T^  (M?-M?)  -ia.. 

*+*  H 

Therefore,  to  the  same  approximation 


(9.7.6) 


R=km  /?,  («,-7,)  X  wr  ( 9. 7, 7 ) 

The  lift  of  a  profile  In  a  lattice  at  subsonic  velocities  can  thus 
be  approximately  determined  with  N.Ye.  Zhukovskiy's  formula  If  the  ve-  | 

loclty  and  the  specific  volume  are  determined  by  half  the  sum  of  the 
velocity  vectors  and  half  the  sum  of  the  specific  volumes,  respectively. 

In  front  of  and  behind  the  lattice.  The  direction  of  the  force  Is  ob¬ 
tained  when  the  velocity  vector  Is  turned  through  90®  against  the  di¬ 
rection  of  circulation.  The  relative  error  of  Formula  (9.7.7)*  for 
V3  <  k  <  3/2  does  not  exceed  0.2 

Numerical  calculation  of  the  gas  flow  in  a  lattice.  This  circula¬ 
tion,  when  allowing  for  the  compressibility  of  the  gas,  can  be  made  us¬ 
ing  methods  described  In  Part  8.5  which  afford  reliable  results  every¬ 
where  except  In  the  Inlet  region.  In  order  to  calculate  the  flow  In  the 
Inlet  region  we  have  to  adopt  the  hypothesis  of  a  flow  which  does  not 
separate  at  the  edges;  In  this  case  the  channel  contour  must  be  pro¬ 
duced  along  straight  lines  which  are  tangents  to  the  camber  line  of  the  9 
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profile. 

The  camber  line  method  of  numerically  calculating  the  gas  flow  In 
a  lattice  of  profiles,  suggested  by  Ch'ung  Hu-Vfu  and  Brov/n  [9.1^1  Is 
based  on  the  assumption  that  a  change  of  the  flow  density  component  pw^ 
on  the  central  line  of  the  flow  In  a  channel  of  a  profile  lattice  fol¬ 
lows  upon  a  change  In  width  with  respect  to  'the  lattice  speiclng,  and 
that  the  central  line  of  the  flow  (halving  the  flow  In  the  channel)  de¬ 
viates  but  slightly  from  the  central  line  of  the  channel;  calculations 
show  that  It  Is  somewhat  less  curved  and  lies  somewhat  closer  to  the 
suction  surface  (Fig.  9.7.2). 

Let  the  streamline  equation  In  the 
middle  part  of  the  channel  be  ^(x,  y)  = 

=  0,  Considering  an  arbitrary  quantity  g 
along  this  line  as  a  function  of  x  alone, 
l.e.,  q  =  [x,  y(x)],  we  have 

(9.7.8) 

tfjr  dx  iy  tx 

Noticing  that  along  a  streamline 

dV 

(9.7.9) 

rfjr  ^  »jt 

Fig.  9.7.2.  The  central  line  we  can  write  the  equations  of  continuity 
of  the  flow  depends  only  lit¬ 
tle  on  the  Mach  number  M.  and  absence  of  vortices  In  the  form 


(9.7.10) 

4x  dy  dy 


4jc 


■=0. 


(9.7.11) 


Denoting  by  the  subscript  "v"  all  quantities  referring  .0  the  cor¬ 


responding  quantities  at  the  Inlet,  we  can  formulate  the  density  equa¬ 
tion  as 
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I 

TCT 


or 


1  ^ 

1 

”  / 

1  .  A  A  ft  ’ 

1  -1 

2ioco0(r! 

'-i  ^ 

1  1 

/ 

(‘“■S')]*"**- 

(9.7.12) 


Solving  It  for  example  with  the  method  of  successive  approxima¬ 
tions,  we  find  the  density,  and  after  this,  from  (9.7. 10)  and  (9.7. 11), 
the  velocity  components  along  the  central  line. 

The  flow  parameters  with  respect  to  the  channel  width  are  deter¬ 
mined  by  means  of  a  Taylor  series: 


^  31 


(9.7.13) 


Examples  of  calculations  on  common  turbine  lattices  show  that  the 

first  two  or  three  terms  of  this  series  are  completely  sufficient  for 

obtaining  the  accuracy  required  In  engineering. 

Linearized  solution  for  subsonic  flow.  VJe  have  shown  before  (cf. 

Part  5.^)  that  the  flow  of  a  compressible  gas  In  the  x,  ^  plane  can  be 

put  equal  to  the  flow  of  an  Incompressible  fluid  In  the  x  »  y  plane  If 

n  •'n 

V-  >■> (*•  ( 9. 7 . 14 ) 

where  the  constants  X^,  and  X^  are  Interrelated  by  the  system  of 
the  two  equations 


(9.7.15) 

so  that  one  of  the  constants  can  be  arbitrarily  chosen.  The  boundary 
conditions  on  the  contours  of  the  corresponding  bodies  y  =  f(x)  and  a 
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ndcpcndf  nt  ly 


gas  and  ^  fluid  .,1 

4}  _  i,  ih  1 


tfn 


cf  X  and  X  , 

X  y ' 

(9.7.16) 


4*  i,  rfjr. 

As  In  the  case  of  an  Isolated  profile  (cf.  p,  310),  the  factor;:  X 
can  be  chosen  either  so  that  we  obtain  equal  pressure  distributions  on 
a  profile  in  an  Incompressible  fluid  and  in  a  gas,  or  so  that  wc  find 
the  pressure  distribution  on  a  profile  In  a  gas  if  we  know  the  pre;:.ure 
distribution  on  the  same  profile  In  a  fluid. 

In  the  first  case  all  geometrical  lattice  parameters,  Including 
:.he  profile,  are  subject  to  deformation,  and  In  the  second  case  the 
profile  remains  unchanged,  which  Is  In  many  cases  more  convenient. 

Considering  the  second  case  we  put  -  i,  X^  =  n,  then 


(9.7.17) 


-.®.  ^  x,=A,  y,— ,  and  consider  a  not  too  dense 

lattice  of  sufficiently  fine  slightly  curved  profiles  at  small  angle.s 

of  attack.  Let  the  distance  between  the  profiles  of  the  lattice,  alon- 

the  normals  to  the  velocity,  be  h. 

Since  the  corresponding  profile  In  a  fluid  will  be  m  times  as 

•hick,  then,  in  order  to  have  Its  shape  unchanged  we  shall  assume 

it  corresponds  to  a  profile  In  a  gas  with  ordinates  l/n  times  larr-  ■  . 

In  accordance  with  (9.7.1‘'0>  the  distance  along  the  normal  to  ttr 

loclty  —  In  particular  the  projection  h  of  the  spacing  on  It  -  wllJ 

o  y 

n  times  sm  '  'er,  l.e.,  h^  =  h  (1  —  r'r)'^thur  when  the  profile  rha.  : 
maintained  In  liquid  and  gas,  the  lattice  In  liquid  (Fig.  9.7.3)  jv)r- 
respondlng  to  a  profile  lattice  In  gas  will  be  denser.  At  the  sare  t  ime 


/j  =  y'x'‘  +  AJ  -- 1  -f"  l  V 1  —  Mi  sin’  = 

(9.7.18) 

The  angle  of  the  .lattice  axis  also  varies;  as  Fig.  9.7.3  show: 


It 


w '  I  ■-  be 
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‘ef.=«tgp.  (9.7.19) 

Further,  since  the  disturbances  arising  In  the  stream  are  propor¬ 
tional  to  the  thickness,  we  have  for  the  construction  of  the  triangles 
of  velocities 


tc?' 

— i-  Iff  _ _ 

J_,..  > 

£ 

S  “^1 

4 

to  II  fii  * 

nl  f "  y 

tiie 

angle  of 

attack  remains 

unchanged. 

(9.7.20) 


By  virtue  of  15.4.14)  the  pressure  and  lift  coefficients  will  be 


C.= 


'  vrnp  * 


(9.7.21) 


C,. 


(9.7.22) 


9.7.3.  CorrcHpontHrLE  to  q 
atftajn  there  IB  a  n*?w  about  a 


now  about  ■  latLlca  In  a  eubsontt 
m  ,  lattice  of  the  same  profiles  Jn  an 

ccmprefialble  liquid,  hIiobd  spacing  and  elcip-  Angle  art  BtMller  by 


gas 

In- 


(1  -  M*) 


The  Improved  formula  for  Cp  remains  valid;  It  is  obtained  by  In¬ 
troducing  the  local  Mach  number  M,  and  yields  [cf.  (5.4.19)] 
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v'i-Mi.+ 


(9.7. 


c.  f 


The  distribution  of  the  pressure  C  In  a  fluid  must  finally  be 

p  n 

found  for  a  lattice  with  the  spaclnc  and  the  angle  of  the  axis, 
determined  according  to  the  equations  (9.  7. 18) -(9.7. 19) . 

9.8.  ALLOWANCE  FOR  THE  VISCOSITY  EFFECT 

The  flow  of  a  viscous  fluid  about  a  profile  in  a  lattice  Is  con¬ 
nected  with  a  change  in  the  form  of  the  motion.  This  Influences  tho 


Fig.  9.8.1.  Velocity  dlstrlbuLlon  In  wake 
cross  sections  behind  a  lattice. 


pressure  distribution  (especially  when  the  flow  becomes  eeparati '  :  rvJ 
gives  rise  to  an  Irreversible  dissipation  of  energy  both  In  the  ;  ■>'  ■■ 

dary  layer  and  In  the  wake.  Behind  tr.e  lattice  this  wake  consist.  .  r 
the  boundary  layers  from  each  of  the  lattice  profiles  and  a  pc'o.ntlal 
core  between  them.  The  velocities  In  the  wake  level  out,  the  tti'.ckness 
■■'f  the  .wake  grows  and  at  a  certain  distance  behind  the  lattice  t  e 
wcakes  fuse  together.  This  cross  section  will  be  designated  by  ttie  sub¬ 
script  "2"  The  Inhomogene  It  ies  of  the  velocity  distribution, 

(Ilg.  9.8.1),  are  then  so  small  ti;.?.!  the  squares  of  their  magnitudes 
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can  be  neglected  In  the  calculations.  This  applies  to  confusor  lattices 
because  of  the  thin  boundary  layer,  while  the  dlffusor  lattices  usually 
have  a  relatively  large  period.  It  should  also  be  borne  in  mind  that 
the  gas  flow  passing  through  a  system  of  quiescent  and  rotating  turbine 
wheels  arranged  one  after  another  becomes  strongly  turbulent;  this  fa¬ 
vors  the  leveling  of  velocities. 

I^e  profile  drag  coefficient.  Following  an  Investigation  of  L.Q. 
Loytsyanskly  [9* 3],  we  lay  the  y-axls  along  the  front  of  the  lattice 
and  consider  a  viscous  Incompressible  fluid  flowing  about  It.  We  denote 
Q  ordinate  of  the  point  at  which  two  neighboring  layers  Join 
and  assume  that  at  the  corresponding  cross  section  2-2  we  have  w/wg  « 
'^x/”2x‘  denoting  by  dn  an  element  of  the  normal  to  the  principal 

streamline  In  the  wake,  we  can  write 


***  J  (9.8.1) 


where  6*^  denotes  the  displacement  thickness  along  the  y-axls  at  the 
cross  section  2-2;  It  will  prov6  convenient  to  Introduce  this  Into  the 
calculations  below. 

From  the  condition  of  mass  flow  conservation  between  streamlines 

h** 

at  the  distance  of  a  lattice  period  we  can  write  J  whence 

* 


j-  J  (Wte— O',: 


)rfy. 


4 

5 


(9.8.2) 


The  quantity 


characterizes  the  degree  of  nonuniformity  of  the  flow  In  the  wake; 
therefore,  neglecting  powers  of  e  higher  than  the  first  we  can  write 

.(!+•),  (9.8.3) 
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Applying  the  Impulse-  theo;  .  ^  the  mass  o.'  i  he  fluid  fl :  r  ,  be¬ 

tween  the  streamlines  at  a  distance  ^'qual  to  the  lattice  period  nr,  ■.  be 
tween  the  cross  sections  2  and  2.'),  we  find  p,  =  p,.,  to  within  the  oe- 
gree  of  accuracy  adopted.  In  fact. 


lPx-P,Jl=P^UJ-  j  J  pI^m- 

■  ft 

-  (tt-i,-  w^)]’  rfy =P  -  o]  J  /  +  =  pt^„,«‘=0  (•*). 

For  a  potential  core  of  the  stream  we  find  that  suhstltutlnc 
(9.8.3)  In  the  Bernoulli  equation  under  the  same  assumptions  gives 

Pt.  -Pt^\f  [«  +  ^1/)  - 

■=  Y I®!-,.  +  -  O'?., - <,1  “ 


(9.8.4) 


The  losses  In  head  drag  due  to  Viscosity  (9.8.4)  and  the  dra 
per  unit  length  of  the  wing  in  the  lattice  will  be 


P.=F.-  -Px.  +p  — $ — P^^i.  7^ 


COlh 


(9.8.5) 


If  we  take  Into  account  that 

y,*!  yt** 


ft  f> 

V* 

» J 


an  a. 

<r,  •} 


we  can  also  write 


>>.6). 


In  practical  calculations  the  boundary  layer  parameters 


cr  ns  section  2-2,  tiie  pos''lon  of  which  Is  uncertain,  are  replaced  by 
trie  corresponding  pars;metors  at  ‘he  trailing  edge  of  the  profile.  For 

th.  we  write  tr,e  Imps  iSM  ..rjaticr.  for  the  wake  In  the  form 
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= -L  ia.  (2»»* + »•)  — X  * 

•# 

where  s  Is  a  curvilinear  coordinate,  referred  to  the  principal  stream- 
line.  Since  Tq  =  0  In  the  wake,  we  have 


^(28**  +  t*)=0 


(9.8.7) 


or,  denoting  by  H, 


dt  '  ^  d$  ^ 

\Ie  characterize  the  values  of  the  parameters  at  the  trailing  edge 
hy  r.he  subscript  "k"  and  Integrate  by  parts  from  the  trailing  edge  to 
the  cross  section  2,  and  taking  6*  =  6**  and  w^/w^^  =  1  +  e  into  ac¬ 
count,  we  obtain 


I 

•f  •!-  J  •tm 

"m 

Solving  this  with  respect  to  we  find 

Experiments  show  that  for  an  Isolated  profile  In  (w„  /w ')  = 

'  2w  0 ' 

const  (H-1).  Therefore  In In -=(//- !):(//, -I). 


(9.8.8) 


(9.8.9) 


At  the  same  time 


1  •  6  •  y 


( In-^^  f  In -5^ . 

}  •.  -  * 


and 


C:C-(w,:w,,)  (9.8.10) 

The  quantity  does  not  depend  on  the  value  of  the  shape  parame- 
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ter  (6.3)  at  the  trailing  odi^o.  if  •  ic  vclocllv  dlatrlbuf  Ion  Ir  far 
from  being  equal  to  that  under  separation  conditions,  then  the  q.an' Ity 
Hj^  changes  from  I.5  for  small  Re  number  to  I.3  for  large  ones,  and  on 
an  average  we  can  tak'.  =  1.^  [9. 31-  Then 

=  (9.8.11) 

Now 


»r 


coifc 


(9.8.12) 


If  we  Introduce  the  mean  value  of  half  the  sum  of  the  vector 

ip«  =  -^(tt'i  +  ^3nnt  o  the  consideration  and  take  Into  account  that 

tr,cosp«=«',.cosp,..ai-id  that  H  =  R  cos  B  : 

X  (j,  m 


•• 

w.  yj  ».  __ 

W,.  /  ItMtm 

/  w,  yj  C 

«■/ 

\  »j.  / 

.«/  *.  y.J  C 

/  \  ■’a-  /  ‘O*  fm 

(9.8.13) 

(9.8.14) 

(9.8.15) 

(9.8.16) 


The  factor  ^(w  /w„  )  ^*2  dLTers  but  little  from  unity,  and  the  T  !;:,t 
'  m  2»' 

relation  mentioned  virtually  coincides  with  the  profile  drag  cocifl- 
clent  for  an  Isolated  profile 

p,  v*  c 


(9.8.17) 


If  we  retain  e  In  the  second  power,  then,  according  to  the  ■■  .ul^s 
I.L.  Povkh  [9.21] 

=  +(2.5  +  sIn’e,)cl.  (9.  8. 18  ) 


This  relation  Is  satis  fact  or lly  confirmed  by  experiment. 
■'Irculatlon  abou'  a  p-'ct’!!-  1:  a  lattice .  The  disturbances  caused 
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by  the  appearance  of  lift  and  drag  on  an  Isolated  profile  (or  a  finite 
number  of  profiles)  are  considerably  attenuated  at  small  dietanoee  from 
It.  This  Is  explained  by  the  fact  that  finite  disturbances  cannot  alter 
the  state  of  an  Infinite  fluid  mass.  During  the  flow  through  a  lattice 
of  profiles  the  disturbances  induced  by  an  Infinite  number  of  profiles 
change  the  flow  parameters  at  Infinity, 

The  most  correct  way  of  taking  these  changes  Into  account  obvious • 
ly  consists  In  determining  the  pressure  distribution  in  an  invlscl^ 
fl  id  streaming  about  a  semi-body  formed  by  constructing  streamlines 
passing  through  the  stagnation  points^  at  the  displacement  thickness 
(5i  'calculated  from  the  true  pressure  distribution  (Pig.  9.8.2)  on  both 
sides  of  the  profile  considered  (or  on  a  lattice  cf  profiles).  In  prac¬ 
tice  the  shape  of  the  semi-body  can  be  determined  by  the  method  of  suc¬ 
cessive  approximations. 

This  calculation  Is  however  tedious,  and  yields  no  analytical  ex¬ 
pression  making  It  possible  to  estimate  the  Influence  of  the  parameters 
on  the  aerodynamic  properties  of  the  lattice.  This  Influence  can  be  es¬ 
timated  to  a  certain  degree  by  means  of  very  general  theoretical  con¬ 
siderations  and  experimental  data. 

In  the  consideration  of  the  vortex  system  of  an  airfoil  profile  It 
was  shown  that  the  vortlclty  of  the  boundary  layer  formed  per  unit  time 
and  passing  through  the  boundary  layer  cross  section  Is  equal  to 

t  '  ^ 

j2a,w,dy=t^^wdy= .  Calculations  show  that  the  profile  lift  deter¬ 
mined  with  Zhukovskiy's  formula,  ,  In  which  the  circulation  has 

been  calculated  from  the  experimentally  determined  velocity  distribu¬ 
tion  agrees  well  with  the  lift  calculated  from  the  pressure  distribu¬ 
tion.  In  this  case  the  contour  for  which  the  circulation  was  calculated 
must  Intersect  the  wake  perpendicularly.  In  which  case  the  tangential 
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velocity  component  to  the  jontoj:'  •  the-  wake  Iccorr.oc  aofo.  I*  Im¬ 
portant  to  note  that  for  these  conloarc  '.he  circulation  Is  Indcp'  t.urnt 
of  the  length  of  the  contour  (Fig.  9.fi.3). 


Fig.  9.8.2.  Diagram  of  flow  through  a  lattice 
of  profiles  the  thickness  of  whlcii  is  augment¬ 
ed  by  the  displacement  thickness  6*  =  6  sin  3,  . 

P  k 


Fig.  9.8.3*  When  the  circulation 
around  to  contours  APCD,  EFCyi,  and 
PQRS  Is  calculate!,  the  values  ob.- 
tained  are  almost  the  same. 


When  the  process  of  bulld-up  of  clrculatlor.s  about  a  wing  (cl.  p. 
184)  Is  finished,  the  motion  Ic-comes  steady,  the  st.ar”  Ing  vor’e.'  op.- 
growing  and  the  vorttciiles  of  the  upwash  and  of  ‘ho  downtvas-.  -js;  t.: 


the  same,  l.e.. 


(9.8.16) 

If  •.-*0  ‘..his  condition  goes  over  to  the  Zhukov- 
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:f  Re 


l.e.  , 


skly-Chaplygln  condition. 


For  an  Isolated  plate  of  length  2b,  arranged  In  tha  flow  at  an  an¬ 
gle  a,  the  complex  velocity  la 


—  «(i)=COI«— I 


a—. 


where  z  Is  a  complex  coordinate  In  the  plane  of  flow.  If  6  and  6  are 

V  n 

the  boundary  layer  thicknesses  at  the  trailing  edge  for  the  upper  and 
lower  surface  of  the  plate,  respectively,  then  the  condition  that  the 
vel'jcltles  at  this  point  be  equal  gives  rise  to  an  expression  for  the 
circulation; 


With 


Therefore, 


*,=*,=0  fs.  — 


— *  • 


(9.8.19) 


For  a  lattice  of  unstaggered  plates  (p  =  7t/2)  and  a  lattice  ar¬ 
ranged  along  a  straight  line  (0  =  0), 


=  ik. 

Trt*  *  T 


«» 


V 


»»b- 


I  Urn 


(9.8.20) 


I  f 

In  the  general  case  of  an  arbitrarily  staggered  lattice  we  can  as¬ 
sume  that 


Figure  9. 8.  it  shows  a  graph  of  the  values  of  k  for  plane  plates 
plotted  on  the  basis  of  numerical  calculations  [9.22).  When  It  Is  as¬ 
sumed  that  the  boundary  layer  thicknesses  at  the  trailing  edge  of  the 
plate  and  should  depend  slightly  on  the  geometrical  parameters  It 
can  be  shown  that  for  a  dense  lattice  (b/1  >1),  -►  1;  whereas. 

If  p  >  45)  ,  _  r  decreases  monotonlcally  so  that  rAsoy  tends  to 

-  682  - 


unity  as  b/1  Increases,  ani  when  <  *'5^#  ^  fli'st  i.3'-c.'d, 

reaches  a  maximum  at  hA  r--  1,  and  then  drops 

The  Influence  of  vlscor'  ty  cn  ;  no  deflect  lor:  of  the  flow.  The  dls 
turbances  caused  by  the  lattice  of  profiles  alters  the  parameters  of 
the  flow  at  Infinity.  Since  the  principal  cause  of  the  chanf;c  In  the 
direction  of  the  velocity  In  the  viscous  fluid  flow  at  Infinity  as  com 
■■'ared  with  the  flow  of  an  Ir.vlscld  fluid  is  the  asymmetry  of  the  boun¬ 
dary  layer  development  In  the  channel  between  the  blades.  It  can  be  as 
oumed  that  the  deviation  in  velocity  Is  proport  onal  to  the  difference 
.'n  the  displacement  thicknesses. 


Fig.  The  lnfluc-ric('  of  the 

viscosity  on  the  circulation  for 
a  lattice  of  plane  plates  v/lth 
different  densltltles  and  stag¬ 
gers. 

The  velocity  dlrocMon  at  the  trailing  edge  wll'l  therefore  t  ■* 
fleeted  from  the  velocity  direct’ on  behind  the  lattice  In  the  flov.  .f 
an  Invlscld  fluid  tovjards  the  shit  of  ttie  surface  on  which  the  u!.  - 
lacement  thicknesses  are  sr.alh'r. 

In  order  to  estimate  tin;  Influence  of  the  viscosity  and  coraprus- 
sibillty  on  the  deflection  of  the  flow  we  apply  the  equations  of  con- 
t '  I  y  and  momentum  .  r  relVrt  .■:e  surface  ADCD  (cf.  Fig.  9*8.1); 


since  the  following  calculations  are  only  slightly  complicated  by  al¬ 
lowing  for  compressibility j  the  gas  will  be  considered  as  viscous  and 
compressible. 

We  shall  suppose  that,  1)  the  total  pressure  In  the  potential  core 
of  the  flow  is  equal  to  the  total  pressure  In  front  of  the  lattice,  2) 
the  flow  in  the  cross  section  2-2  Is  uniform  and  all  the  gas  parameters 
repeat  themselves  In  the  same  way  In  each  Interval,  3)  the  direction  of 
the  velocity  at  each  cross  section  Is  constant  along  an  Interval  and  In 
the  core  of  the  flow  the  magnitude  Is  constant  too;  hence  the  static 
prcecure  In  the  cross  section  k-k  Is  constant  along  an  Interval  both  In 
the  core  and  In  the  boundary  layer. 

Lcu  us  denote  by  the  subscript  "c"  those  parameters  which  corres¬ 
pond  to  an  Invlscld  gas  flowing  through  a  lattice.  The  condition  of 
constancy  of  mass  flow  through  the  cross  sections  2-2  and  k-k  then 
gives 


=  (9.8.23) 

Projecting  the  momentum  equation  onto  the  lattice  axis  we  obtain 


*in  co$  sin  p,  cos  p,  j* 


—  sin  p,  cos; 
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I 

[ 


(9. 8.  PS' 


---  •  4*. 

I  lUp, 

V  “•*  /  I 

I 

Therefore  PjK^sin?,c()sfi,=- P,--^Jslnp»co>P4(l-A*-4**)  and,  by  virtue  cf 
(9.8.21)  J»,cosp,(l-A‘) --^',cosp,(i -A*-A**),  v.hlch  e5vee 


fW 


and  therefore. 


®»  1— A*-il**  , 

cosp,-- —  — cosj,. 

(9.8.25) 

(9.8.23),  we  obtain  Stepanov's  formula 

*  ”  ft  (1  -  ** 

(9.8.26) 

+  s,  where  e  is  a  small  quantity, 

we  can  wri 

(9.8.27) 

cicB.=  »»  f'sPr-' 

ft  (1-A*)5  l+.tigp. 

(9.8.28) 

[9.21]  that  if  wc  put 

•iBpr  1  - 

--  — =  1  T  I. 

•  iBpt 

(9.8.29) 

then  the  quantity  q  for  sufficiently  dense  lattices  (b/1  >  1.2)  doe 
not  depend  on  the  shape  of  the  profile  but  varies  from  q  =  0. 01  ( :' 
small  stagger  angles  Jp)  to  q  =  O.03  (for  large  Jp)  e  and  q  arc  i^  i 
by  the  relationships 

.  «ln(gf  +  t>  1  iingf  +  1COI  ?, 


•lap. 


•  inp. 


I  +  ^ 


»iuP, 


and 


tnerefore 


-  --I-; 
1+1 


d  +tctgP, 


“dgp,; 


>+l 


cigpr 


(I-A*P  .  1 

1+1 


tg  ?, 


1.  t  — a*— A** 


c<e?, 


tin2P, 


:)■ 


(9.8.30) 


In  most  of  the  calculations  we  can  assume  pg  =  pj^. 

The  formula  obtained  enables  us  to  take  the  Influence  of  the  vis¬ 
cosity  of  the  gas  on  the  direction  of  flow  behind  the  lattice  Into  ac¬ 
count;  to  do  this  It  Is  necessary  to  know  the  boundary  layer  parameters 
at  the  trailing  edge  of  the  profile. 

The  loss  coefficient.  In  many  calculations  It  Is  convenient  to  re¬ 
place  the  drag  coefficient  (9.8.16)  by  the  loss  coefficient  ^  which  Is 
defined  as  the  ratio  of  the  energy  lost  per  unit  mass  of  gas  at  the 
lattice  inlet.  It  la  convenient  to  subdivide  the  energy  losses  Into  two 
parts,  namely  the  losses  connected  with  the  passage  of  the  gas  through 
the  channel  between  the  profiles,  and  the  losses  connected  with  turbu¬ 
lent  mixing  in  the  flow  behind  the  lattice. 

The  energy  dissipated  in  the  section  ll-kk(cf.  Fig.  9.8,1)  can  be 
determined  by  the  expression 


(9.8.31) 


and  since  no  losses  occur  In  the  potential  core  of  the  flow. 


(9.8.32) 


where  the  potential  energy  Is  referred  to  Its  value  at  the  cross  sec¬ 


tion  kk. 


Substituting  (9.8.32)  In  (9.8.31)  we  obtain 


J  ftprfy  -  J  p«*  • 

I  1 

jpwdy  hirt— (Pk«*  -pu()I  d  — A*); 


(9.8.33) 
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But 


Ive  cnoi’o  lors  thlcknen:;  at  the 


Here  A***—  ***^o***’  --  r.  la 

/  tin 

trailing  edge  of  the  profile.  Subrt  ttutlr;.;;  thlo  Into  (9.8.33)  v;e  find 
that 

?»***'  (9.8.34) 

and  that  the  loss  coefficient  In  the  channel  Is 


ft 


A**. 


«*  fX  *‘"?i 


fitejiln  fi,— 

or,  taking  Into  account  that,  according  to  the  continuity  equation 
sin  =  pj^Wj^  sin  (1  -  A»),  wo  have 

(9.8.3!?) 

The  losses  In  the  wake  behind  the  lattice  are 


f  -  f***  y 

(I — \  ft »'» *»  /  ’ 


*  /  ^*  \ 
jf  ^  J  ~  j 


(9.8.36) 


Projecting  the  monentum  equation  for  the  mass  In  the  reference 
volume  ABCD  onto  the  axis  of  rotation  (the  normal  to  the  front)  of  L; 
lattice  we  find  that.  In  view  of  the  expressions  for  A*  and  A**^  .  . 

(9.8. 24): 

A  -  •» -  Pi=’i  s<n  **  ( 1  -  A*  -  i •  • ) 

and,  putting  P2  =  Pk' 


I  $Id  Pi 


2y»  +  s*t _ 

(i-a*P  (1 


A»*» 


Pi  'inPt  V 


Adding  and  we  fine  the  'otal  loss  coefficient,: 


I2A**  q-  A»— a**  n  i  /  Pitinp,  y 

(I-A*p  ”  (I  — 4*)S  ®  "^*J\ PpPinp*/ 


Assuming  that  vi,^  =  In  (9.2.1)  and  neglecting  the  second  compo- 
In  the  bracket  ,  ■.•;c  out  air. 
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f  _  2a»«+a«i  y 


(9.8.39) 


Influence  of  rouehness.  Experiments  show  [9.23]  that  when  .  i.. 
sandy  roughness  does  not  exceed  a  certain  admissible  value  h^,  the  drag 
of  a  lattice  of  profiles  Is  virtually  the  same  as  that  of  a  lattice 
consisting  of  smooth  profiles.  The  admissible  roughness  for  a  complete¬ 
ly  turbulent  flow  Is  determined  by  the  relation 


(9.8.40) 


whr  -  Wq  Is  the  velocity  of  a  potential  flow  past  a  profile  In  the  lat¬ 
tice  and  Wp  Is  the  reduced  velocity,  equal  to  w^  for  a  dlffusor  and  to 
for  a  turbine  lattice. 

If  the  roughness  exceeds  the  permissible  value,  the  Increment  of 
the  drag  coefficient  can  be  determined  from  the  relation 


“C/„* 

where  Is  the  drag  of  a  plane  plate. 

9.9.  A  LATTICE  OF  PROFILES  IN  A  SUPERSONIC  PLOW 

For  given  power  and  mass  flow  of  gas,  the  size  and  weight  of  a 
turbine  can  be  reduced  by  raising  the  speed  of  flow  In  Its  elements  to 
values  exceeding  sonic  speed.  This  Is  of  special  Importance  for  the  ax- 
lal-flow  compressor.  A  supersonic  flow  streaming  through  a  lattice  of 
profiles  with  thick  rounded  leading  edges,  like  a  flow  about  an  Isola¬ 
ted  body,  is  accompanied  by  the  formation  of  shock  waves  and  a  sharp 
associated  Increase  In  drag.  Depending  on  the  profile  of  the  channel 
between  the  blades  and  on  the  Inte  .slty  of  the  shock,  the  subsonic  flow 
behind  the  shock  wave  can  once  again  pass  through  sonic  speed.  In  a 
very  dense  lattice  the  head  shock  waves  formed  in  front  of  each  profile 
can  fuse  together  to  form  a  shock  which  Is  periodic  In  shape  and  Inten¬ 
sity.  since  the  drag  Increases  greatly  when  a  shock  v.ave  forms.  It  Is 
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assumed  that  It  Is  unsuitable  to  .1  >  use  of  supersonic  veloolll-.c  In  a 
compressor.  The  pressure  losses  In  a  nom.al  shock  at  moderate  Mach  num¬ 
bers  M,  however,  are  not  very  lar-^e  (cf.  Flc-  and  the  transi¬ 

tion  to  a  system  of  dlaconal  shocks  makes  It  possible  to  reduce  the 
losses  even  at  high  M  numbers. 

A  supersonic  flow  can  be  produced  In  either  the  guide  wheel  or  the 

working  wheel.  By  way  of  example.  Fig.  9. 9. 1  shows  the  triangles  of  ve¬ 

locities  for  axial  flow  compressors  of  various  designs,  in  which  the 
axial  component  is  subsonic  throughout. 

The  relative  velocity  can  be  raised  to  sonic  speed  by  Imparting 

a  rotation  to  the  flow  in  the  Inlet  guide  mechanism.  The  supersonic  ve¬ 

locity  of  the  absolute  motion,  Cg,  at  the  inlet  of  the  GM  (guide  mecha¬ 
nism)  Is  reached  at  the  expense  of  the  rotation  of  the  working  wheel. 

By  profiling  the  channel  between  the  blades  appropriately,  the  relai  Iv., 
velocity  Wg  at  the  outlet  of  the  working  wheel  can  be  made  supersonic. 

Conditions  of  supersonic  flow  throurh  a  lattice  of  profiles.  On 
of  the  most  Important  pecularltles  of  supersonic  flows  Is  the  fact  i:  ■ 
disturbances  bounded  by  characteristics  (or  shocks)  are  propagated  c  • 
downstream.  At  the  same  time,  as  we  liave  already  shown,  the  veloclly 
component  normal  to  a  characteristic  Is  equal  to  the  local  velocity  of 
sound  (Fig.  9.9.2).  Depending  on  the  magnitude  of  the  velocity  a..:  bhe 
structure  of  the  lattice,  the  waves  and  the  lattice  profiles  wll''  - 
teract  In  different  ways.  This  enables  us  to  distinguish  between  ‘ j 
main  types  of  flows  [9.24]. 

Let  us  first  consider  Ihe  simplest  case  of  flow  through  a  laf  Ic-', 
when  the  axial  veloclly  component  exceeds  the  speed  of  sound.  :."t  the 
iautlce  be  sufficiently  sparse  so  that  all  characteristics  are  directed 
into  the  lattice  and  cio  not  toich  the  neighboring  profiles  (cf.  Fig. 

,  T).  The  lattlci  profiles  de  not  t  h_n  Influence  each  other;  the 


flow  In  front  of  the  lattice  Is  undisturbed,  while  the  flow  about  each 
profile  In  the  lattice  Is  the  same  as  It  would  be  about  an  Isolated 
profile.  Behind  the  lattice,  however,  the  velocity  field  will  be  nonun¬ 
iform  owing  to  the  Interaction  of  rarefaction  and  compression  waves* 


Pis*  9* 9*1*  Triangles  of  velocities  for  axial— flow  compressors  of  vari¬ 
ous  designs  and  blade  shapes.  The  rotation  of  the  flow  Is  characterized 
by  the  angle,  a)  Subsonic  stage;  b)  supersonic  velocity  In  the  GM:  c) 
Eupeponlc  velocity  at  the  Inlet  of  the  WW,  due  to  the  Intense  twisting 
of  the  flow  directed  against  the  rotation;  d)  supersonic  velocity  at 
Inlet  and  outlet  of  W;  e)  superronlc  velocities  at  the  Inlet  of  WW  and 
GM;  f)  supersonic  velocities  In  due  to  the  geometry  of  the  channel. 


Such  a  flow  will  occur  If  the  axial  velocity  component  w  a 

z 

=  sin  (B-a)  exceeds  w^  sin  the  condition  that  the  rarefaction 
wave  om^  passes  by  point  will  be  (Fig,  9*9*3) 
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Fig.  9.9.2.  Diagram  of  supersonic'  flow  through  a  lattice.  I)  the  a:-.l 
velocity  component  exceeds  the  rente  speed  and  thc^  profiles  do  not  1?  - 
terfere;  II )  the  parameters  of  tlv  I <  ft -hand  diagram  of  Euperson!"  0 
about  a  lattice  are  '■’,><1. '■»>«»  (• The  flow  in  fr  om  u' 
the  lattice  Is  undlsturbeci,  the  profiles  Interfere,  but  the  flow  o  out 
the  Individual  profile  sections  (oc  and  ob ) ,  occurs  without  Inter!'. .r- 
ence;  III)  The  axial  component  of  the  incomln.-  flow  is  subsonic  'tn'i  •|/- 
flow  In  front  of  the  lattice  Is  disturbed;  IV;  the  flow  about  each  pro¬ 
file  of  the  lattice  Is  the  same  as  It  w<..,Id  be  about  an  Isolated  r-  I  - 
file. 


I  <iln(«-py,)  . 
t  *'  — 

•here  p.^  Is  the  limit  Ing  iiigle  of  tt;.,  rare  fact.  Ion  wave. 

If  we  now  reduce  the  density  of  the  lattice  or  the  velocity  of  ohe 
^low,  then  the  angle  u  rr.ay  become  .-r-.rats'r  tlian  the  angle  Pp.  The  Mach 
■■  -  of  one  profile  :  ‘  •  the  r.f  igl. 'soring  profiles  and  so  the  pro- 
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flies  come  Into  Interaction.  This  second  mode  of  flow  (cf.  Fig.  9.9.2, 
II)  will  be  observed  as  long  as  0  >  a  +  and  a  certain  part  of  each 
profile  will  therefore  be  outside  the  disturbance  zone;  the  field  be¬ 
hind  the  lattice  Is  nonuniform.  The  axial  velocity  component  w  *■ 

z 


Fig.  9.9.3  The  condition  of  absence 
of  Interference  between  the  profiles 
for  Diagram  I  (cf.  Fig,  9.9.2). 


s=  sin  (P-a)  will  exceed  the  local  sonic  speed  a  If  p  >  a  +  In  the 
limiting  case  p  =  a  +  p,p  It  Is  equal  to  the  sonic  speed,  w^^^  s  a. 

Any  further  reduction  In  lattice  density  or  In  the  velocity  of  the 
incoming  flow  leads  to  the  condition  p  <  a  +  4p.  The  axial  velocity 
component  of  the  undisturbed  flow  becomes  smaller  than  the  sonic  speed 
(cf.  Fig.  9.9.2,  III)  and  In  the  third  mode  of  flow,  the  flow  In  front 
of  the  lattice  will  be  dlstu  bed.  If  the  lattice  Is  only  slightly  stag¬ 
gered,  the  Mach  waves  from  one  profile  will  fall  upon  the  neighboring 
profiles. 

Raising  the  stagger  angle  of  the  lattice  can  lead  to  the  Mach 
waves  from  each  profile  bypassln^^  the  neighboring  profiles  and  to  the 
flow  about  each  of  the  profiles  being  equal  to  the  flow  about  an  Iso¬ 
lated  profile  (cf.  Fig.  9.9.2,  IV). 

In  all  modes  of  flow  considered  the  profiles  were  assumed  to  be 
thin  and  the  channel  cross  section  was  taken  as  being  virtually 
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con- 


stsnti  If  \f/e  account  for  the  por  r  :l  Ity  of  ("c on'otrlcal  Influence  of 
cross-sectional  chanrer;  of  the  chunnol  ‘ween  the  blades  on  the  f]ow, 
then  the  modes  consldeivd  bcco:'-'  treo  ooniplex  because  the  velocity  In 

the  channel  varies. 


FIs*  9-9*^*  I  and  II)  Modes  of  superson¬ 
ic  flow  about  lattices  of  thin  profiles 
(cf.  Fig.  9.9.2). 

Still  more  complex  Is  the  form  of  flow  with  two  lattices  -  the 
working  wheel  and  the  guidance  mechanism. 

Velocity  field  behind  a  lattice  of  pr'oflles  v/lth  a  supersonic  ax  - 
ial  COTiponent.  Let  us  first  consider  the  modes  I  and  II  (cf.  Fig. 

9.9.2)  of  a  supersonic  flow  about  thin  profile  lattices  (Fig.  9.9.4). 
Since  the  flow  Is  uniform  In  front  o'’  the  lattice,  the  continuity  •'  .  , 
tlon  leads  to 

I 

pjlw^  sin  (P  ~  »)  J  p  ((-u*,  +  v\)  sin  (p  -  a)  -  cos  (P  —  a)]  rfl .  ( 9.  9. 1 ) 

Within  the  scope  of  llr.earlseU  tlieory 

-L.  1  -  m’  (m*=  M’.  -  1 ). 

P.  »- 

and,  retaining  only  the  first  01  dor  small  terms,  we  oMaln  from  Fhi. 

'9.9.1) 

I 

/K-,  -- 1 I  -  M;  clg  p|w5 
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l(M>>  ])0;4.0^ctgMdi«a 


I  I 

Introducing  the  averaged  quantities 
we  find 

(9.9.2) 

or,  since  1/(M^  -  l)  =  tan^H^ 

(9.9.3) 

].ence  the  mean  angle  through  which  the  lattice  deflects  the  flow 
Is 


'ihe  velocity  field  Is  determined  with  the  method  of  characteris¬ 
tics  described  before  (cf.  Part  5.S).  The  boundary  conditions  are  pro¬ 
vided  by  the  fact  that  the  lattice  profiles  must  be  streamlines.  If  the 
x-axls  Is  directed  along  the  velocity  of  the  undisturbed  flow  and  If 
y'(x)  denotes  the  angle  beU-een  the  tangent  to  the  profile  contour  and 
the  chord  (Fig,  9.9.5),  then,  within  the  limits  of  accuracy  of  the  the¬ 
ory  of  small  disturbances,  the  boundary  condition  can  be  formulated  as 


In  the  case  of  slightly  curved  thin  profiles  we  may  assume  that 
the  boundary  conditions  refer  to  the  chord  of  the  profile.  This  assump¬ 
tion  simplifies  the  solution  of  the  problem  considerably,  since  In  many 
cases  the  Mach  waves  are  reflected  several  times  from  the  profile  con¬ 
tours. 

Since  there  are  no  free  sur.'aces  In  the  case  of  a  supersonic  flow 
through  a  lattice  of  profiles,  we  can,  when  constructing  the  flow  pat¬ 
tern,  make  use  of  the  rules  governing  reflection  from  a  solid  wall, 
namely;  l)  the  nature  of  the  wave  remains  unchanged  when  It  Is  re  flee- - 
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ted  from  a  solid  v;all,  and  ?;  th.  n  l--  of  Incidence  of  the  v;ave  \i: 
equal  to  the  angle  of  r  .  fleet,  ion  (F1-.  9.9,6). 

Lattices  which  accelerate  a  c';pe rconlc  flow  with  no  wave  dra  .  1 1 
Is  possible  to  design  3  la  tlce  which,  theoretically,  will  deflect  a 
supersonic  flow  without  disturbing  Its  Isentropy.  For  this  purpose  let. 
..s  find  the  number  Mg  after  deflection  from  the  number  of  the  lt;com- 
Ing  flow  and  the  angle  of  deflection.  V/e  draw  at  the  distances  of  the 
lattice  period  chosen  two  broken  straight  linos,  AG3  and  whlcli 

are  formed  when  the  Incoming  flow  and  the  deflected  flow  intersect  at 
given  angles  (Fig.  9* 9*7).  From  the  point  0  we  draw  the  characteristics 
corresponding  to  tlie  numbers  and  to  ttie  points  of  Intei-sectl on ,  C 

and  D.  The  profile  chord  b  Is  thus  determined.  In  the  section  CD  we 
construct  the  curve  according  to  Eq.  (5.9. 1) 


*41 


Fig.  9«9*9'  The  boundary  conditions  on  the 
profile  can  be  obtained  wlthlr.  the  limits  of 
accuracy  of  per'ureailen  theory. 


The  parameters  Pjj  Tj  (1  =  1,  2)  are  determined  for  and  M^, 
0  lively. 
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Fig.  9.9.6.  Mach  waves  In  a  lattice 
of  profiles. 


Pig.  9.9.7.  Construction  of  lat¬ 
tice  of  profiles  accelerating  a 
flow  with  no  wave  drag. 


Applying  the  method  of  characteristics  it  is  theoretically  possi¬ 
ble  to  construct  the  lattice  of  a  supersonic  active  turbine  (Fig,  9,9, 
8).  It  is  however  fairly  Improbable  that  the  flow  can  be  compressed 
without  shock  waves  forming  (on  the  section  DAB). 

lattices  which  decelerate  a  supersonic  flow.  It  is  theoretically 
possible  to  obtain  a  dlffusor  la'tlce  of  profiles  by  reversing  a  lat¬ 
tice  that  accelerates  a  supersonic  flow,  as  considered  above  (cf.  Pig, 
9.9.7).  Instead  of  the  rarefaction  waves  In  the  zone  OCD  compression 
waves  will  arise.  In  this  zone,  as  In  the  case  of  a  reversed  geometri¬ 
cal  nozzle,  compression  shocks  may  arise.  In  order  to  avoid  one  strong 
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Fig.  9*9*8-  Construction  of  super¬ 
sonic  lattice  of  profllen  v;  tli  no 
wave  drag  by  the  method  of  charac¬ 
teristics. 


normal  compreoslon  shock,  conscious  efforts  are  made  to  produce  sys’cn 
of  diagonal  compression  shocks  with  a  final  normal  shock  In  the  com¬ 
pressor  lattice.  The  losses  can  then  be  ria:ie  very  small. 

The  forces  on  a  profile  In  the  lattice.  In  order  to  determine  t.  - 
forces  acting  on  a  profile  Wv  apply  the  law  of  conservation  of  moim,i.‘ 
to  the  gas  mass  enclosed  In  the  volume  CAECQ  (cf.  Fig.  9.9.5) 

K  =  tr’  =  0;  C,=  ■=  a  (>=Pj. 

Behind  the  lattice  these  quantities  will  vary  from  point  to  point 
and  therefore  the  x-compcnent  of  the  force  If  arising  on  the  prof' ' 

will  be 

I 

—  fs)sln(P 

I 

=  f  P +  “'ll) sin  (P- ») -  <  os  rp  —  a)j  xo\  dl 

or 
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and  analogously 


(9.9.5) 


Using  the  relation  for  ,  we  obtain 

+  2— (9.9.6) 

I 

C,  =  — 2.  J  co$p+  ^tlopjdL 

Introducing  the  averaged  values  and  and  taking  Into 

account  that  according  to  (9.9.2) 


:-tgPd|*|V 


we  find 


f 

C,-f = 2  sin  p  tg  p  (clg»|i,-clg»». 

).!"»+ 

C,  =-5-2^  sin  Mg  f  (clg*i»,-etg»W. 


(9.9.7) 


Substituting  this  Into  the  expression  for  the  angle  of  deflec¬ 
tion  of  the  flow  and  for  C^,  we  find 

»i  2r  •Inpcclgt^— cl|*M '  (9.9.8) 
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(9.9.8) 


(9.9.9) 


(*1 


iien 


If  we  use  the  expreeclon  foan.l  provLo  icly  for  Cp  =  -  2w^/w^  , 
the  mean  value  of  the  procsure  coefficient  behind  the  lattice  will  re 

»  ..  ■  tot# 


^  ^  _ 


(9.9.10) 


Denoting  by  Oq  the  angle  between  the  direction  of  the  total  aero¬ 
dynamic  force  and  the  velocity  of  the  undisturbed  flow  (cf.  Fig.  9.9.9) 
we  can  write 


»o — arclg.^^-5--C  i - 

®  2  ,  C,  2  ^  ti 


n?(clj5)»i  —  cijS?) 


=-^  +  —  • 
2 


(9.9.11) 


Hence  we  see  that  the  total  force  R  Is  normal  to  half  the  vector 
sura  of  the  velocities,  =  ■!  Cw^  +  W2)(cf.  Fig.  9.9.6). 

It  la  possible  to  connect  the  lift  with  the  circulation  round  a 
profile  in  a  lattice.  We  have,  by  definition. 


/K-,.,p  =-- 1  ((K',  +  cos  ?  +  sin  ?-  S’,  cos  P)  = 
cos  p  (l  +  ^  fg  ?) -  / -i,  .p  cos  ?.  ( I  -  Ig*  ?  cig* a) C= 

=  lv.’  cosPCl  — 

‘  2/  sin?igp<ciE5»  — cijs?)  (9.9.12) 

Thus,  within  the  scope  of  tlw  linear  theory,  Zhukovskiy's  fo-’r.  ' 
remains  valid  for  a  supersonic  flow. 

Lift  and  lattice  geometry.  These  quantities  are  Interrelated  r- 
the  boundary  conditions  which  express  tfiat  the  profile  In  the  Ini  ‘  .  ce 
must  coincide  with  streamlines.  If  the  x-axls  lies  In  the  direct’;,  cf 
the  undisturbed  flow,  then 


«,+i 


.jfier',  f(x)  Is  the  equation  of  a  lattice 
that  the  profile  Is  supposed  to  be  thin, 
small  angle  of  attack. 


(9.:.  13) 

profile  contour.  Let  us  strerr 
slightly  curved  and  arranged 
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If  y'(x)  Is  the  angle  between  the  tangent  to  the  profile  contour 
and  the  chord,  and  a  Is  the  angle  of  attack,  we  may  put 

/'(x)=yw+a.  (9.9.1^) 

As  was  shown  In  Part  5.5,  the  relations 


and  + 

determine  the  characteristics  of  the  Mach  lines  of  Eq.  (5.5.I) 

tM*  .V 

Rewriting  this  equation  and  the  condition  for  the  absence  of  vor- 

variables  (4,  t^)  we  obtain 


and  hence 


^ (< Km'. - 1  - Km'--i+«;) -a 


along  the  line  ?  =  const' 

j(9.9.15) 

along  the  line  tj  =  const) 


l.e.,  the  projection  of  the  disturbance  velocity  vector  at  points  lying 

on  a  Mach  line  of  one  sign  onto  a  Mach  line  of  the  other  sign  Is  a  con¬ 
stant  quantity. 


Thus,  at  the  points  of  Intersection  of  two  characteristics 

it;— (9.9.16) 

l.e..  In  order  to  determine  the  velocity  field  In  a  certain  region  we 
need  know  the  constants  c^  and  c^  on  the  characteristics. 

Taking  now  Into  account  that  according  to  (5.2.6)  and  (5.5.IO) 
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we  can  write  for  the  profile  contour 


C,W-2/‘Wclg^,=  -2-^ 
C,(x)  +  2/'(x)clg^.=  -?^’^ 

•i 


on  the  line 


on  the  line 


(9.9.17) 


Mach  lines  coming  from  the  zones  of  the  undisturbed  flow,  = 
=  =  0;  therefore  the  pressure  at  points  of  the  profile  lying  outside 

the  disturbances  of  neighboring  profiles  will  be  the  same  as  that  or, 
isolated  profiles: 
on  the  upper  surface 

(9.9.18) 


on  the  lower  surface 
When  the  formula 


C,-2/'(jt)tgi»,=  -2-^.  C,  +  2/'(^)lgH,= -2A  (9.9.19) 

Is  used  to  determine  c^,  c^  for  wave  reflected  from  these  sections  w^' 
can  find  the  pressure  at  the  points  of  the^lghborlng  profile  from 
which  the  lines  were  reflected.  If  this  process  Is  continued  the  pj 
sure  on  the  whole  lattice  profile  contour  can  be  determined.  The  ar; 
in  Fig.  9.9.9  Indicate  the  Mach  lines  as  they  are  reflected  betwr..!,..  ' 
neighboring  profiles  In  the  lattice.  The  sections  c  and  d  of  thr  y.e- 
flle  adjacent  to  the  leading  edge  arc  outs  Lie  the  disturbance  zon'.  o; 
the  neighboring  profiles  and  are  touched  by  the  lines  from  the  i..,  . 
turbed  flow. 

In  order  to  simplify  the  problem,  V.V.  Keldysh  [9.241  assum- ,  that 
tie  leflectlon  Insicie  utic  lattice'  docs  not  occur  from  the  proi  *  le  con  — 
ovjur  but  from  li-s  chord,  and  tliat  tlie  boundary  conditions  a.'C  given  for 
the  chord.  He  obtained  practical  furinulas  for  the  determination  of  the 
•:  on  a  profile  1-  the  lattice  under  various  conditions  of  flow. 
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Fig.  9*9»9»  Reflection  of 
and  d  are  profile  sections 
neighboring  profiles  (b). 


the  Mach  lines  In  a  profile  lattice  (a); 
lying  outside  the  disturbance  zones  of 


c  I 

tpe 


The  guiding  properties  of  a  supersonic  lattice  of  profiles.  Let  us 
consider  a  supersonic  flow  through  a  sufficiently  dense  lattice  of  pro¬ 


files,  where  the  axial  component  Is  smaller  than  the  sonic  velocity, 
”lz  <  ”^ve  from  one  profile  falls  upon  the  other  (Fig.  9.9, 

10).  As  can  be  seen  from  the  diagram,  Oi1§in(H+a)-/iin(^+«-p);  and  there¬ 
fore  win  then  be  smaller  than  b  wh^n  ^ 


0 


Fig.  9.9. 10.  If  the  axial  velocKy  component  Is  smaller  than  sonic 
speed  the  disturbances  propagate  into  the  region  In  front  of  the  lat- 
JshAH  section  OA  Is  a  stralgnt  line,  then  the  nonuniformity  van¬ 

ishes  and  the  velocity  will  be  directed  In  the  direction  of  OA. 


If  this  condition  Is  not  satisfied,  the  Mach  waves  coming  from  one  ^ 
profile  will  not  fall  upon  the  other  profile  and  the  flow  about  each 
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h<-  r.atiie  az  ♦he  flow  about  a:;  taolated 


profile  of  this  lattice  will  he 

profile! 

Let  w,t<Co;  —  this  case  the  flow  In  front  of  the 

lattice  will  be  dtsturbed  and  nonuniform.  The  nonunlfonnl ty  v;lll  Lc 
periodic  In  the  strip  OA.  Therefore,  If  the  section  OA  is  stralj.ht  line 
section,  then  the  nonunlformlty  vanishes  and  the  flow  at  the  lnle<  of 
she  lattice  will  have  the  same  direction  as  the  stral.^ht  line  section 
OA.  Thus,  In  the  case  considered,  strictly  speaking,  the  expression 
"velocity  of  undisturbed  flow"  becomes  meaningless  fcecai.s.  the  whole 
flow  In  front  of  the  lattice  will  he  disturbed.  It  will,  however,  h-.' 
uniform,  and,  by  convention,  we  may  take  it  as  being  undisturbed.  Its 
velocity  will  be  parallel  to  the  straight  line  al  the  inlet  section  of 
the  upper  profile  surface.  This  section  OA  Is  called  the  guiding  sec¬ 
tion  of  the  profile. 

If  the  axial  velocity  In  a  compressor  In  Fig.  9.9,10)  In 

smaller  than  the  velocity  In  the  direction  of  flow  alorig  OA,  tnen  ran-  - 
faction  waves  will  go  out  from  the  loading  edges,  and,  when  passing' 
through  these  the  axial  velocity  will  grow  until  the  relatlvn  velo',-l  „ 
becomes  parallel  to  the  section  OA.  If,  however,  the  axial  vclocl’,, 
large  (w^jj.  In  Fig.  9.9.10),  corpresslon  shocks  will  reduce  the  a  V  • 
velocity  until  the  relative  velocity  becomes  parallel  to  the  sec”  ‘  CA. 
The  axial  velocity,  and  therefore  the  volume  flov;  of  gas  throe:-'  i 
compressor  with  given  circumferential  velocity,  will  thus  be  Iv  .'t,.  d 
by  the  slope  of  the  line  OA.  On  these  circumstances  we  can  ray  tiicd  t>,.' 
lattice  has  guidance  properties. 


-  703  - 


Manu¬ 

script 

Page 

No. 


[Footnotes] 

nentlal^aw°™^^^  velocity  decreases  according  to  an  expo- 

In  the  case  of  a  viscous  fluid  the  contour  C  Is  assumed  to  be 
taken  on  the  boundary  layer  surface. 

Conditions  of  Flow  Through  a 
Pump-turbine  of  Axial-flow 
1958*  Polytechnic  Institute  Imenl  V. I.  Lenin, 

speaking,  the  mapping  (9.2.2)  Is  not  conformal 
Is  not  one  to  one: there  Is  a  branching  point.  It 
Wi.ll  be  conformal  In  the  limits  of  the  strip  (see  below). 

**  Corresponding  to  each  circumvention  of  the  flow  there  Is 
an  Increment  In  the  mass  flow  through  a  contour  enclosing  the 

source  which  Is  equal  to  Sw^r  dO  =  Q, 

Infinitely  many  roots,  each  of  which 
be  called  a  logarithm  of  the  number  z  and  be  denoted  by 
Log  z.  Let  r-McosT+i sin,). then  w-Loe.-ioer+9M.2*T/.  where  log  r  is^ 
taken  to  denote  the  real  logarithm  of  the  positive  number  r. 
Consequently,  Log  z  Is  an  Infinitely  many-?alued  fuSSlOT.- 

af®  taken  because  of  the  symmetry  con- 
dltlon.  The  problem  could  also  be  solved  with  a  single  pair 
of  vortices  -  one  (f)  at  the  point  mr^  (or  -mr^)  and  its  con¬ 
jugate  (-r)  at  the  point  -r^A  (or  r°/m).  ^ 

I.N.  Berezin  and  N.P.  Zhidkov,  Methods  of  calculation,  Vol.  1, 
Flzmatglz,  1959,  page  266.  '  * 
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^ttlce  of  Circular  Cylinders,  Trudy  Laboratorll  AN  USSR. 

i\l6V  j  1955* 

Motion  of  a  Solid  Body  With  Cavities 
vil?  1,  GTTi!  Dropable  Fluid,  Izbr.  sochlnenlya, 

V.M.  Mayzel',  . 

DVU,  Kharkov,  I93O. 

solutf  on  was  given  In  the  paper  of  K.  Raddv 
Vortices  and  their  Influence  upon  the  Characteristics  of  a 
Cc.-itrlfugal  Compressor  with  Unswept  Blades."  Journ.  Roy.  Ae- 
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Chapter  10 

SOME  SPECIAL  PROBLEMS 

10.1.  CAVITATION 

Cavitation  effects.  In  the  hydrodynsimlcs  of  Incompressible  fluids 
the  medium  Is  considered  as  a  continuous,  homoceneous,  dropable  fluid. 
When  the  fluid  moves  at  great  local  velocities  the  pressure  In  Indi¬ 
vidual  regions  of  the  flow  may  be  lower  than  the  saturated  vapor  pres¬ 
sure  (p„  „),  the  pressure  at  which  the  fluid  starts  boiling.  In  these 
n*  p 

regions  the  fluid  starts  to  evaporate  vigorously  and  cavities  (voids) 
form  as  bubbles  filled  with  vapor  or  with  a  gas  which  was  dissolved  in 
the  fluid.  Such  a  flow  with  two  phases  Is  termed  a  cavltational  flow, 
and  the  effect  of  formation  of  gas -phase  volumes  in  a  homogeneous  flu¬ 
id  Itself  Is  termed  cavitation.  A  cavltational  fluid  flow  is  also 
characterized  by  considerable  changes  in  its  physico-chemical  proper¬ 
ties. 

If  the  pressure  in  the  fluid  rises  as  the  motion  of  the  fluid 
continues,  the  cavities  (voids)  formed  close.  At  the  same  time  th' 
fluid  surrounding  a  bubble  moves  at  a  great  velocity  to  its  ccn:!,r. 
When  the  fluid  elements  come  into  collision  at  the  end  of  the  process 
of  filling  the  cavity,  the  pressure  shock  arising  amounts  to  several 
hundred  atmospheres.  This  process  of  bubble  collapse  occurs  at  a  very 
sigh  speed;  it  is  reminiscent  of  the  explosion  of  a  "mlcroscopi:  mine" 
and  is  accompanied  by  a  characteristic  sharp  noise. 

Cavitation  in  a  tube  of  variable  cross  section.  The  simplest  ar- 
.  .  cment  for  investi^jat.’ cavitation  effects  is  a  channel  that  is 
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^  first  ooRvtrimt  and  th«n  dlvsrgsnt.  At  sufficiently  hl^  speeds  of 
flow  the  pressure  asy  drop  to  the  saturation  pressure  In  the  throat  ■ 
and  then  rise  again  in  the  divergent  part.  In  this  case  the  main  mov* 
Ing  core  of  water  behind  the  thi?oat  Is  laterally  surrounded  by  a  foam* 
like  mixture  of  bubbles  filled  with  vapor  and  air.  Figure  1. 10. 1  shows 
the  curves  of  pressure  variation  along  the  axis  of  a  rectangular  chan* 
nel  of  constant  height  and  variable  width.  The  flow  rate  of  the  water 
passing  through  the  channel  Is  kept  constant  but  the  counterpressure  .■ 
is  altered  with  the  help  of  a  throttle.  If  the  counterpressure  Is 
large  enough  (Curves  1,  2,  3)  and  when  the  absolute  pressure  In  the 


Fig.  10. 1. 1.  Cavitation  In  a  tube 
with  a  const»’lctlon.  l)  Boundary 
of  cavitation  zone. 


throat  Is  sufficiently  high,  there  is  no  cavitation  and  the  pressure 
recovers  almost  completely  (with  the  exception  of  frictional  and  shape 
variation  losses).  But  when  the  pressure  In  the  throat  becomes  low 
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6nough« cavitation  occurs  (curves  6-9)  and  the  pressure  In  the  diver¬ 
gent  section  does  not  recover  In  accordance  with  the  velocity  drop 
since  much  energy  has  been  lost.  The  zone  of  cavitation  ends  where  the 
curves  start  rising.  In  Pig.  10. 1. 1  these  zones  are  Indicated  by  the 
dashed  lines.  The  local  change  In  fluid  volume  that  accompanies  the 
growing  cavitation,  the  appearance  of  zones  where  the  flow  Is  sepa¬ 
rated  from  the  body  It  streams  around,  e.g. ,  the  wing  profile,  leads 
to  an  Increase  In  drag  and  a  reduction  In  lift.  This  causes  the  effi¬ 
ciency  of  the  turbine  wheels  to  drop  sharply.  Figure  10.1.2  shows  typ¬ 
ical  pump  characteristics,  the  dashed  lines  Indicate  the  nonnal  course 

of  the  characteristics;  cavitation  begins  at 

Q  -  Qjj. 

Cavitation -Induced  destruction  of  metals. 
The  deterioration  of  the  operation  of  water- 
driven  machines  under  cavitation  conditions 
Is  accompanied  by  an  unusual  destruction  of 
their  working  parts.  Since  the  velocity  Is 
Increased  near  the  surfaces  of  the  working 
parts,  the  process  of  bubble  colapse,  accor- 
panled  by  local  hydraulic  shocks  (explosions) 


Pig.  10.1.2.  Effect 
of  cavitation  on 
turbine  characteris¬ 
tics.  . 


I 

I 


leads  to  destruction  of  the  surface  of  the  protecting  film  (erosion). 
This  process  of  shock  destruction  Is  accompanied  by  chemical  destruc¬ 
tion  (corrosion)  since  the  air  separated  from  the  water  during  cavita¬ 
tion  contains  more  oxygen  than  ordinary  air.  Under  the  action  of  the 
hydraulic  shock  this  air  enriched  in  oxygen  Is  pressed  Into  the  pores 
r  the  metal,  which  Jt  oxidises;  and  then,  after  the  pressure  iias  drop¬ 
ped,  it  Is  re-extracted.  This  physlco -mechanical  effect  is  accompanied 
by  'lectrlzatlon  (by  friction),  which  produces  ions  exhibiting  partlc- 
u...':  iTiarkcd  chemical  ct'vity. 
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Th«  eoabined  action  of  all  these  factors  destroys  the  surfaee 
layer  of  the  metal.  On  the  surfaee  of  a  metal  there  are  fine  pits  and 
grooves  which,  are  rapidly  deepened  and  widened,  thus  causing  individ¬ 
ual  pieces  of  metal  to  fall  off.  The  metal  assumes  a  spongy  structure 
down  to  large  depths. 

The  cavitation  numhftr.  the  energy  equation  for  a  flow  ele¬ 

ment  In  the  steady  motion  of  an  incompressible  fluid 

obtain 

I  ^ 

“  (10.1.1) 


If  the  pressure  jj  at  any  point  of  the  region  reaches  the  satura- 
tlon  pressure  p^  then  cavitation  will  arise.  As  the  quantity  charac- 
terlzlng  the  appearance  of  cavitation  we  therefore  take  the  number 


(10. 1.2) 


The  right  hand  side  of  Eq.  (10. 1. 1)  is  determined  by  the  motion 
of  the  flow,  l.e.  ,  by  the  cheuinel  In  the  internal  problem  or  by  the 
shape  of  the  body  In  the  flow  in  the  external  problem,  for  example. 

In  the  external  problem  the  minimum  pressure  p  ■  p^^  ^  Is  reached 
at  the  body  surface  In  the  zone  of  maximum  velocity  w^^.  Figure 
10. 1. 3, a  shows  a  vector  diagram  of  the  pressure  distribution  C  ■ 

"  ^  wj”  over  the  wing  profile  for  a  certain  definite  angle  of 

s 

attack.  In  the  zone  where  the  pressure  Is  smaller  than  the  saturated 


vapor  pressure  cavitation  may  arise.  For  practical  calculations  and 
graphical  construction  It  is  more  convenient  to  make  use  of  the  curve 
of  pressure  distribution  at  the  wing  profile.  In  which  the  pressures 
are  referred  to  the  chord's  normal  (Pig.  10. 1.3, b). 
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If  Me  take  the  saturated  vapor 


pressure  to  p  ■  0#  find,  for 

example,  that  the  motion  of  a  thin 
wing  profile  In  water  can  be  realized 
at  a  speed  of  20  m/sec  without  cavita¬ 
tion  if  the  static  pressure  satisfies 
the  relation 


a  loo-KX 


1.9 


1.9 


100- 10> 


=9500  ke/m' 


whereas  at  a  speed  of  20  m/sec  it  must 
Pig.  10.1.3.  Pressure  dls-  « 

trlbutlon  at  the  profile  in  be  equal  to  38,000  kg/m'^.  In  the  first 
the  zone  of  cavitation.  1) 

Cavitation.  case  the  velocity  of  20  m/sec  can  be 

reached,  for  example,  in  a  motion  immediately  above  the  free  surface 
of  water  at  sea  level,  whereas  in  the  case  of  motion  at  30  m/sec  speed, 
the  wing  must  be  Immersed  to  a  depth  of  at  least  28  m. 

Influence  of  the  air  and  dust  content  on  the  appearance  of  cavJ  *■  t- 
tion.  One  of  the  decisive  factors  determining  the  appearance  of  cavl: a- 
tion  is  the  amount  of  air  dissolved  In  the  water.  A  completely  degasi- 
fled  pure  fluid  with  no  dust  impurities  withstands  considerable  s-riT- 
ses  and  can  by  strongly  overheated  without  bubbles  forming. 

It  has  been  established  that  the  process  of  formation  of  cavities 
in  a  fluid  that  contains  dissolved  gas  and  suspended  solid  impurities 
(dust)  begins  around  the  finest  vapor  or  gas  bubbles.  The  dlmonslins 
i  f  these  formation  centci’s  are  very  small  and  their  presence  ran  he 
joseL-ved  only  by  raising  the  temperature  or  diminishing  the  prossuru. 
-"perlments  Indeed  s!iow  that  if  water,  for  example.  Is  subjected  to  a 
ressure  of  the  wrde:*  of  SOO-IOOO  atm  for  several  minutes,  it  no 
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longer  oavitatee  under  conditions  under  which  It  would  have  shown  oiv« 
Itatlon. 


The  presence  of  suspended  particles  of  fine 
dust  or  microorganisms  facilitates  the  appear^ 
ance  of  cavitation.  This  can  be  explained  by  the 
fact  that  the  force  of  cohesion  between  fluid 
and  dust  material  Is  smaller  than  the  force  of 
cohesion  between  the  molecules  of  the  fluid. 


Fig.  10.1.4.  Equi¬ 
librium  of  a  spher¬ 
ical  bubble. 


Less  energy  Is  therefore  necessary  to  separate 
the  fluid  from  the  dust  particle,  thus  forming  a 
microscopic  cavity,  than  to  form  a  like  cavity 


In  the  body  of  the  fluid. 


Let  us  consider  a  spherical  bubble  filled  with  gas  (Pig.  10.1.4). 
We  think  it  Is  being  cut  through  by  a  diametral  plane  and  assume  the 
force  of  surface  tension  acting  on  both  semi -spheres  to  be  equal  to 
27rro  where  o  Is  the  coefficient  of  surface  tension.  If  the  gas  pres¬ 
sure  Inside  the  bubble  Is  denoted  by  p^  the  force  on  each  half  of  the 

bubble  will  be  equal  to  Pu^rr^,  Since  the  bubble  is  in  equilibrium, 

2 

P^Tir  -  27rro  and  the  pressure  Inside  the  bubble  Is  p^^  »  2a/r. 

On  the  basis  of  this,  the  critical  pressure  at  which  cavitation 
may  arise,  is  determined  by  the  relation 


(10.1.3) 

Dust  contained  In  the  liquid  plays  the  same  role  as  air  bubbles; 
the  critical  pressure  Is  therefore  determined  by  the  same  relation.  If 
r  Is  the  radius  of  the  non-wette-ble  particle. 

Cavitation  arises  especially  easily  at  the  surface  of  solid  bod¬ 
ies.  This  can  obviously  be  explained  by  the  above  Indicated  decrease 
In  surface  energy  at  the  Interface  between  the  solid  body  and  the  flu¬ 
id.  Moreover,  the  air  trapped  at  the  surface  and  in  the  pores  of  solid 
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bfHllcQ  «ul^  runt  tiutblu  on  tha 


Fig.  10. 1. 5.  Cavitation 
is  caused  by  a  small 
pressure  difference,  e. 
g. ,  in  the  experiment 
at  a  pressure  difference 
corresponding  to  a  water 
column  whose  height  was 
equal  to  the  body  diame¬ 
ter  (50  mm). 


nirftoa.  Thla  la  confirmed  by  the  not  > 
that  the  pretence  of  noheolon  and  ms- 
tlon  accelerates  the  formation  of  cavi¬ 
ties. 

This  surface  tension  effect  mention¬ 
ed  above  may,  together  with  the  pressure 
of  the  surrounding  fluid,  the  pressure  of 
saturation  and  the  radius  of  the  bubbles 
formed,  constitute  the  basis  of  stating  a 
dimensionless  siirdlarlty  criterion,  o/rp, 
as  a  characteristic  of  the  effect.  Be¬ 
sides  this,  when  the  cavitation  is  suffi¬ 
ciently  developed,  the  effect  is  subject 
to  a  certain  periodicity.  If,  for  example, 
f  denotes  the  frequency,  then  the  dimen¬ 
sionless  paraimeter  fr/w  has  to  serve  as 
one  of  the  criteria  of  dynamic  similarity. 


Therefore,  if  the  other  factors,  such  as  the  gas  content  of  the  fluid, 
are  left  aside,  the  usual  parameter  /C-fpct  — P*.*) :  ^  cannot  give  a 
full  idea  of  such  a  complex  process  as  cavitation. 

Three  forms  of  fluid  motion.  The  first  subcavitatlonal  flow  re¬ 
gime  at  large  values  of  K  is  single-phase  flow,  such  as  a  flow  of  an 
incompressible  fluid  (or  the  flow  of  a  gas  at  small  Mach  numbers  M). 

As  K  decreases  (Fig.  10. 1.  5),  relatively  few  bubbles  arise  in  the  flow 
to  begin  with,  but  their  number  Increases  as  K  further  dec reases.TjL."  second 
typ.'  of  flow  is  called  the  two -phase  type  and  can  be  termed  cavlta- 
'.i'":.al  flow  in  contradistinction  to  the  third  type,  the  separating 

.  -'tional  flow,  which  is  obtained  when  K  is  still  further  decreased 
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And  the  number  of  bubbles  has  become  so  large  that  they  merge  to  fom 
voids  which  cover  a  part  of  the  streamlined  body.  In  this  third  type 
of  flow  a  decrease  In  size  of  the  voids,  and  the  problem  of  the  separ¬ 
ating  flow  can  be  treated  with  the  Jet  theory. 

The  second  cavltatlonal  flow  Is  characterized  rather  arbitrarily 
as  the  flow  of  a  liquid  with  a  relatively  small  number  of  cavitation 
bubbles.  In  the  total  mass  of  flow  here  the  pressure  distribution, 
with  the  exception  of  the  small  cavltatlonal  domains,  which  are  suffi¬ 
ciently  isolated  from  each  other.  Is  the  same  as  In  a  subcavltatlonal 
flow  (Pig.  10.1.6). 

Tho  process  of  formation  and  disappearance  of  a  single  cavitation 
bub^.  High-speed  moving  pictures  make  It  possible  to  Investigate  the 
process  of  formation  and  the  behavior  of  a  single  bubble  of  the  funda¬ 
mental  element  of  the  cavitation  process.  Direct  measurements  of  the 
displacement  of  a  bubble  during  Its  motion  along  a  model  render  It 
possible  (Pig.  10.1.7)  to  subdivide  the  whole  period  of  time  the  bub¬ 
ble  exists  Into  the  following  stages:  l)  production  and  growth  to  max¬ 
imum  diameter,  2)  first  dlsappeeu^ance  and  first  recovery  (from  the 
first  disappearance  and  growth  to  the  second  maximum  diameter),  3)  the 
second  disappearance  and  the  second  recovery,  4)  tne  third  emd  some¬ 
times  fourth,  fifth,  and  further  disappearances  and  reappearances,  and 
then  the  final  disappearance. 

To  solve  the  question  what  the  cavitation  bubbles  are  filled  with 
we  notice  that  the  pressure  In  a  bubble  must  be  very  low.  This  follows 
from  the  fact  that  the  zone  wher-^j  cavitation  arises  Is  characterized 
by  a  very  small  pressure  difference.  In  fact,  regarding  the  photo¬ 
graphs  (cf.  Fig.  10.1.5)  of  the  flow  about  a  semi -sphere  for  various 
cavitation  numbers,  from  top  to  bottom,  K  =  0.62,  0.  55,  0.45,  0.40, 
0.31,  we  can  see  that  the  cavitation  zone  is  nonsymmetrlcal;  it  begins 
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above  and  the  zone  of  developing  cavitation  Is  broader  above.  The  on¬ 
ly  difference  In  the  flow  conditions  consists  In  the  hydrostatic  pres¬ 
sure  being  50  mm  water  column  (body  diameter)  lower  above  than  below. 

Pst  “  kg/cm^  (0.28  m  water  column)  this  amounts  to  only  1. 8p. 

The  sensitivity  to  suon  an  insj-gniricant.  pressure  change  pi-oves  that 
the  pressure  Inside  the  bubble  must  be  Insignificant  as  well,  namely 
of  the  order  of  the  saturated  vapor  pressure  at  this  temperature.  Fur¬ 
thermore,  a  comparison  of  two  neighboring  frames  shows  that  a  slight 
change  In  pressure  in  the  flow  leads  to  a  considerable  chang  In  tlie 
gree  of  cavitation. 

Observations  show  that  the  bubbles  can  be  assumed  to  be  spherical 
and  therefore  the  forces  and  velocities  to  be  directed  radially.  Let 
us  consider  a  certain  fluid  particle  near  the  leading  edge  of  the  body. 
Since  the  pressure  at  the  leading  edge  Is  higher  than  the  static  pres¬ 
sure  of  the  undisturbed  flovj,  the  particle,  which  is  moving  along  a 
streamline,  receives  centrifugal  acceleration.  As  the  pressure  drops 
at  the  body  surface  (cf.  Fig.  10,1.6)  the  acceleration  decreases  ind 
at  the  point  where  the  pressure  is  equal  to  the  pressure  of  the  und J .  - 
turbed  flow  (point  A)  the  accelei*ation  becomes  zero.  The  further  iuc- 
tlon  of  the  particle  must  occur  along  a  straight  lino  that  is  a  tan¬ 
gent  to  the  body  at  this  point.  But  a  further  pressure  drop  at  tiv.' 
surface  presses  the  particle  towards  the  body  surface.  The  maxJr.ui; 
pressure  difference  is  reached  at  the  point  whore  the  pressure  at  taio 
body  surface  becomes  equal  to  the  satr ’ated  vapor  pressure.  A  bubble 
tliat  separates  from  the  body  surface  foi'ms  hero. 

The  bubble  formed  first  expands,  regardless  of  the  fact,  tn..'  the 
’Arc  -s  of  surface  tension  tend  to  reduce  its  volume.  Then,  under  the 
l.i.''luonce  of  the  pressure  Increase,  beginning  at  point  C,  the  dlmcn- 
.  of  the  bubble  di  ilntsh  until  it  disappears  completely.  The  bub- 
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Pig.  10.1.6.  Pressure  distribution  on  a  body  of  revolution  before  and 
aner  the  appearance  of  cavitation.  1)  Body  of  revolution  under  Inves- 

3) 


2)  pressure  distribution;  3)  radius;  4)  bubble'radlua  in'nm; 
5)  bubble  volume  In  mm-i  6)  Vdel-ftunnel)  7)  volume,-  8)  ' 

pressure  distribution  at  the  beginning  of  cavitation;  9)  pressure  dis¬ 
tribution  before  the  beginning  of  cavitation. 


ble  then  reappears  and  vanishes  again;  this  process  Is  repeated  two  to 
three  times. 

In  answering  the  question  what  there  Is  Inside  In  the  bubble  we 
make  some  estimates.  Let  us  assume  that  a  bubble  of  radius  R  contains 
air  which  Is  given  off  by  a  layer  of  thickness  6R  around  the  bubble 
(Plg.  10.1.8).  Let  us  suppose  that  the  amount  of  air  dissolved  at  at¬ 
mospheric  pressure  and  room  temperature  Is  equal  to  2J^. 


Then,  denoting  by  the  pressure  Inside  the  bubble,  we  can  write 


the  equation 


*  3 


(10. 1.4) 
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whence 


« 


I 


I 


^^-0.06 


tR 
R  ■ 


Assuming  that  the  diffusion  rate 
of  air  In  water  amounts  to  10  to  20 
mm/sec,  we  find  that  after  a  time  of 
0.002  sec  the  thickness  obtained  Is 
6R  =  0-03  nim.  For  a  bubble  diameter  of 

3  mm  we  obtain  an  inside  pressure  of 

0  03 

Pa  -0,06—  -o.oooeatm. 

3 

This  pressure  is  much  smaller 


Pig.  10. 1.  7*  Bubble  dimen¬ 
sions  as  a  function  of  time. 
1)  Bubble  volume  In  mm3;  2) 
bubble  radius  in  mm;  3)  ra¬ 
dius;  k)  volume;  5)  time, 

10”^  sec. 


than  the  pressure  of  the  surrounding 
fluid  because  the  assumption  that  the 
bubble  should  contain  only  air  Is 
highly  Improbable. 

The  second  limiting  assumption  In 

consideriri;;  the  bubble  as  being  filled  with  vapor  at  a  pressure  equa] 
to  the  saturation  pressure;  this  is  something  that  can  be  directly 
verified  by  measuring  the  pressure  In  sufficiently  large  bubbles.  Tr 
expansion  of  the  bubbles  obviously  occurs  at  the  expense  of  evapora*  ~ 
ing  of  fluid  surrounding  the  bubble.  In  the  absence  of  heat  sourc-';  wo 
must  assume  that  the  heat  necessary  for  evaporation  Is  obtained  f:rn; 


the  surrounding  fluid. 

Let  us  assume  that  the  thickness  of  the  fluid  layer  that  evj  v- 
rates  Into  the  bubble  is  equal  to  6Rp  and  let  the  heat  needed  in  Mils 
process  be  obtained  at  the  expense-  of  a  cooling  of  the  lay-r  oR^  from 
‘  he  temperature  T^j^  of  the  fluid  stream  to  the  temperature  of  the 
var  sr  formed  and  of  the  liquid  shell  adjacent  to  the  bubble  (cf.  Fig. 
h  . .  «,b).  If  we  dencte  by  the  specific  weight  of  the  vapor  and  by 
tiic  specific  woig;i  o  '  the  fluid,  then  the  mass  conservation  law 
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tatlon  bubble 
(schematic). 


leads  to  the  relation 

i5s  *■ 

*  “  Si-  “  3i^  • 

Where  denote  the  specific  volumes 

of  fluid  and  vapor,  respectively.  In  order  to 
determine  the  thickness  of  the  cooled  layer,  we 
make  use  of  the  energy  eouatlon 

Where  c^y^  Is  the  specific  heat  of  the  fluid  and 
Op  the  specific  heat  of  evaporation.  Prom  the 
latter  equation  we  obtain 

(10.1.5) 


At  room  temperature  (20®C)  we  have 


••-57,1  mVkg 

If  we  assume  the  bubble  radius  to  be  R  -  3»  8  mm,  this  gives  us 
the  thickness  of  the  evaporating  layer  as»i»,»-^ .  y « 

Under  the  same  conditions  we  obtain  for  water 


kcal/ks-®CO.“59()kcal/kg 

Assuming  the  temperature  drop  to  be  T  -  T 

zh  p 


10* 


Wt « Ift, 


so. 


>2.2-10 


-1  2-8W 


-2.6.10-*. 


we  obtain 


Thus  we  obtain  the  following  dimensions:  diameter  of  the  layer 

giving  off  the  air:  3-10"^  mm,  thickness  of  the  liquid  layer  evaporat- 

-5 

Ing;  2.2*10  mm,  thickness  of  the  layer  delivering  heat:  2.6*10”^  mm; 
if  we  Imagine  a  layer  two  meters  In  diameter,  then  the  thickness  of 
the  layer  giving  off  air  would  be  16  mm,  the  thickness  of  the  liquid 
layer  evaporating  would  amount  to  1.2*10”^  mm  and  the  layer  cooled 
down  would  be  1.2  mm  thick.  Comparing  these  values  It  becomes  clear 
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that  the  evaporation  of  the  liquid  layer  Is  a  very  natural  pi'occss. 
This  does  not,  however,  exclude  the  diffusion  of  air,  and  In  all  pro¬ 
bability  a  cavitation  bubble  Is  filled  with  an  alr-vapor  mixture  at 
saturated  vapor  presnure. 

The  collapse  of  a  bubble.  After  a  bubble,  continually  Increasing 
In  size,  has  reached  the  volume  C  (cf.  Fig,  10.1.6)  where  the  pressure 
at  the  body  surface  begins  to  rise.  It  starts  growing  smaller.  At  the 
first  Instant  of  the  collapse  the  temperatui'e  of  the  alr-vapor  mlxtux’e 
In  Its  Interior  Is  lower  than  the  temperature  of  the  sui’roundlng  liq¬ 
uid. 

Owing  to  the  compression  suffered  by  the  bubble  on  being  reduced 
in  size,  the  temperature  of  the  alr-vapor  mixture  contained  In  It 
rises  because  of  both  the  compression  work  of  the  mixture  and  the  heat 
of  condensation  of  the  vapor.  The  temperature  gradient  therefore 
changes  its  sign. 

The  graph  In  Pig.  10. 1,  7  shows  the  bubble  size  as  a  function  of 
time;  we  can  see  that  the  collapse  time  Is  much  shorter  than  the  ex¬ 
pansion  time,  and  that  the  rate  of  collapse  Increases  as  the  bubble 
size  decreases.  In  accordance  with  this  the  condensation  rate  grows 
too.  The  reappearance,  of  the  bubble  Indicates  that  the  kinetic  energy 
of  the  fluid  moving  towards  the  center  is  converted  to  potential  orrer- 
gy  of  compression  of  the  same  fluid  and,  very  probably,  partly  Ii.'.o 
compression  energy  of  the  gas  and  noncondensed  vapor. 

The  process  of  periodical  appearance  and  disappearance  of  the 
nubble  Is  damped  because  of  frictional  losses  and  heat  uransfer.  Usu- 
-lly  a  bubble  reappears  ^  to  5  times,  then  vanishes  for  good,  x* 
saourd  be  remarked  that  a  considerable  part  of  the  fluid's  kinetic  en- 
.rrv  Is  transferred  to  the  body  at  the  surface  of  which  the  cavitation 
■ir..  and  becomes  api  'ii'er. .  there  as  noise,  vibration  and  erosion. 
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Cavitation  deunage.  We  must  begin  by  pointing  out  that  damaige  Is 
alweiys  observed  at  the  beginning  of  the  region  of  pressure  rise,  l.e. , 
In  regions  of  bubble  collapse  (Pig.  10.1.9). 


Pig.  10. 1. 9.  Zone  of 
cavltatlonal  disturb¬ 
ance  with  recompres- 
8 Ion.  1)  Pressure  In 
the  flow;  2)  zone  of 
cavltatlonal  disturb¬ 
ance. 


In  order  to  estimate  the  amount  of  pres¬ 
sure  arising  as  a  cavitation  bubble  fills,  we 
may  consider  the  simplest  mechanism  of  fill¬ 
ing  an  empty  void  of  radius  Rq  up  to  a  given 
radius  r^  (Fig.  10. 1. lO). 

To  simplify  the  calculations  we  assume 
that  the  disturbances  are  propagated  linearly. 
Let  5R  be  the  width  of  the  disturbance  range 
and  T  the  time  during  which  the  density  rises 
from  the  gas  density  (virtually  zero)  to  a 
certain  value  Pj^  (which  corresponds  to  a 
pressure  rise  up  to  Pj^),  If  a  Is  the  propaga¬ 
tion  rate  of  the  disturbance,  then  t  ■  6R/a. 
The  fluid  mass  Increment  In  the  disturbance 


zone  during  the  time  6t  («  t)  will  be 


this  mass  Increase  occurs  at  the  expense  of  fluid  streaming  Into  the 
disturbance  zone,  and  therefore 

-P,)  V— 


where  Is  the  density  of  the  undisturbed  fluid. 

Hence  Pj^a  -  pw. 

The  Increase  In  velocity  from  the  value  "zero”  to  the  value  w  is 

O 

connected  with  the  momentum  change  p  47tR  ARw,  where  P  <  P«  <  P, ,  which 

ID  in  1 

2 

must  be  equal  to  the  Impulse  Pj^AttR  t  of  the  forces.  Putting  them  equal, 
we  obtain  p^  =  *^1  “  final  pressure  during  the 
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collai^e  will  be  =  paw  where  w  is  the  collapse  velocity.  Since  a  = 

*=  (E^  ^)»  where  E  Is  Young's  modulus  (for  water  E  =  20.9.10^  kg/m^) , 

It  should  be  noted  that  the  velocity  w  Is 
found  to  be  of  the  order  of  magnitude  of  sonic 
speed  (for  water  a  ~  1500  m/sec)  and  hence  = 

=  100*1500^  =  2.25*10®  kg/m^.  The  velocity  at 
which  the  fluid  moves  during  the  ''ollapse  does 
In  fact  differ  from  sonic  velocity.  Apart  fi'om 
this  It  should  be  mentioned  that  In  oi-dcr  for  a 
surface  to  be  damaged  It  is  not  at  all  necessary 
that  a  bubble  should  collapse  on  It.  Calcula¬ 
tions  confirm  considerable  pr'essures  arise  In  a 
certain  region  near  a  collapsing  bubble. 

To  show  this,  Rayleigh  considered  an  Infi¬ 
nite  mass  of  homogeneous  fluid  Inside  which  a  spherical  volume  of  ra¬ 
dius  Rq  disappears  suddenly.  The  fluid  being  assumed  to  be  invlscld 
and  Incompressible,  It  Is  necessary  to  determine  the  pressure  atul  vc 
loclty  at  an  arbitrary  point,  assuming  the  pressure  p^  at  Infinity  t^ 
be  constant. 

If  r  and  R  are  the  radii  of  two  spherical  .'surfaces  Inside  and 
outside  the  bubble  where  the  fluid  velocities  are  w  and  V/,  resp-K  '  e- 
ly  (cf.  Fig.  10.1  lO),  then  the  continuity  equation  yields  wr^  ^ . 
The  kinetic  energy  of  the  fluid  at  a  certain  Instant  of  time  that  cor¬ 
responds  to  the  instant  when  the  bubble  radius  Is  Just  equal  to  R, 

must  be  equal  to  the  work  done  by  the  preEc..;'o 
lorcGS^  ±,(p3_/j3)  In  .'-educing  the  bubble  radius  from  the  value  R_  to  H. 
i  Thus 

(10.1.6) 


If 


Pig.  10.  1. 10.  For 
calculating  the 
pressure  during 
the  collapse  of  a 
bubble. 


-  719  - 


(10. 1. 7) 


But  W  ■  dR/dt  and  therefore 


1“  ' 


where 


•  * 


=  0,9ltfli^ 


VI- 


(10.1.8) 


The  total  time  of  collapse  Is  obtained  by  Integrating  from  0  to  1, 
namely 

'(f) 

where  r(x)  Is  the  well-known  gamma  function*. 

The  solution  obtained  leads  to  an  infinitely  large  velocity  as 
R  -*  0.  This  can  be  avoided  If  the  solution  is  Improved  by  taking  the 
compressibility  of  the  alr-vapor  mixture  in  the  bubble  Into  account. 

If  the  compression  Is  assumed  to  be  an  Isothermal  process,  the  work  of 
the  pressure  forces  must  be  diminished  by  the  gas  compression  work 
which  Is  equal  to  where  is  the  Initial  gas  pressure  in 

the  bubble.  Prom  the  equation 


we  find  here 


(10. 1.9) 


The  smallest  bubble  radius  is  determined  :rom  the  condition 

W  =  0.  If  we  write  Rq/R^h  -  <*,  this  results  In 

/■ 

n 


or 


•~l 


Pm 


(10.1.10) 

since  is  a  rather  large  quantity,  a  will  be  very  large  and 
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we  can  therefore  replace  (lO. 1.  lo)  by 


(10.  1. 11) 


Comparison  of  the  calculated  bubble  radius  and  the  cal- 
Shlpf  the  calculated  velocity  with  the  measured 

values.  1}  Radial  collapse  velocity  In  m/sec;  2)  calculation;  3)  ex- 
pertment;  4)  initial  bubble  radius  In  mm;  5)  duration  of  collapse, 
10”^seo. 


The  agreement  of  calculated  and  measured  values  of  the  bubble  ra 

dlus  as  a  function  of  time  Is  sufficiently  good  (Pig.  10. 1.  ll). 

The  pressure  Is  detennlned  from  the  equation  of  motion  assumla’: 

that  the  empty  bubbles  are  spherical  in  shape. and  that  the  velocity 
f 

and  acceleration  are  therefore  both  directed  radially: 


_  9w  I  dp 

«  ^•■ar=~7ir-  (1C.  1.12) 

Prom  the  continuity  equation  we  have  wr^  =  WR^. 


Without  giving  the  calculations  we  can  write  down  the  result: 


Pmn  _  ,  ,  •  —  i  I  /  «  — ^  «—  1  / •  —  1 

/,  3  K  4(«-I)  3  U-V" 

*'+40(,_  1)1.3-  (10.1.13) 

For  R  -»  0  (a)  Is  large  and 
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(10.1.14) 

If  we  substitute  the^^lues  of  W  found  with  Eq.  (10.1.6)  Into  the 
expression  for  -  W  (pE)  Ke  obtain  for  the  momentary  pressure  on  a 
rigid  sphere  of  radius: 


do- 1-15) 

The  following  table  gives  the  values  of  velocity  and  pressure 
calculated  with  (10.1.6),  (IO.I.13)  and  (10.1.14). 


1 

Viio(>U.I.6) 

—  --(noia  1.13) 

-^^no(iai,I4) 

S 

57 

• 

•00 

s 

ISO 

40 

1700 

10 

500 

300 

5500 

30 

1000 

2500 

MSOO 

SO 

4000 

40000 

57000 

1)  According  to. 


The  values  of  the  calculated  and  experimental  collapse  velocities 
are  shown  In  Pig.  10. 1. 11.  The  divergences  observed  car  be  explained 
by  the  fact  that  the  calculations  did  not  take  the  compressibility  In¬ 
to  account,  which  results  In  a  shortening  of  the  time  and  In  an  In¬ 
crease  In  velocity. 

Ijjfluence  of  surface  tension  and  viscosity.  The  forces  of  surface 
tension  exert  a  considerable  Influence  on  the  process  of  bubble  col¬ 
lapse. 


Taking  the  tension  forces  on  the  basis -of  [10. 1. 3]  Into  account 
leads  to  the  following  relatlonr.  For  bubbles  filled  with  vapor  at  a 
pressure  p^,  the  hydrostatic  pressure  of  the  surrounding  fluid  being 
PO 


H 


i 
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We  see  from  this  formula  that  the  collapse  may  occur  without  con¬ 
siderable  changes  In  the  external  fluid  pressure,  only  under  the  In¬ 
fluence  of  the  surface  tension  forces,  where  Pq  =  p^  and 

If  the  bubbles  are  assumed  to  be  filled  with  air  at  a  pressure  p^ 

then 


The  pressures  calculated  theoretically  are  too  high,  which  raises 
the  question  why  the  cavltatlonal  destruction  does  not  process  much 
faster  in  reality.  This  may  perhaps  be  explained  by  the  fact  that  the 
latent  heat  of  condensation  which  Is  set  free  on  the  process  of  bubble 


collapse  reduces  the  shock  pressure.  Moreover,  the  viscosity  of  the 
fluid  should  be  taken  into  account. 


Fig.  10.1.1?.  Profile  characteris¬ 
tic  according  to  data  obtained  by 
testing  it  In  water  and  air.  l) 
Water;  2)  air. 


Cavitation  on  hydrodynamic  profiles.  Going  over  to  the  problem  of 
the  behavior  of  a  wing  profile  under  calvltatlon  conditions  we  should 
fi:  i'-  of  all  point  ou:  that  there  arc  very  few  experimental  studies  In 


this  field.  This  Is  mainly  due  to  t!ie  difficulties  arising  in  perform¬ 
ing  experiments  on  effects  which  last  thousandths  or  tenthousandths  of 
a  second.  Under  the  conditions  of  developing  cavitation  the  flow  be¬ 
comes  unsteady  and  the  forces  acting  on  the  model  are  subject  to  very 
Intense  fluctuations.  The  experimental  conditions  are  still  more  com¬ 
plicated  when  a  profile  In  a  lattice  Is  under  Investigation. 


Pig.  10.1.13.  Calculation  of  cavitation  accord- 
li^  to  a  profile  characteristic  obtained  In  a 
wind  tunnel  test*  1)  Cavitation  on  the  lower 
surface^  2)  calculated  from  the  pressure  dlstrl* 
button  obtained  in  a  wind  tunnel  test;  3)  cavl* 
tatlon  on  the  upper  surface* 


Prom  the  point  of  view  of  hydrodynamics,  the  flow  and  the  condi¬ 
tions  of  a  fluid  flow  about  the  body  before  cavitation  sets  in  are 
equivalent  to  the  flow  about  the  same  body  of  a  gas  at  small  Mach 
numbers  M  (M  =  w/a,  where  w  is  the  flow  velocity  and  a  the  velocity  of 
sound).  The  availability  of  much  experimental  material  from  wind  tun¬ 
nel  tests  on  various  profiles  and  the  great  simplicity  of  such  tests 
renders  extremely  important  the  problem  of  determining  the  beginning 
of  the  cavitation  on  a  profile  in  a  liquid  from  data  obtained  on  test¬ 
ing  this  profile  in  air. 

The  profile  characteristics  Cy  and  as  functions  of  the  angle 
of  attack  obtained  In  tests  in  water  under  conditions  that  exclude  the 
possibility  of  cavitation,  at  Re  -  2.87-lo5  and  T.S-IO^,  and  in  air  at 
Re  *=  3. 31- 10^  and  6.  38*  10^  are  shown  in  Pig.  lo.  1. 12.  The  main  data 


# 


# 
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obtained  In  the  tests  are  jtiven  '.n  n  table  (sec  belov;). 

The  values  of  the  parametei’  ,  at  which  cavitation  sets  in 

2 

are  shown  as  functions  of  the  angle  of  attack  in  Pig.  10. 1.  13.  The 
values  of  the  cavitation  number  detei’mlned  fi’om  the  p:-essure  dis¬ 
tribution  curve  obtained  in  a  wind  tunnel  test  are  plotted  on  the  sa::;e 

graph ; 


_ Pet  —  Pmlt 

3 


Cp«u 

1 

Re= - 

Vroj 

KM  Nyjii 

doa^cuhoA 

CRtU 

5- 

Hikjsb 

KPHBOA 

DOj-kenHoA 

ouu  no  • 
dCf 

<»«o  5 

•  1 

Cm  Ml 

c«, 

B03JJS 

3.31  IQS 

34.35 

0.094 

».27 

0,011 

-0.096 

2 

6,38- I0> 

-4.35 

0.094 

>.36 

0.013 

“0.094 

3,«7]0’ 

-*3.95 

0.098 

1.36 

0.014 

-0,102 

Boia 

5.63- 10> 

— ».05 

0.102 

1.39 

0.013 

-0,101 

Q 

7.30- lOi 

-4.15 

0.104 

— 

O.OIOS 

-0,102 

j 

9,03- iC* 

-4.35 

0.106 

— 

0.011 

-0.101 

T«0pNI 

-4.58 

0.120 

_ 

-0.137 

4 

l)  Medium;  2)  air;  3)  water:  h)  theory;  5)  zero 
lift  angle  of  attack,  a^;  6;  slope  of  lifting 

line  with  respect  to  a. 


As  can  be  seen,  the  agreement  is  quite  good  for  angles  of  attr  k 
between  -2  and  +8°. 

It  should  be  noticed  that  cavitatlonal  erosion  occurs  In  the  Ini¬ 
tial  stage  of  cavitation,  l.e,,  when  the  Individual  bubbles  collapse 
■.ear  or  at  the  body  sui’facc.  In  the  further  stages,  the  bubbles  •'ol- 
.apse  sufficiently  far  from  the  body  not  to  destroy  its  surface. 
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10.2.  ATOMIZATION  OP  A  FLUID 

Atomization  denotes  the  disintegration  of  a  fluid  Jet  into  very 
fir.e  particles.  The  degree  of  atomization  plays  an  Important  part  in 
bringing  about  the  combustion  process. 

Disintegration  of  a  Jet.  This  is  caused  by  the  action  of  aerody¬ 
namic  forces  which  are  external  with  respect  to  the  Jet,  and  Internal 
forces  which  are  connected  with  the  turbulence  of  the  flow. 

Let  us  consider  a  fluid  Jet  at  low  discharge  velocity  (Pig. 

10. 2.1, a).  Under  the  action  of  the  surface  tension  forces  arising  at 
the  nozzle  exit,  oscillations  arise  in  the  Jet  which  thus  loses  stabi¬ 
lity  and  disintegrates  into  drops  (cf.  Pig.  10.2.  l,b).  As  the  dis¬ 
charge  velocity  increases,  the  Jet  becomes  curved  and  the  pulsations 
causing  its  disintegration  into  large  drops  Increase.  Then,  under  the 
Influence  of  the  aerodynamic  forces,  these  drops  are  split  up  into 
finer  ones  —  this  being  the  secondary  disintegration  (B’ig.  10.2.2). 

When  the  discharge  velocity  is  raised  further,  then,  under  the 
action  of  the  aerodynamic  drag  orces  of  the  medium  into  which  the 
fluid  to  be  sprayed  is  injected,  it  assumes  the  form  of  a  torch  right 
behind  the  nozzle  exit  (Pig.  10. 2. 3);  we  notice  a  central  zone  (the 
core)  I,  containing  the  large  drops,  and  a  zone  II  which  consists  of 
fine  drops  and  thin  filaments  which  easily  disintegrate  into  droplets. 
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Pig.  10.2.1.  Schematic  representation  of  the  disintecration  of  a  '  ' 
a)  Drop  formation  without  Jet;  b)  the  Jet  disintegrator,  into  dron-  r 
a  consequence  of  oscillations  caused  by  initial  disturbances  In  Ih- 
nozzle;  the  aerodynamic  forces  enhance  the  amplitudes  of  the  osellla- 
tiunsj  c)  the  Jet  disintegrates  under  the  influence  of  wavelike 
lations;  d)  at  large  discharge  velocities  the  fluid  disintegrates 
once  into  fine  droplets  -  the  spray  torch  is  formed,  l)  Dlrecticr,  ■ 
Jet;  2) aerodynamic  force. 


The  spraying  angle  ot  Increases  with  Increasing  discharge  velocity. 

We  may  observe  four  characteristic  forms  of  Jet  dlsln* ‘•'gratlon. 

At  relatively  small  discharge  velocities  of  the  liquid  into  the 
surrounding  medium  the  Jet  disintegrates  mainly  under  the  Influence  of 
a  static  instability  caused  by  the  surface  tension  forces.  In  practice 
'  .  ■,  aerodynamic  drag  fcccs  of  the  medium  have  no  Influence  on  the 
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Pig.  10.2.2.  Destruction  of  drops  by  the 
air  stream.  Scheme  of  drop:  the  drop  Is 
flattened  to  a  disc  with  round  edges  (a) 
and  then  elongated  to  a  cylinder  with 
spherical  ends  (b). 

f 

disintegration  of  the  Jet.  The  Jet  remains  continuous  if  the  ratio  of 
wavelength  J  to  Jet  diameter  D  does  not  exceed  a  certain  value.  Ac¬ 
cording  to  Rayleigh,  the  Jet  disintegrates  into  drops  ‘if 


(10.2.1) 

Here  m.  Is  the  absolute  viscosity  (g-sec/cm^);  p  is  the  mass  density 
(g-sec  /cm  0  is  the  surface  tension  (g/cm). 

For  this  mode  of  disintegrecion  it  is  characteristic  that  the 
drop  dimensions  do  not  change  after  the  disintegration  of  the  Jet  and 
there  is  no  secondary  break  up.  The  drops  formed  keep  the  direction  of 
motion  of  the  Jet  and  perform  oscillations;  at  times  they  thicken,  at 
times  they  flatten  (cf.  Pig.  10. 2.1, a).  By  virtue  of  the  large  inter- 
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Pig.  10. 2. 3*  Structure  of  a  fluid  spray 
torch  consisting  of  the  core  I  contain¬ 
ing  the  large  drops,  and  of  the  zone  II 
containing  small  droplets  and  fine  fil¬ 
aments.  1)  Core. 

nal  friction  the  oscillations  of  the  drops  of  a  vlscuous  fluid  are 
strongly  damped.  It  should  be  kept  In  mind  that  the  quality  of  treat¬ 
ment  of  the  working  nozzle  surface  has  a  great  Influence  on  the  length 
of  the  continuous  part  of  the  Jet  and  on  the  Instant  at  which  disinte¬ 
gration  sets  in. 

As  the  discharge  velocity  Increases  the  aerodynamic  forces  begin 
to  act,  giving  rise  to  the  second  mode  of  disintegration.  The  action 
of  the  aerodynamic  forces  Is  shown  schematically  In  Fig.  10. 2.1, b. 

The  third  mode  of  disintegration  is  observed  at  still  higher  v:.- 
loclties  -  the  fluid  Jet  begins  to  perform  wavelike  oscillations  wh’rh 
lead  to  disintegration  (cf.  Fig.  10. 2.1, c). 

The  fourth  mode  of  disintegration  —  atomization  -  occurs  wh<  r:  :,he 
discharge  velocity  Is  raised  further  (above  100  m/sec  for  keros'.M  }. 
The  disintegration  of  the  fluid  Jet  begins  at  the  nozzle  exit  It,  ^If 
(cf.  Fig.  10.2.  l,d). 

The  pressure  of  the  medium  into  which  the  discharge  fccur's  has  a 
great  Influence 'on  the  process  of  atomlzatlonj  the  higher  it  Is,  the 
moi  t  Intense  Is  the  disintegration. 

Figure  10.2.4  illustrate.;,  the  limits  of  discharge  velocities  as 
pendent  on  the  cour.  Vi-j:  ecsui'o  for  one  grade  of  fuel. 
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The  second,  third  and  fourth  modes  of 
disintegration  of  the  Jet  are  connected 
with  the  secondai’y  break  up,  i.  e. ,  under 
the  action  of  the  aerodynamic  forces  the 
drops  formed  are  broken  up  into  finer 
droplets. 

The  final  drop  dimensions  when  a  flu¬ 
id  is  atomized  under  the  action  of  the 
aerodynamic  forces  are  virtually  independ¬ 
ent  of  the  conditions  of  primary  disinte- 


Fig.  10.2.4.  The  limits 
of  the  various  modes  of 
disintegration.  The  cal¬ 
culated  curves  are  ob¬ 
tained  with  the  equation 

”  “  ”l  Pi/f**  coun¬ 
terpressure  being  pj^;  p 
and  are  the  corre¬ 
sponding  air  densities; 

X  =  2  for  Curve  1,  x  =  3 
for  Curve  2  and  x  =  2. 7 
for  Curve  3.  l)  Experi¬ 
mental  data  for  w,  cal¬ 
culated  data;  2)  zone  of 
atomlzatior;  3)  zone  of 
formation  of  wavy  sur¬ 
face;  4)  zone  of  disin¬ 
tegration;  5)  m/sec;  6) 
atm. 


gratlon  and  are  determined  by  the  condi¬ 
tions  of  the  secondary  break  up,  namely 
the  relative  velocity,  the  density  of  the 
surrounding  medium  and  the  physical  pro¬ 
perties  of  the  fluid. 

The  similarity  criteria.  Owing  to  the 
complexity  of  the  effect  of  fluid  atomiza¬ 
tion  we  must  resort  to  investigating  it 
experimentally,  making  use  of  the  theory 
of  similarity.  When  the  characteristic  di¬ 
mension  is  denoted  by  _1,  the  forces  par¬ 


ticipating  in  the  effect  will  be  the  aero- 
dynamic  force,  of  the  fluid,  and  of  the  gae,  -Pg.|l2,  the 

viscous  forces,  -uw!,  and  the  surface  tension  forces,  „ai.  Therefore, 
apart  from  the  Reynolds  criteria  csfa/.  ±Ed  ,  one  of  the  similarity  crl- 
terla  will  be  the  number  determining  the  order  of  magnitude  of  the 
surface  tension  forces  relative,  for  example,  to  the  aerodynamic 
forces.  We  =  The  Influence  of  the  aerodynamic  forces  (air) 

can  be  taken  into  account  by  the  ratio  the  dimensionless  com- 
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2 

binatlon  m-  /opl  entering  Raylci,  'l.  Fornula  (10.2.1)  may  be  le.-ardod 
as  a  similarity  criterion,  equal  to  l/(Re^/We)  =  u^/opl. 

Thus,  for  example,  if  we  denote  by  d  the  moan  Jot  diameter,  then 

(10.2.2) 


A  h.\ 

I  \»,«r5|  ’  •f/  *  f„r 


At  large  Re  numbers  the  Influence  of  the  viscous  forces  Is  small, 
in  the  same  way  that  at  largo  ratios  the  Influence  of  this  ra¬ 

tio  is  small  and  the  disintegration  process  is  described  by  the  sim¬ 
plified  relation 

The  maximum  drop  diameter.  It  is  determined  from  the  supposition 
(10.2.4]  that  the  product  of  the  function  of  the  determining  criterJa 
(where  the  characteristic  diameter  is  1  =  D  )  is  a  constant  quantity 


:  COOSt. 


(10.2.4) 


Experiment  shows  that  -  l/w'^.  Hence,  supposing  that  the 

function  is  the  first  power  of  the  argument,  we  can  put  Z^  =  cr/p  ,j  - 

According  to  Rayleigh,  the  ratio  of  the  drop  diameters  on  the 
disintegration  of  Jets  of  invlscld  and  viscous  fluids  of  equal 
is 


If  we  further  take  into  account  that  D 


max 


0  if  a 


(IQ.  2.  5) 

0  and  D 


max 


>  0  If  p 


■zh'*  then  we  rail  take  for  a  relation  of  the  Torn. 


As  has  already  been  shown,  tlio  Influence  of  the  ratio  p  /p  .  is 
. i  and  if  we  take  account  that  ^zh  >  0  If  Pg  -  o',  then,  with 
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•  1  -  <*2  Pg/ Pzh*  obtain  the  equation  for  determining 

I 


(10.2.6) 


Evaluation  of  experimental  results  yields  the  values  of  the  con¬ 
stants 


K-4.S  W-‘.  .,  =  10*.  -J-OA  (10.2.7) 

The  drop  size  can  also  be  estimated  under  the  assumption  that  the 
break-up  of  large  drops  sets  In  when  the  drag  becomes  equal  to  the 
surface  tension 


whence 


Figure  10.2.3  shows  the  function  =  f(Re)  for  a  sphere.  Experi¬ 
ments  [10.2.1]  show  that  A  =  5«6  for  the  upper  limit  of  stability 
(break-up  of  10C>5  of  the  drops)  and  A  =4.0  for  the  lower  limit 
(break-up  of  lOjJ  of  the  drops). 

Figure  10.2.2  depicts  various  forms  of  deformation  of  a  spherical 
drop.  The  drop  is  either  flattened  to  a  disc  or  extended  to  a  cylinder. 
The  second  variant  Is  more  probable  since  the  cylindrical  form  Is  less 
sensitive  to  disturbances  In  symmetry.  The  fluid's  viscosity  obviously 
does  not  Influence  the  mode  of  deformation  of  a  drop. 

When  the  surface  tension  Is  low  and  the  drop  dimensions  large, 
the  deformation  at  Individual  points  of  the  drop  surface  will  be  pro¬ 
portional  to  the  aerodynamic  pressure  which  (Pig.  10.2.6)  causes  Its 
deformation  and,  together  with  this,  changes  the  pressure  dlstrlbu- 
tlonc  A  drop  which  Is  deformed  assumes  the  shape  of  a  thln-walled  cu¬ 
pola  which  Is  rapidly  destroyed  (eg.  Pig.  10.2.2). 

Size  distribution  of  the  drops.  The  size  distribution  of  the 
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Fig.  10.2.5.  Drag  coefficient  =  l'(Ro) 

for  a  ball,  l)  Theoretical  formula  of 
Stokes;  2)  theoretical  formula  of  Ozeyen. 

drops  can  be  investigated  by  means  of  statistical  methods  [10.  2  JO. 
For  this  purpose  we  suppose  that  all  the  fluid  disintegrates  into  N 
molecules,  each  of  the  volume  V,  which.  Joined  to  a  drop,  are  distri¬ 
buted  over  k-cells  in  such  a  way  that  In  the  cell  1  of  volume  th^i'  ■ 
are  molecules  which  form  a  drop  whose  diameter  lies  between  ni  1 
+  dD.  The  distribution  of  molecules  will  bo  the  same  if  they  all 
exchange  their  positions;  the  number  of  permutations  is  N.'  Takin,-,  - 
to  account  that  this  numbei*  includes  the  combinations  in  which  'hi' 
molecular  positions  in  one  and  the  sa;nn  cell  are  exchanged  (and  In'r 
gives  no  new  possibilities),  we  obtain  the  number  of  possible  w.;  •  of 
achieving  a  given  distribution  in  the  form 


m 


According  to  the  theorem  of  multiplying  the  probabilities  of  In¬ 
dependent  events  the  probability  of  this  distribution  will  be 

’  (10.2.10) 
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Applying  Stirling's  formula  in  N!  -  N 
In  N  and  going  over  to  the  logarithm  of  the 
probability,  we  obtain 

(10.2. 11) 

Let  us  determine  the  most  probable 
distribution,  which  corresponds  to  the  maxl« 
mum  of  this  function,  taking  into  account 

Pig.  10.2.6.  Pressure 

diaeram  for  flow  about  that  the  total  volume  of  the  fluid  and  the 
a  sphere. 

total  surface  of  the  drop  during  the  ex¬ 
change  process,  where  V  =  «=  const  are  Independent  of  the  distribu¬ 

tion  and  must  be  constant 


V- Jvi.ecM.  (10.2.12) 

where  is  the  surface  of  a  cell  of  unit  volume  =  l).  Let  us  In¬ 
troduce  the  function  gQ  of  the  fluid  volume  density  in  the  cell  volume 

ti^ynQk 

Then,  denoting  by  v  the  volume  of  one  molecule,  we  obtain 

9  9  *md  9  9 

on  condition  that  «  (10.2.13) 

2  Vi  =  V  .  .Q, .  cosil  (•);  ^AiiiQi  *  cowl  ^ 

Putting  the  first  variation  of  this  equation  equal  to  Condition 
(10.2.13)  and  equating  it  to  zero,  we  obtain 

i.jf- 

+  where  a  and  p  are  constants. 


The  variation  of  g^  in  the  k-th  cell  is  equivalent  to  all  varia¬ 
tions  of  gj^  except  that  where  1  «  k,  which  is  zero,  and  yields  the 


equation 
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for  V  *=  1,  returning  to  the  subscript  i 


and  finally 


I  +  •  4-  =  0 


ft- 


J»  -  “M. 

Qi* 


(10.2. 14) 


The  function  obtained  shows  how  the  molecules  are  distributed 
In  the  cell  Q^. 

The  molecules  found  In  the  1-th  cell  must  form  spheres  of 
the  diameter  D^,  which  gives  the  equation 

hf.  (10.2.15) 

where  hj^  =  Is  the  frequency  function  for  the  number  of  drops, 

which  Is  analogous  to  the  function  g^.  Comparing  (10.2.14)  and 
(10.2,15)  and  solving  with  respect  to  h^,  we  obtain 

(10.2.16) 

The  total  number  of  drops  within  the  limits  0  <  D  <  D  will  be 

—  —  max 

(10.2.17) 

Normalizing  Eq.  (10.2.16)  ••  tain 

JL 

■  (10.2.;!) 

In  order  to  determine  the  surface  area  of  a  cell  of  unit  volume 


we  write 


(10.2. 19) 


On  transition  from  cell  to  cell  there  are  three  possibilities  - 
:he  volume,  surface  area  or  diameter  of  the  drop  may  increase  by  a 
constant  amount;  experience  shows  that  It  Is  the  dlajneter  Increase 
which  takes  place,  l.e.  ,  ^  6D.  Therefore,  replacing  dQ^  by  dD  and 

talr.irig  Into  account  tnat  =  6/Dj^,  we  obtain  the  frequency  curve  for 
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the  number  of  drops 


or,  assuming 


(10.2.20) 


(10. 2.21) 


This  equation  contains  only  one  constant  which  has  to  be  deter • 
mined  by  experiment.  Figure  10.2.7  Is  a  graphical  representation  of 
thin  function  for  «  0.35. 


The  dro^  trajectory.  It  Is  most  simply  calculated  In  a  coordinate 
system  moving  along  with  the  air  stream  [10.2.2]. 

Let  us  write  the  equation  of  motion,  neglecting  gravity  and  tak¬ 
ing  the  x-axls  as  coincident  with  the  velocity  w^  of  the  surrounding 
flow  (Pig.  10.2.8): 


S  A  ' 

-  =  co$«.  (10.2.22) 

where  m  la  the  drop  naaa  and  R  =  c  la  the  drag  of  the  drop. 

Which  Is  directed  oppositely  to  the  velocity. 

For  a  spherical  drop  at  large  Re  numbers  the  coefficient  C  de¬ 
pends  slightly  on  Re  (cf.  Pig.  10.2.5)  and  can  be  regarded  as  con¬ 
stant;  here 

3  c  », 

4  O,.  CO.,’  rfi"  4 


Writing  /—  ^  -^,£,V(e  obtain  a  simple  form  of  the  equation  of  mo-' 

tlon 

/CO.,’  M  /.IB,*  (10.2.23) 


The  solution  of  this  set  will  be 


where  u^,  are  the  velocity  con.j;  lents  of  the  drop  at  the  spray.-r 


H 

n 

“I 


1 

r 

\ 

_ 

outlet.  A  second  Inte, ^ration  and  transJ’.  !  .'  to 
a  fixed  c^crJlnate  system  yields  the  patli  •  f 
motion  in  parametric  form 


0  0,2  D.<-  0.t  0,1  1,0 

*“^/0max 


Fig.  10.2.7.  Fre¬ 
quency  curve  (di¬ 
mensionless)  of 
the  number  of  drops 
for  P  =  0.  35.  1) 
Frequency  of  number 


x>=/co$aIn A  +  t= 

\  /cota  /  * 

■=/co$aInJl 

y«/$ln«ln^l  +^^/j==/slnal„  . 


(10.2.  25) 


of  drops  dn/n^. 


where 

«=]/ ■(«»+»»)*+«»  ;  «,+o,,=„cp  ;  fl,=«sln.. 

Let  us  call  the  region  where  the  x-compo- 
nent  of  the  velocity  of  the  drop  Is  equal  to 
zero  In  the  moving  coordinate  system  the  annular  zone.  In  a  coordlnat.' 
aystem  moving  along  with  Lhe  flow,  w^  =  w^  for  the  annular  zone.  The 
time  of  flight  along  it  Is  according  to  (10.2.24) 

\  /  «X  +  «  r*  '  ' 

The  dimensions  of  the  annular  zone  arc  obtained  aftci*  oubstl’.u 
Ing  (10.2.26)  Into  (l0.2.25)j 

Th  effective  spraying  angle  Is 


ctg-^=4' 

2 


(!■ 


W  \ 
; 


Centrifugal  atomizers  (Fig.  10.2.9).  Centrifugal  atomizers  a- 
widely  used  at  present;  they  are  characterized  by  tangent,  t  sup’ly  of 
do  fluid  to  the  lateral  surface  of  a  cylindrical  chajriber  and  su. 
qu  at  motion  of  the  fluid  along  a  convergent  spiral.  The  cylindrical 
of  the  chamber  tapers  smoothly  on  one  side  to  the  dimensions  of  the 
.et  no,.zlo  ai'sang'  v:  it  :ie  cen'e:'.  The  fluid  passing  through  the 
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Pig.  10. 2.  8.  For  determining  the 
trajectory  of  a  drop. 

atomizer  therefore  executes  rotational  motion.  When  the  fluid  leaves 
the  nozzle  it  flies  off  along  straight  radii.  The  angle  of  the  spray 
lines  is  determined  by  the  ratio 

***“‘2'*  (10.2.29) 

Neglecting  gravitational  forces,  we  can  write  the  momentum  con¬ 
servation  Jaw  au 

^  10. 2.  30) 

whore  Wyj^  is  the  velocity  at  the  sprayer  Inlet,  at  the  radius  R,  and 
w^  Is  the  tangential  component  at  the  radius  r  of  the  sprayer  exit. 


Pig.  10.2.9.  Centrifugal  atomizer: 
Schematic  diagram  (a)  and  plan  of 
an  experimental  centrifugal  atom¬ 
izer  (b). 


The  outlet  pressure  Is  given  according  to  the  Bernoulli  equation 


which,  since  w  -*  »  and  p  -» 


-coniiy  (10.2.31) 

as  r-*  0,  is  Impossible.  In  fact,  as 
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>mOD 


the  distance  to  the  axis  decr'cao  e,  the  velocity  Jncreaceo  anu  tli' 
pressure  drops  only  ur.iil  it  becoiacs  equal  to  atmospheric  prescur,. 
Since  this  central  region  comun!  cates  with  the  atmosphere  there  will 
be  an  air  vortex  and  the  dlscharcc  occurs  throuch  an  annular  cross 
section  which  is  bounded  by  circles  of  the  noszle  radius  r^  and  the 
vortex  radius  r^.  The  cross  section  of  the  fluid  Jet  will  be 

(10.2.32) 

Considering  the  motion  of  a  fluid  element  at  the  outlet  ci’oss 
section  of  the  noszlc,  and  assuming  the  layer  thickness  to  be  uni  tv, 
we  can  write; 


whence 


•i 

rd^dp= — rf/n;  dm^^frdidr,  K’,r=tp,,r,, 


1 

dp^-±dr^-~.pv,dw^  p= 


(*) 


Since  at  the  vortex  boundary  w^  =  ^  the  excess  pressui'o  is 

r«? 

(10.2.  30 


p=. 


7  7  ’ 

Substituting  this  into  Eq.  (lO. 2.  31)  we  find  that  the  axial  ve¬ 
locity  at  the  nozzle  exit  cross  section  is  constant  and  satisfies  ' 
equation 


~r  ^ — r 


(10.2.  .;t) 


The  fluid  flow  rate  per  second  is 


V=^  v,rrl  =  tc>„crj,  , 

Where  w^  =  q?w^  is  the  equivalent  velocity. 

This  gives 

w,«=c 

•  (10. 2.  a:  ) 

If  we  assume  that  fo^’  every  particle  at  the  inlet  R  is  the  same 
r.  1  .  equal  to  th'  momentum  Eq.  (*)  gives  us 
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(10. 2.36) 


Substituting  the  expression  for  the  tangential  velocity  w,.  at 

t  V 

the  vortex  Boundary  (10.2.36)  and  =  q)w^  Into  (10.2.3^*),  we  find 


"7t^' 


(10.2.37) 


Thus,  the  flow  rate  coefficient  of  the  atomizer  Is  determined  by 
thf  coometrlcal  characteristic  A  of  the  atomizer  and  the  cross  sec¬ 
tional  coefficient  9. 


Following  G.N.  Abramovich  [10.2.5]  in 
assuming  that  the  flow  conditions  set  up  In 
an  atomizer  will  be  those  which  correspond 
to  maximum  flow  rate  for  a  given  pressure, 
we  obtain  an  equation  for  A  «=  A((p)  from  the 

condition  —  =  0,  which  gives 

■ 

237-  (10.2.38) 

Here  the  spraying  angle  Is 


Fig.  10.2.10.  Depend¬ 
ence  of  the  cross  sec¬ 
tion  coefficient  and 
the  spraying  angle  on 
the  geometrical  charac¬ 
teristic  A  of  the  atom¬ 
izer. 


(10.2.39) 

Figure  10.  2. 10  represents  graphically  9 
and  a  as  functions  of  A. 


As  Is  shown  by  experiment  (Fig.  10.2.11),  for  a  centrifugal  atom¬ 
izer  we  have 


(10.2.40) 
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where  Dj^  Is  the  diameter  of  the  voi  .-x  chamber,  and  is  the  Giam.  tci 

of  the  atomizer  nozzle. 

In  the  range  Re  <  1.6*10^ 


VT5  ’ 


/a- 


(10.2,41) 


For  Re  >  1.6’10  4  does  not  depend  on  the  viscosity  or  on  D./D  . 

K  0 

For  the  mean  diameter  of  a  drop  during  atomization  by  a  centrifu¬ 
gal  atomizer  of  a  low-viscosity  fluid  we  have  the  empirical  formula 


For  Re  >  3- 5‘ 10^  and  »i*-  op0o>3 ■!(>-»  the  spraying  angle  is  deter¬ 
mined  by  the  formula 

(10.2.  .'.3) 

Where  tan  is  obtained  from  Fig.  10. 2. 9.  For  Re  <  3.5*10^  and 
opD»>3Xio*  tan  a  depends  on  Re.  For  this  region  (according  to  '.xperi- 
r.ients  with  an  atomizer  having  A  =  4.4) 

tg»=lg«4l.88  ( 10.  2.  44) 

The  spray  density  of  a  torch.  The  term  spray  density  of  a  torch 
.  -;nderstood  to  moan  me  mass  flow  of  a  fluid  per  unit  area  of  the 
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torch  cross  section.  It  characterizes  the  torch  structure  and  it  can 

be  expressed  in  fractions  of  the  mean  mass  flow  of  the  fluid,  O/O  . 

'  sr 

In  centrifugal  atomizers  the  spray  density  for  not  too  viscous  fluids 
has  a  maximum  on  the  axis  (the  influence  of  the  air  vortex);  the  vis- 


Pig.  10-2.12.  Influence  of  viscosity  on  the  relative  density  of  spray¬ 
ing  w.th  a  mechanical  atomizer.  1)  Water  4  =  1.0  •  lO'^  sec/in^.  2) 
^rosene,  4  =  3.O8  -  IQ-V-sec/m^;  3)  gas  oil,  4  =  7.84  •  10"^kg-see/ 


cosity,  however,  considerably  changes  the  spray  density  distribution 
and  when  the  viscosity  is  high  it  becomes  the  same  as  It  Is  for  pneu- 
matlc  nozzle  atomizers  (Pig.  10.2,12), 
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10.3.  MECHANICS  OF  RAREFIEP  dASKS 


The  scope  of  naa  mochanlor..  It  i3  well  known  that  a  Is  an 
ensemble  made  up  of  a  ^rcat  number  of  molecules  movlnr;  relative  to 
each  other  in  all  possible  diroctlono  and  collidine  with  each  other. 

The  forces  of  Intcrmolecular  Intei-actlon  diminish  so  fast  with 
-Increasing  distance  that  the  interaction  can  be  consldoi-ed  as  occur¬ 
ring  when  nolccules  come  into  contact.  The  process  of  molecular  inter 
action  can  therefore  be  imagined  as  the  collision  of  elastl'  spht res; 
;^hl8  hypothesis  is  In  sufficiently  good  agreement  with  exporlmeni.  At 
the  same  time  j  f  wo  neglect  the  action  of  cx'^'rnal  fields  of  forci-s 
(gravitational  field,  etc),  we  may  assume  that  the  molecules  riiovo  uni 
formly  in  straight  lines  between  collisions.  The  distance  traveled  by 
a  molecule  between  two  successive  collisions  Is  defined  as  its  moan 
free  path.  It  follows  from  thds  definition  that  the  mean  free  path  is 
a  qualitative  quantity  which  can  bo  determined  only  as  to  its  order  < 
magnitude,  as  a  certain  "mean"  distance. 

Making  use  of  the  above  simplifying  suppositions  wo  can,  howev 
obtain  an  approximate  quantitat  ive  expresslcn  for  _!•  Obvious ly  a  mol  :- 
cule  collides  In  the  courr.t'  of  its  motion  with  another  molecule 
center  lies  Inside  a  cyiiniior  of  rauious  c  which  is  thiO  sum  of  li.  ra 
dil  of  the  collldirig  molecules.  The  cross-sectional  ai'oa  of  th  1 .  l- 

inder  is  called  the  effective  ci'oss  section 

=  r  1) 

Let  us  Introduce  a  unit  volume  of  gas  in  the  form  of  '  cylindox' 

■  hose  cross  section  is  equal  to  tise  effective  cross  section.  If  f  is 
the  number  of  molecult-s  In  the  unit  volume  and  if  all  the  molecules 
«■-  '-'.pt  one  are  at  rest,  then  in  a  part  of  the  cylinder  with  a  volume 
f  i./M  the  molecule  1.  n  motion.  This  means  that  the  length  of 
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this  part  of  the  cylinder  will  be  equal  to  the  length  of  a  mean  free 

path;  1  =  1/a  N.  A  more  precise  consideration  results  In  the  fact  that 

IjL 

the  mean  free  path  is  shorter  by  2 

'“TfS-w*  (10.3.2) 

If  the  mean  free  path  of  the  molecules  Is  very  short  compared 
with  the  characteristic  dimensions  of  the  region  of  flow  or  the  dimen¬ 
sions  of  the  body  placed  In  the  flow,  we  can  disregard  the  molecular 
stiuccure  of  the  gas  and  consider  it  as  a  continuous  medium.  In  this 
e,  as  has  already  been  pointed  out  In  the  introduction,  the  rather 
small  physical  gas  volumes  which  are  taken  as  elementary  volumes  in 
the  noc.ianlcs  of  continuous  media  nevertheless  contain  a  sufficiently 
large  number  of  molecules  for  it  to  be  possible  to  attribute  a  defl- . 
nlte  mass,  velocity,  etc.  to  each  of  them. 

If  the  order  of  magnitude  of  the  mean  free  path  of  the  molecules 
becomes  comparable  to  the  body  dimensions  or  exceeds  them  It  becomes 
Impossible  to  ignore  the  discontinuous  structure  of  the  gas  and  the 
continuous  medium  approximation  becomes  Inapplicable.  In  this  case  the 
notion  of  the  gas  has  to  be  investigated  with  the  methods  of  the  ki¬ 
netic  theory  of  gases.  The  state  of  the  medium  is  In  this  case  termed 
a  rarefleld  state  and  the  medium  a  rarefleld  gas.  Gases  In  the  rare- 
fleld  state  are  Investigated  by  means  of  the  mechanics  of  rarefleld 
Sases,  which  Is  applied  In  many  branches  of  engineering,  e.g. ,  In  vac¬ 
uum  technology.  The  ratio  of  the  mean  free  path  1  of  the  molecules  to 
the  characteristic  dimension  L  (characteristic  dimension  of  the  body 
or  characteristic  dimension  of  the  region  of  flow) 

(10.3.3) 

Is  called  the  Knud  sen  number;  the  condition  of  applicability  of  the 
continuity  hypothesis  can  be  represented  by  the  Inequality 
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Ku<ri. 

The  quantity  l  cannot  be  determined  as  the  result  of  a  direr:,  ex¬ 
periment;  It  has  to  be  expres.sed  through  other  quantitatively  measura¬ 
ble  quantities  Into  which  It  entex's,  for  example,  through  the  viscosi¬ 
ty  coefficient  ti.  As  was  shown  (cf.  Part  0.2), 


Taking  Into  account  that  the  mean  velocity  c  of  the  molecules  Is  of 
the  oixler  of  sonic  velocity  (c  ...  a),  we  can  write 


Kn— _ 1_  JL 

t  jv/L  Re 


(10. 3.4) 


I* 

For  the  condition  of  applicability  of  the  continuity  hypothesis 
we  thus  have  the  inequality 


(10.3.5) 

In  the  mechanics  of  rai'efleld  gases  we  can  distinguish  between  a  whole 
series  of  flow  regions.  In  fact,  near  a  solid  wall  along  which  a  gas 
is  flowing  there  Is  always  a  layer  of  the  thickness  of  the  order  of  a 
nean  free  path  JL,  In  which  the  effects  are  microscopic  In  charactei'. 

If  the  thickness  5  of  the  boundai>y  layer  Is  large  compared  with  the 
mean  free  path  1,  this  layer  near  the  wall  can  be  Ignored  and  the 
loclty  of  the  viscous  gas  at  the  wall  can  be  taken  as  being  zero.  If 
however  5  ~  2  ^^e  microscopic  effects  can  no  longer  be  neglected.  7  . 
this  case,  by  virtue  of  the  absence  of  a  direct  contact  vjlth  the  .m'- 
face,  there  Is  a  certain  finite  microscopic  velocity  at  the  Interface 
between  the  solid  and  the  gas;  the  gas  "slips"  along  the  wall.  This 
iso  gives  rise  to  the  concept  of  slip  flow. 

When  the  mean  free  path  of  molecules  Is  much  greater  than  the  di¬ 
mensions  of  the  body,  then  the  changes  In  motion  of  the  molecules  due 
tr  Collisions  between  each  other’  In  the  neighborhood  of  the  body  will 
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be  much  smaller  than  those  due  to  collisions  with  the  body.  The  flow 
In  the  vicinity  of  the  body  can  In  this  case  be  considered  to  be  a 
flow  of  mutually  noninteracting  (free)  molecule.  Hence  the  term  free 
molecular  flow. 

Taking  the  boundary  layer  thickness  as  the  characteristic  length, 
we  can  write 


M  I 

Rt  I 


If  Re  «  1  then  L/d  >  1;  when  Re  —  1,  as  Is  well  known,  L/6  .  Re^'^. 
for  a  laminar  flow.  Therefore 


forRe«l 


Ito 

M 


VB 


for  R«>l. 


( 10. 3. 6) 


Tzyan  [10.3.6]  suggests  taking  the  range  of  slip  flow  In  the  In¬ 


terval  0.01<.L<|,o.  •  ~-10  for  the  boundary  of  the  region  of  free  molecu¬ 
lar  flow.  These  ranges  are  graphically  represented  In  Fig.  10.3.1. 


Pig.  10. 3. 1.  Regions  of  gas  mechanics.  The 
dashed  line  gives  the  flying  regime  of  a 
rocket;  to  each  dot  corresponds  a  certain 
height  and  flying  speed.  1]  Free  molecular 
flow;  2)  transient  region;  3)  slip  flows  4) 
continuous  medium;  5)  km. 
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To  Illustrate  the  exi-nt  of  lu /’’stlcatlons  carried  out  wJthln  the 
field  of  the  mechanics  of  raroflcld  .-as.;;;,  PIr.  10.3.2  represent.-  ’i. 
an  M-Re  plot  the  regions  In  which  the  aerodynamics  of  t.\c  slmplrst. 
body,  a  sphere.  Is  being  studied  [10. 3. 10]. 

The  distribution  function  of  the  molecules.  Let  us  consider  a 
perfect  gas  constituted  by  a  system  of  molecules  whose  Interactions 
can  always  be  neglected  except  In  the  cases  of  collisions. 

For  the  sake  of  simplicity  we  shall  consider  nonatomlc  molecules 
in  the  form  of  hard  smooth  spheres.  The  state  of  each  molecule,  which 
jtiay  be  considered  as  being  Independent  of  the  other  molecules,  will 
then  be  completely  determined  If  we  know  Its  velocity  u{u,uyu,)  and 
its  coordinates  r(x,y,2)  at  every  Instant  of  time  _t. 


shaded.  The  region  of  slip  flow  (A) 
and  the  region  of  free  molecular 
flow  (b)  arc  subject  to  Investiga¬ 
tion. 

Let  ys  denote  a  certain  spatial  volume  by  dV  and  the  velocJ  '  ;n 
It  by  du,  so  thdkt  dV ^dxdy  dz,  du-duxduydu,.  Let  the  function  f  of  the 
-olnt  “r,  the  velocity  TT  and  the  time  t  determine  the  probable  r umber 
or  molecules  per  unit  volume  whose  velocities  lie  within  a  unit  in¬ 
terval  of  velocities. 

Ihen,  denoting  bj  dv  the  probable  number  of  molecules  contained 
in  the  clti- enlary  volume  d.r  around  point  7  and  having  velocities  In 
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the  interval  between  IT  and  "v  +  diT,  we  can  write 

d*"‘/{r.  u,  t)dxdydzdtt^(!tt,dtt,=/{7,  u,  i)dVdM. 

The  function  ffr,  u,  t)  is  called  the  distribution  function  of 
the  molecules.  Integrating  it  over  all  possible  velocities  of  the  mol¬ 
ecules  we  find  that  the  total  number  of  molecules  contained  in  a  unit 
volume  (dV  =  l)  is  equal  to 

«.  t)da.  ^  2.  7) 

For  a  fixed  Instant  of  time  the  statistical  mean  9  of  any  veloci¬ 
ty  v(u)  Is  determined  In  the  following  way: 

9(«)  =  yj9(«)/P.;)rf«.  (10.3.8) 

ihls  is  a  local  mean  value,  l.e.  ,  it  varies  from  point  to  point. 
Such  mean  values  yield  the  local  macroscopic  characteristics  of  the 
gas.  For  example.  If  7?  is  the  velocity  of  a  gas  molecule,  then  Its 
mean  value,  representing  the  macroscopic  velocity  “v?  ..f  the  gas  Is 

(10.3.9) 

where  c  is  the  velocity  relative  to  a  coordinate  system  in  which  the 
gas  is  at  rest,  l.e.,  it  is  the  thermal  velocity  of  the  molecules; 

V  is  determined  by  the  formula 

w(r)=J=± a, 

Its  x-component  is  given  by  the  expression 

JJj  "*•  "jdttjdttfdMf, 

Analogous  expressions  are  '  otalned  for  u^  and  u  .  Let  us  stress 

y  z 

once  more  that  Integration  is  carried  out  over  all  possible  values  of 

the  velocities  u  ,  u  ,  u  . 

A  y  z 

If  we  know  the  distribution  function  of  the  molecules  it  is  al¬ 
ways  possible  to  calculate  the  number  of  collisions  between  the  mole- 
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cules  and  the  surface  of  the  coi  td  hody  located  In  the  ^3.3,  and  alco 

the  momentum  aid  enorcy  trancferred  by  the  moleculoc  to  the  bony. 

In  other  words,  the  dynamic  and  thermal  interaction  of  body  and 

gas  Is  completely  dc‘ crralned  when  the  distribution  function  is  kn.iwn. 

jtoltzmann's  kinetic  OQuatlon.  Let  us  consider  the  change  In  the 

number  of  molecules  (which  we  call  the  "molecules  TT' )  In  the  volume  dV 

(dx,  dy,  dz),  having  velocities  In  the  interval  du  (du  du  du  )  dur- 

X  y  z' 

Ing  the  time  Interval  5t,  which  Is  short  compared  with  the  mean  free 
time  but  long  compared  with  the  duration  of  a  collision.  L>urlnG  this 
ime  the  molecule  does  not  suffer  more  than  one  collision.  If  no  col¬ 
lision  occurs  during  the  time  6t  the  variation  of  the  distribution 
function  f  caused  by  t.he  particle  motion  can  be  written  In  the  form 

JLdVduUr=(^-L^lLj^Ktyj..  -iL  ‘'"v  , 

dy  dt  '  dt  dt  ’’"au,  dt  du,  dt 


Here 


duU. 

"  du! 


3Aecb 


df  dx  .  df  dy 
dx  dt  dy  dt 


df  dt 
di  dt 


dr 

dt 


df  - 
—  =  U-V/, 

dr 


df  du,  ,  ^  ,  df  du, da  if 

du,  dt  *  duf  dt  '  du,  df  dt  ’ 

With  -^=—  ,  where  F  Is  an  external  force  acting  on  the  molecul'-':  . 

4t  m 

This  change  In  the  number  of  "molecules  "u"  owing  to  their  mo* ian 
Is  equal  to  the  difference  between  the  Increment  I^dV  du  <5t  and  thr- 
dimlnultlon  IgdV  du  6t  of  the  number  cT  "molecules  TT'  In  the  voir.  ■■  j 
during  the  time  6t,  due  to  collisions 


-^  +  n'V/  +  -- —  =  /  — / 

*  dl,  '  ’ 

Let  us  adopt  a  certain  scheme  of  molecular  collision;  Ic^  un  im- 
tgire  the  molecules  as  smooth  hard  spheres.  The  collision  of  two 
sphei'os  of  diameter  a  may  ho  represented  as  the  collision  between  the 
n  i.  c  of  a  sphere  .•.r.  i  a  sphere  of  radius  a  (Fig.  10. 3. 3), 
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It  Is  obvious  that  as  the  result  of  any  collision  “molecule  I!" 
remains  one  and  the  same,  and  the  number  of  collisions  of  the  “mole, 
cules  TP  with  other  molecules  ("molecules  TTj")  yields  the  dlmlnultlen 
V  Let  us  isolate  part  of  the  surface  of  the  sphere  of  the  "molecule 
TP  as  an  areal  element  dA  .  oV  where  do,  Is  the  solid  angle  element. 
The  number  of  "molecules  TIj"  Impinging  on  dA  during  the  time  St  Is 
equal  to  the  product  of  the  volume  of  the  oblique  cylinder  .•dwi (I, -I). 
•/|S(  .  and  the  density  of  the  "molecules  TJj".  f(Tt,  Tf^,  t).  The  num¬ 
ber  of  the  "molecules  TP  In  the  volume  dV  Is  equal  to  f(Tt,  TT,  t)dVdu. 
Consequently,  the  number  of  collisions  suffered  by  the  "molecules  TP 
alone  the  center  line  7  is  equal  to 

Integration  over  all  values  of  Tf^  and  all  directions  T  yields 


Pig.  10. 3e  3«  "rhe  Interactions 
of  perfect  gas  molecules  can 
be  represented  as  the  colli¬ 
sions  of  h2u:^  smooth  balls. 


The  factor  "1/2"  has  been  Introduced  since  Integration  needs  be 
done  only  over  the  half  of  all  molecules. 


# 
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After  the  colllslor.  the  "mci-'.-ules  "u"  and  "TT^"  acquire  the  veloc¬ 
ities  7;'  and  "uj^  such  that  the  total  momentum  and  the  total  enerj.v  I’c- 
maln  unchanged,  i.  e.  , 

(.) 

U*  +  ll|*»«  -f  ■ 

Therefore,  as  the  *  ;lt  of  a  collision  between  the  "molecule 
''u’"  and  Is  Increased.  After  analogous  considerations  on  the  de¬ 

rivation  of  Ig  we  obtain  the  number  of  "molecules  "u"  appearing  as  tr. 
result  of  collisions: 

tidVdult^  ~^\{tt\—u')-T\f[r,  u'l,  t)x 

X/{r.  u\  ijdtydn'idVdu'l/. 

Prom  Expression  ( *)  follows* 

which  enables  us  to  simplify  the  expression  for  the  difference  -  I 
Hence  we  obtain  Boltzmann's  kinetic  equation  for  a  monatomic  per¬ 
fect  gas  In  the  form  of  an  Integro -differential  equation 


where 


*  "  au  * 

/=/(r,  «, /); 

/'=/(7.  II'.  /);  /'.--/Ia  Hi.  /). 


(10.  3.  K'O 


For  a  perfect  gas  In  static  equilibrium,  l.e.  ,  when  its  pa 
ters  remain  unchanged  for  an  arbitrary  long  period,  the  dlstrlbut bin 
function  does  not  depend  on  £  and  i  and  F  =  0.  In  this  case  It  is 
ailed  Maxwellian  distribution  function  and  Boltzmann's  kinetic  equa- 
ticn  assumes  the  form 


i\{u,-u)l\{/\/'-/j'fd.du,  0. 


(10.3. 11; 
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From  the  physical  point  of  view  this  expresses  that  the  colli- 
slons  between  the  molecules  do  not  affect  the  distribution  function. 
The  motion  of  the  molecules  is  such  that  when  as  the  result  of  one 
pair  of  collisions  the  number  of  the  "molecules  U"  for  example,  di¬ 
minishes  by  one,  then  Immediately,  as  the  result  of  another  pair  of 
collisions,  the  "molecule  Tf^"  is  formed. 

It  follo»3  directly  from  (10. 3. 11)  that  the  Maxwellian  dlatrlbu- 
tion  function  satisfies  the  condition 

/•/*“/•/ 

or 

This  means  that  In  r  remains  unchanged  when  molecules  collld^  ii-' 
t  is  said-  to  be  a  generalised  Invariant  for  molecular  colUslona.  But 
since  in  a  collision  the  mass  of  the  molecules,  the  momentum,  and  the 

energy  are  conserved,  Jn  f  must  be  a  linear  combination  of  m,  nSt  and 
muVa,  l.e. , 

Instead  of  the  constants  a^,  and  ag  we  Introduce  new  constants, 
viz.  ,  the  scalars  a  and  J  and  the  vector  A,  represented  in  the  form 

Then 

/Omaz-zCMF.  («-«•) 

In  order  to  determine  the  constants  a  and  1  we  notice  that  the 
number  of  molecules  per  unit  volume  whose  velocities  lie  In  the  Inter¬ 
val  between  u  and  u  +  du  Is  equal  to 

Integrating  this  expression  from  -»  to  +«  we  obtain  the  total 
number  of  molecules  per  unit  volume: 
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m 

Nima  J  dUj^du^du^. 


Moreover,  by  definition,  tho  x-componcnt  of  the  macroscopic  veloc' 
Ity  of  the  gas  Is  expressed  by 


0 


(the  Integral  giving  zero  contribution  is  canceled  hers). 

Analogously  wo  obtain 

Thus,  A  =  w  and  u—  A  =  u—  w  =  c,  where  c  denotes  the  thermal 
velocity  of  the  molecules.  The  calculations  yield  a  -  and, 

thus, 

/.(X)n-;  /-/(ly--. 

The  quantity  J  can  be  expressed  In  terms  of  the  absolute  gas  tem¬ 
perature  and  Boltzmann's  constant  k.  Taking  Into  account  that  the  mean 
kinetic  energy  per  degree  of  freedom  of  the  molecule  is  equal  to  kT/.  , 
we  obtain 


'’'de,de^dc,. 


(10.3.  12) 


Calculations  yield  J  =  m/2kT. 

Thus,  for  a  monatomic  perfect  gas  In  equilibrium  the  Maxwellian 
distribution  function  has  the  form 

(10.3.13) 

As  follows  from  the  definition,  c^  =  3RT. 

The  quantity  Is  called  the  r.m.s.  velocity.  The  mean 

velocity  of  thermal  motion  Is 
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X(/e^de,4/c,^y^^.  . 


If  the  rectangular  coordinates  c  ,  c  ,  c  are  replaced  by  spherl- 

X  y  z 

cal  ones,  c,  9,  ij,  then  the  number  of  molecules  per  unit  volume  which 
have  velocities  in  the  Interval  between  c  and  c  +  dc.  Is  determined 
regardless  of  the  direction  by  the  expression 


dwM^AuN^/  dc. 

The  Maxwellian  distribution  is  described  by  a  curve  (Pig.  10.3.4) 
whose  equation  reads 


?W- 


(10.3. 14) 


The  velocity  that  corresponds  to  the  highest  value  of  9(c)  is 
called  the  most  probable  velocity, 

(10.3.15) 

The  Maxwellian  distribution  function  for  a  monatomic  perfect  gas 
in  equlllrblum  may  be  expressed  In  the  form 


(10. 3. 16) 


Maxwell's  distribution  function  is  a  particular  solution  to  Bol¬ 
tzmann's  equation.  It  may  serve  only  as  a  first  approximation  in  the 
search  for  the  general  form  of  the  function  ffr,  vT,  t). 

It  is  shown  In  the  kinetic  theory  of  gases  that  when  a  polyatondc 
gas  in  a  field  of  forces  with  a  single-valued  potential  is  in  a  state 
of  statistical  equilibrium,  then  its  distribution  function  has  the 
form 
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where  E  =  E'  +  <I)(x,  y,  z)  is  the  Log'll  onercy  of  the  molecule,  E'  be¬ 
ing  Independent  of  the  coordinates  and  representing  the  part  of  ' ne 
energy  of  translational,  ctatlonal  and  vibrational  motions  of  the 

molecule. 


Pig.  10. 3* Curve  of  the 
Maxwellian  distribution 
funtion. 


To  the  energy  of  translational  mo¬ 
tion,  (the  only  one  in  the  case  of 

a  monatomic  gas)  we  must  therefore  add 
the  rotational  energy'  and  the  energy 
of  a  possible  vibrational  motion  of 
the  atoms  in  the  molecule,  and  also  the 
potential  energy^i  of the  field  of  forces. 

The  factor  B  is  chosen  from  the 
condition 


where 


a 


(10.3.  17) 


du>  is  a  volume  element  in  the  space  determined  by  the  parameters  of 
the  rotational  and  vibrational  energies  of  the  molecules.  For  exampl.’, 
in  the  case  of  a  diatomic  molecule  (with  =  O) 


where  j  —  is  the  moment  of  Inertia  of  the  molecule  (m,  ,  are 

«i  +  '  1  ’  2 

the  masses  of  the  atoms  and  b  Is  the  distance  between  them); 
are  the  angular  velocities  of  rotation  of  the  atoms. 

Interaction  of  the  gas  molecules  with  the  surfaces  of  sol' is.  Let 
U3  calculate  the  number  of  collisions  per  unit  time  of  monatomic  gas 
molecules  possessing’;  the  distribution  function  fCr,  u,  T),  with  the 
sur!  ice  A  of  a  body  v.uich  is  at  rest  In  the  coordinate  system  chosen. 
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In  unit  time  the  surface  element  dA  suffers  collision  with  those  mole¬ 
cules  that  are  contained  In  a  cylinder  with  the  base  dA  emd  the  gener¬ 
atrix  l'u|  and  move  towards  the  surface  element  (Plg.  10.3. 5),  l.e.  , 
for  which  (TT-TT)  <  0,  where  TT  is  the  unit  vector  of  the  outer  normal  to 
dA.  This  number  Is  equal  to 

rf— -rfA  J  (u^fdV. 

The  Integration  here  Is  extended  only  over  those  values  of  u^^,  u  , 
u^  for  which  Tf*!?  <  0. 

The  total  number  of  collisions  per  unit  time  with  the  whole  sur¬ 
face  is  obtained  by  integrating  over  the  whole  surface  of  the  body: 

J  {^nl/rfir.  (10.3.18) 

*  (> .  «)<• 

and  that  with  a  unit  area  of  the  surface  is 

- - (10.3.19) 

where  N  is  the  number  of  molecules  per  unit  volume. 

When  gas  molecules  collide  with  the  surface  of  solids,  momentum 
and  energy  are  exchanged  between  the  gas  molecules  and  the  body  sur¬ 
face.  This  interaction  between  the  gas  molecules  and  the  molecules  of 
the  body  surface,  rather  complex  in  its  physical  nature,  can  be  esti¬ 
mated  with  the  help  of  two  experimental  coefficients:  the  adhesion 
coefficient  P  and  the  accomodation  coefficient  y, 

T^  adhesion  coefficient.  The  transfer  of  momentum  from  the  gas 
molecules  to  the  surface  of  the  solid  body  is  characterized  by  the  ad¬ 
hesion  coefficient  P  determining  the  interaction  forces  between  solid 
and  gas. 

It  is  convenient  to  treat  the  interaction  process  as  a  collision, 
consisting  of  two  stages;  in  the  first  stage  the  molecule,  approaching 

-  756  - 


the  wall,  transmits  what  is  calli-d  ^he  active  momentum  to  it,  and  In 
the  second  stage,  when  It  moves  away  from  the  wall,  l.e. ,  it  Is  "re¬ 
flected,"  it  transmits  the  reactive  momentum.  The  total  force,  acting 

on  a  solid  body  in  a  gas  flow  is  then  equal 
to  the  sum  of  active  and  reactive  momenta 
transferred  to  the  body  surface  by  the  gas 
molecules  colliding  with  it: 

P=P,+P,.  (10.3.20) 

If  the  mass  of  molecules  is  m,  the  mo¬ 
mentum  transferred  per  unit  area  of  the  body 
surface  by  the  impinging  molecules  (active 
momentum)  is 


Pig.  10.  3«  5«  In  unit 
time  the  areal  ele¬ 
ment  dA  suffers  col¬ 
lision  with  the  mol  - 
ecules  that  are  con¬ 
tained  in  the  cylin¬ 
der  with  the  base  dA 
and  the  generatrix  TT 
and  move  towards  the 
surface  (TT*!!  <  O). 


Pj=—  J  mu{tt-n)/da. 

(?.?)<« 

Now  wo  have  to  calculate  the  momentum 


transferred  to  the  body  by  the  molecules  in 
the  second  stage  of  collision,  i.e. ,  when  they  are  reflected  from  the 
body  surface. 

Wc  cari  distinguish  between  two  modes  of  reflection  of  moleculer 
from  the  surface  of  a  solid  body;  mirror  reflection  and  diffuse 

flectlon. 

On  the  molecular  scale  the  body  surface  must  be  considered  r., 
consisting  of  the  molecules  of  the  body  substance  arranged  in  an  •  ..as 
tic  lattice.  Some  of  the  molecules  impinging  on  this  surface  suff.-n 
clastic  mirror  reflection,  i.e.,  a  reflection  in  which  magnitude  end 


irectlon  of  the  tangential  velocity  component  remain  unchanged  while 
the  sign  of  the  noi-mai'  component  is  reversed.  In  mirror  reflection  all 
laws  governing  the  absolutely  elastic  collision  between  a  ball  and  a 

clan.-  apply,  i.e.,  the  velocity  distribution  function  of  the  molecules 
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Is  conserved. 


The  remainder  of  the  molecules  penetrate  Into  the  material  of  the 
body  for  a  certain  time,  as  If  they  were  absorbed  by  the  surface.  A 
detailed  study  of  the  process  of  collision  between  molecules  and  body 
has  proved  the  existence  of  such  temporary  molecular  absorption.  For 
a  certain  time  the  gas  molecules  leave  the  body  with  velocities  having 
magnitudes  and  directions  that  do  not  depend  on  the  velocities  of  the 
molecules  at  the  Instant  when  they  Impinge  on  the  surface.  It  Is  an 
essential  feature  that  the  direction  on  emission  does  not  depend  on 

the  direction  of  motion  of  the  molecule  before  Its  Impact  on  the  sur¬ 
face. 


The  entire  process  of  absorption  and  reemlsslon  Is  called  diffuse 
reflection. 

The  adhesion  coefficient  p  determines  the  fraction  of  diffusely 
reflected  molecules.  Thus,  of  all  the  molecules  colliding  with  the 
body  surface  only  a  fraction  0  Is  diffusely  reflected  while  the  re- 
malnder  (l-p)  undergo  mirror  reflection.  The  value  of  the  coefficient 
0  depends  on  the  nature  and  the  temperature  of  the  gas  and  on  the  con¬ 
ditions  at  the  body  surface  -  on  the  treatment,  material  and  tempera¬ 
ture  (of  the  body). 

Experience  has  shown  that  It  Is  diffuse  reflection  that  predomi¬ 
nates  [10.3.4]: 


Gas  —  surface 

Air  —  mercury 

Air  -  brass  (mecheinlc  illy 

Air  —  glass 

Helium  -  oil 

Air  -  oil 

Carbon  dioxide  -  oil 


^  at  23*C 
100 

treated)  100 

89.0 

87.4 

89.5 

92 
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Hydrogen  -  oil 


92.5 


So  as  to  simplify  the  calculations,  we  shall  assume  In  what  fol¬ 
lows  that  the  reflection  of  molecules  from  the  surface  of  a  solid  body 
is  entirely  diffuse,  j . e.  ,  we  shall  take  P  =  1,  In  this  case  the  reac¬ 
tive  momentum  represents  the  momentum  transferred  to  a  unit  surface 
of  the  be  '  by  diffusely  reflected  molecules.  If  the  diffusely  re¬ 
flected  molecules  possess  the  distribution  function  f^  =  f^fr.  "u ^ .  t) 

Q  Q '  ^  Q  * 

which,  generally  speaking,  differs  from  f ,  and  the  velocity  “u^  (the 
macroscopic  velocity  of  the  diffusely  reflected  gas  being  zero,  “u  0, 
because  all  directions  of  reflection  are  equally  probable),  then 

Integration  extends  here  over  all  values  of  “u  ,  for  which  "u  .."n  >  0. 

d  d 

The  total  force  acting  on  a  unit  area  of  the  body  surface  is  equ¬ 
al  to 


and  Its  projection  onto  a  certain  direction  determined  by  the  unit 
vector  a  Is  equal  to 


P',—  —m  f  (ji-ajla -/ij/rfa  — 

-m  j  {«,•*)(«,  (10.3.1??) 

(T,  «)>• 

The  accommodation  coeff  icier. t.  The  transfei’  of  energy  of  the  r.ole- 
cules  on  the  body  surface  is  characterized  by  the  accommodation  c<  ef¬ 
ficient  y. 

Let  e®  be  the  total  energy'  of  a  gas  molecule.  In  the  case  of  a 
monatomic  gas  (taking  Into  account  that  "u  =  "c  +  "w) 

(10.3.23) 
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where  e 


2 

me  /2  determines  the  Integral  energy  of  the  gas. 

The  mean  value  of  the  total  energy  is  equal  to 

(10.3.24) 

since  by  definition  the  mean  value  la  ?  «  0, 

The  quantity  e  determines  the  Internal  energy  of  the  gas,  which  ’ 

Is  equal  to  mc^T,  wjere  c^  Is  the  specific  heat  at  constant  volume. 

Now 


*  (10.3.25) 

If  the  gas  is  macroscoplcally  at  rest,  =  mc^T^,  where  Tq  Is 

the  adiabatic  stagnation  temperature  of  the  gas. 

Let  us  consider  the  transfer  of  energi  by  gas  molecules  at  rest 
to  the  body  surface,  which  has  the  temperature  T  . 

o 


Let  Sq  be  the  mean  energy  of  the  molecules  Impinging  on  the  body, 
Ej,  the  same  of  the  reflected  gas  molecules,  the  mean  energy  of  the 

gas  molecules  whose  temperature  Is  equal  to  the  temperature  T^  of  the 
body  surface. 


The  accomodation  coefficient  y  Is  defined  by  the  equation 


(10.3.26) 

Thus,  y  is  the  ratio  of  the  mean  energy  transferred  from  the  gas 
to  the  body  to  the  energy  which  may  In  general  be  transferred  at  a 
given  surface  temperature  T^.  In  other,  y  determines  the  fraction  of 
those  gas  molecules  which,  after  their  collision  with  the  body  surface, 
possess  a  mean  energy  that  corresponds  to  the  temperature  T  .  In  the 
case  of  complete  accomodation  (y  =  l),  e®  =  e®.  Without  any^ccomoda- 
tlon  (y  =  O)  Sj,  *=  e  Is  the  energy  of  the  reflected  molecules,  equal 
to  the  mean  energy  of  the  Impinging  molecules. 

The  value  of  the  accomodation  coefficient  lies  within  the  limits 
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bc- 


0  <  "Y  <  'I'he  values  for  some  rr.„i  .e-lals  with  surface  tempera  ii res 
tween  40and  TO^C  are  civen  In  what  follows. 


floPCpiNOCTh 

1 

Ko»44HUMfHT  IKKO- 
2  Mo.aauMM  y 

• 

^  huA 

MyA 

MatopuA  .icpHuR  jik  mp  SpoHie  ^ 

0>S 

0.89 

OOJHpOBiHKai  7 

0,91 

0.94 

I>pON3J  5 

HamilHHOfl  OfiTOIkH  8 

0.89 

0.93 

tpjBJCiiai  9 

0,93 

0.95 

.iMtPf 

ooiHposaHHai  7 

HaniHHiioA  o6topiih  6 

0.S7 

0.93 

0.87 

1 

0,68 

10 

1  Tpjaaeiiai  9 

0.89 

0.9C 

A.iipmhhhR 

1  iMPHpoeaHHufi  7  1 

0.87 

0.95 

11 

MamMMHoA  oAtopkh  8  | 

0.95 

0,97 

l)  Surface:  2)  accomodation  coefficient  ■>;  3) 
minimum;  4)  maximum;  5)  dull  black  varnish  on 
bronze;  6)  bronze;  7)  polished;  8)  machined; 

9)  etched;  10)  cast  steel;  11)  aluminum. 

It  Is  seen  from  the  table  that  y  is  close  to  unity  and  depends 
only  slightly  on  the  mechanical  treatment  of  the  sui-facc. 

The  accomodation  coefficient  y  is  related  to  the  adhesion  coef¬ 
ficient  0  by  a  relation  which  is  obtained  from  (10.3.26)  if  is  . 
placed  by  its  expression  In  terms  of  the  energy  of  the  dlffus 
reflected  molecules,  ~o  (l-p)r®  •  Then 


Or,  If  we  Introduce  the  stagnation  temperature  Tq,  and  of 
he  incident,  diffusely  reflected  and  completely  accomodatce  -as 
i.iiaving  the  wall  temperature)  respectively,  then 


Tn-r, 


for  ?*=l 


fp-r. 

fp-f. 


(10.3.27) 


.he  total  E»  received  by  a  unit  area  of  the  body  surface  per  unit 
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time  as  the  result  of  collisions  with  molecules  lo  equal  to  the  energy 
difference  of  the  Impinging  and  reflected  molecules  (under  the  assump¬ 
tion  of  diffuse  reflection)! 


^  nj  (10.3.28) 

The  energy  balance  equation.  This  may  be  represented  in  t!ie  fol¬ 
lowing  form 


(10.3.29) 

whGi-e  EJ  and  E*  are  the  radiant  energies  emitted  and  received, respec- 
tivol-.y,  by  a  unit  area  of  the  body  surface;  Q*  is  the  amount  of  heat 
doiivercd  to  a  unit  area  of  the  body  surface  from  within  (e.g.,  sepa¬ 
ration  of  heat  fx'om  a  surface  cooling  system). 

Let  us  consider  the  components  of  this  equation. 

The  body  as  a  whole  continuously  absorbs  and  emits  radiant  energy. 
The  amount  of  heat  emitted  by  the  body  is  determined  by  the  Stefan  - 
Boltzmann  law  under  the  assumption  that  the  body  behaves  as  a  "black 

body,  l.e. ,  its  radiation  coefficient  Is  Independent  of  the  wave¬ 
length 

(10.3.30) 

where  e  Is  the  degree  of  blackness  (I’clatlve  emlsslvlty);  a  =  4.9. 10"® 
kcal/m^-kr-'K^  Is  the  constant  for  an  absolutely  black  body;  T  Is  the 
temperature  of  the  body  surface;  T  Is  the  effective  temperature  of  the 
surrounding  bodies  onto  which  the  radiation  falls. 

During  flight  In  the  atmosphere  radiant  energy  may  be  transferred 
to  a  body  In  several  ways  (radiation  from  the  Earth,  the  sun,  etc. ), 
but  the  main  part  of  this  energy  Is  solar  radiation.  Allowance  for 
solar  radiation  demands  the  Introduction  of  the  azimuthal  altitude  of 
the  Sun  and  the  direction  of  flight  relative  to  the  Sun.  The  mean  val- 
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C'  to 


ue  of  the  solar  radiation  at  the  Lioundai-y  of  the  atmoGplicm;  (.  olin 
constant)  for  a  surface  lying  perpendicular  to  the  direction  of  the 

p 

rays  Is  Iq  =  138* 5  kcm/m  -sec.  The  amount  of  radiant  energy  received 
by  a  body  from  the  Sun  Is  determined  by  the  relation 

A  body  flying  In  the  atmosphere  also  receives  radiant  energy  from 
the  Earth  and  the  surrounding  air  but  compared  with  the  solar  radia¬ 
tion  the  radiation  of  atmosphere  and  Earth  can  bo  neglected. 

The  problems  of  molecular  aerodynamics.  All  the  conclusions  In 
the  foregoing  paragraph  concern  the  Interaction  of  bodies  with  a  per¬ 
fect  gas,  1.  0.  ,  with  a  mechanical  system  of  molecular  particles  whon.i. 
mutual  Interaction  Is  negligibly  small. 

The  state  of  such  a  molecular  system  Is  characterised  by  the  dis¬ 
tribution  function  f  satisfying  Boltzmann's  kinetic  Eq.  (lO. 3.  10).  If 
for  a  given  state  of  the  gas  the  distribution  function  Is  known  to  be 
a  certain  solution  (or  Its  approximation)  to  Boltzmann's  kinetic  equa¬ 
tion,  the  formulas  of  the  foregoing  part  enable  us  to  establish  the 
Jynajnlc  and  energetic  Interactions  between  gas  and  body. 

In  what  follows  we  shall  consider  ' 
problem  of  free  molecular  flow  when  th'; 
mean  free  path  of  the  molecules  consider¬ 
ably  exceeds  the  characteristic  lln<.,ar  di¬ 
mensions  of  the  problem.  In  this  case,  '.s 
we  pointed  out  above,  Ihe  collisions  of 
the  molecules  with  each  other  'r,  ihe  ;...lgh- 
borhood  of  the  body  virtually  dees  ir  t  In¬ 
fluence  the  process  of  collisions  between 
molecules  and  body  surface.  The  molecules 
InteracL  with  the  body  surface  Indepen- 
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Pig.  10. 3* 6.  A  body  mov¬ 
ing  in  the  system  of 
oordlnates  x,  y,  z  is 
-'.-■nnected  with  the  sj's- 
.era  of  rectangular 
oordlnates  1,  2,  3 
uch  that  the  axis  1 
ccl.'-  Ides  wltii  the  dl- 
rcc' 'cn  of  the  cuter 
nor'inal  rt. 


dently  of  each  other.  Such  a  gas  Is  In  statistical  equilibrium  and  the 
distribution  function  of  the  molecules  has  the  form  of  a  Maxwellian 
distribution  (when  a  monatomic  gas  is  considered): 


The  reflected  molecules  do  not  affect  the  form  of  the  distribution 
function  because  It  Is  fairly  Improbable  that  they  will  collide  with 
each  other  or  with  the  remaining  molecules.  Thus,  the  presence  of  bod¬ 
ies  In  a  highly  rarefied  gas  does  not  change  the  equilibrium  distribu¬ 
tion  function. 

In  this  case  the  boundary  conditions  of  the  mechanics  of  continu¬ 
ous  media  are  replaced  by  those  of  the  physics  of  Interaction  of  gas 
molecules  and  the  surface  of  the  solid  body,  which  are  expressed  by 
the  coefficients  of  accomodation,  y,  and  adhesion,  3. 

Let  a  body  of  arbitrary  shape  move  In  an  inertial  system  of  coor¬ 
dinates  X,  y,  z  in  which  the  gas  Is  at  rest. 

With  the  element  dA  of  the  body,  having  in  the  x,  y,  z  system  the 
velocity  TT,  a  system  of  rectangular  coordinates  1,2,3  Is  connected  In 

such  a  way  that  the  axis  1  Is  directed  along  the  outer  normal  1?  (Pig. 
10.3.6). 

The  distribution  function  of  the  molecules  In  the  system  fixed  to 
the  element  dA  reads 


Mr 


i  /•■ 


M.r 


tr 

T*  ••i 


where  t  r  „  ..  . 

*.  r  •  •  fmi—y  are  the  most  probable  velocities  of  the 

Impinging  and  reflected  gas  molecules,  respectively. 

Let  ue  denote  .,-coi(l,  »); 

and.  If  p.-B)  <  0,  then 
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Let  ^  be  the  unit  vc'cto.-  .  f  .  .Ttaln  •ons'.ant  cJl'/ -c  tton ,  whore 

Here,  taklnc  into  account  that  the  ftrrt  axlr  1  cotnclder  wi.  tli 
the  normal *n,  the  expressions  ont^rlnc  (lO. 3.  lO)  will  be 

and,  finally,  du’^cl^dl  di]  dl  .  Substl'  ullnf;  all  this  Into  (10. 3.  I9)  wo 
obtain 

f  (10.3.31) 

In  the  same  way  the  total  force  projection  onto  the  ‘^-axls  Is 
calculated  according  to  Eq.  (lO.  3.  22)  for  a  unit  ai’ea  of  the  body  sur- 


v'  «  J  J  J 

•mm  —m 

i  It-.'- 


(10.3.  1  ; 


(10.  3-  h3) 


with  «:•*-  ijtc''.  c’*=9,k''. 


Let  us  Introduce  the  expression  J<"'Vx= (a)  for  tlu-  ^  'chablli- 


/  i ntcgral  and 


(10.3.34) 
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Vtti 


Let  us  note  some  relations  for  these 
functions,  which  we  shall  need  In  what  fol¬ 
lows  : 

♦  (a)  =-«!>( -a):  ®(oc)-l;  I 

a) +  2<i;  {>(oc)»oc;'f  ■;i(-co)»0.  /Vl0*3.35) 

The  function  V'  (a)  Is  graphically  re¬ 
presented  In  Pig.  10.  3.  7. 

Calculating  the  Integrals  In  the  ex- 


Nt, 


PU- 


(10.3.36) 

+  (10.3.37) 

-  -TTr  ( W-  3. 38) 

In  order  to  determine  the  number  N.  of  diffusely  reflected  mole¬ 
cules  we  write 


and,  since  the  mass  of  the  molecules  Impinging  on  each  unit  are  of  the 
surface  of  equal  to  the  mass  of  the  diffusely  reflected  molecules, 

''*”1  =  we  have 

y  '  ( 10.  3.  39) 

We  express  the  ratio  in  terms  of  7,  P  and  w^,  using 

a _ _ _ « 


T  • 

^0* 


Relation  (10.3.27)  and  the  expression  for  the  stagnation  temperature 

so  that 

j/?=)/^+7)(»+-^»«)+li(for  p  -  1)  (10.3.40) 
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Thus^  the  final  expressions  f  r  force  and  energy  refci’i'cd  tc  a 


unit  area  of  the  surface  have  the  form 


((«.*;+ j-^7  (1  -f 

v^l/ <'“1)0  -i 

£*  ^  tw*  f/  B«  .  5 »(«|I«<)  __  J _  ] 

2  Iw  4  T  }  w03  ~“4/«»03‘^  J' 


(10.  3.41) 
(10.3.42) 


Pig.  10.3.8.  Plate  in  a  free  mole¬ 
cular  flow. 

In  order  to  determine  the  total  force  acting  on  the  body  In  the 
flow  of  a  highly  rarefied  gas,  it  is  necessary  to  integrate  the  ex¬ 
pression  for  P*  over  the  whole  surface  of  the  body.  The  dependence 
T^/T  on  the  surface  points  is  then  determined  from  the  energy  bal¬ 
ance  Eq.  (10.3.29).  From  this  function  r,=r, (^,  T.  7,  ?.  £1,  fj)  and, 
consequently,  the  function  V-rTTr-Gfir.  r.  t.  p,  £T,  ft),  are  determined. 

In  a  translatory  motion  of  the  solid  perfectly  heat-conductlr,- 
(Tg  =  const)  body,  G  =  const  and  this  constant  is  determined  fror.  J\c 
energy  balance  Eq.  (lO. 3. 29). 

Let  us  give  some  examples  of  calculating  the  forces  actl.ng  on  a 
perfectly  heat-conducting  body  executing  translatory  motion. 

The  plate.  Let  0^  be  the  angle  of  attack  of  a  plate  (Fig.  10.  3.8). 
On  the  upper  surface  of  the  plate 

»!=— $fn9,,  a,— cos?,,  «,=0; 

— sln«,  9’=cos9.  «;=-0; 

or.  the  lower  surface 

—  —  sin  9,  a’  =  cos  9,  aj = 0; 

«,  Sin  9,.  3,  --  cos  9,,  «,= 0. 
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We  find  from  Bxprcseion  (10.3.41)  that 


(10.3.43) 


Pig.  10. 3. 9*  Polar  curves  of  a  plane 
plate  in  a  free  molecular  flow. 


Wfc  find  from  this  the  coefficient  of  lift  and  head  drag  of  the 
plate,  assuming  6  «  — 7r/2  +  0^  and  0  «  n  +  0^: 

+  ^|/'^»Inl,|ila#^  (10.3.44) 

r  ,  v^^  rfT . ,]  , 

'  1  ^  7»l"*»|eoiV 

The  graph  of  Pig.  10. 3. 9  shows  the  polar  curves  for  a  plane  plate 
at  various  angles  of  attack  In  air  of  p  =  10’’^  kg-sec^/ra^.  It  also 

contains  a  plot  of  the  polar  for  a  plate  In  air  at  sea  level  with  M  - 

-  0. 
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the  d 
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'I 


Fig.  10.  3« 11.  Free  mole¬ 
cular  flow  In  a  tube. 


gas,  we  have  !£,• =-?!=. I  ^ — 

\  2  ■ 


For  a  sphere  «,=  — «’ x=-^;sj=*’zi  0;  j»  = 
_  ia  ^ 

»  K  • 

Calculations  give  us  the  dra)',  c:)et’ 
flclent  for  a  sphere 

C,  -  ^2+  - - L.]  4,  (  i;,0)  '  l±  _L  J_\  ^ 

y 

„  I  *  ’'•h'-’i’G  a  Is  the  son',  j  speed  In 


Free  molecular  flow  in  a  tube.  Lot  us  suppose  that  the  reflectlo: 
''■m  Che  tube  walls  Is  purely  diffuse  O  =  l).  This  means  that  the 


Tf  . 


•urfac*  alMant  <U»  of  th«  tub*  bohave*  aa  if  it  were  a  source  of  mol*. 


cules  (Plg.  10.3,11),  The  number  of  molecules  reemltted  from  the  ele¬ 
ment  dA*  per  unit  time  and  Implnglns  on  the  element  dA  of  the  plane  of 
the  cross  section  II  is  determined.  If  we  assume  Maxwellian  velocity 
distribution  after  reflection,  by  the  formula 


J 


dudmd A* coiV dm dA\ 


(10.3.47) 


Whore  c^j^  is  the  most  probable  velocity,  connected  with  the  mean  veloc¬ 
ity  by  the  relation  c  ■  Sc^j^/Tr  duj  Is  the  solid  angle  subtended  by 
the  element  dA  in  the  plane  of  the  cross  section  II  when  viewed  from 
uA';  0'  is  the  angle  between  the  normal  to  dA*  and  the  axis  of  the 
co31d  angle  doj;  N'  Is  the  number  of  molecules  in  a  unit  volume  in  the 
cross  section  I. 


When  point  B',  which  corresponds  to  point  K'  of  the  element  dA, 
is  found  in  the  plane  of  the  cross  section  I  (we  denote  the  distance 
between  B  and  B'  by  1),  and  we  consider  the  plane  of  the  triangle  K'BB* 
(cf.  Pig,  10. 3.11, b),  we  obtain 

(10.3.48) 

where  0  is  the  angle  between  the  axis  of  the  solid  angle  du)  and  the 
line  K'B';  r  is  the  distance  between  dA  and  dA', 

We  see  from  the  diagram  that 

r cost' -/cost; 

</tcos«=/</?;  dX^dmdx,  (10.3.49) 

where  0'  Is  the  angle  between  the  normal  to  the  element  dA*  and  the 
axis  of  the  solid  angle  doj;  e  Ir  the  angle  between  the  normal  and  the 
direction  of  1;  do  is  the  projection  of  the  element  dA'  on  the  plar.e 
of  the  cross  section  II  (cf.  Pig.  10.3.11,c)i  9  is  the  angle  between 
the  line  connecting  do  with  dA  and  the  fixed  reference  line  (e.g.  ,  K' 
E);  d(p  is  the  angle  do  subtends  at  dA. 
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tot  US  ussuine  that  the  density  function  of  x  can  be  represented 

by  a  series 

(10.3.50) 


where  N*  Is  the  number  of  molecules  per  unit  volume  In  the  Section  II. 
Let  us  restrict  ourselves  to  the  first  two  terms  In  Eq.  (IO.3. 50).  The 
number  of  molecules  passing  through  the  element  dA  of  Section  II  per 
unit  time  Is  then  equal  to 


•  rfx  J 


/</?. 


The  mass  of  gas  flowing  In  the  positive  direction  of  the  axis 
through  Section  II  Is 


but  (assuming  T  «=  const) 

4s  4x  Kr  dM  ' 


emd  then 

In  the  case  of  a  round  tube  It  Is  easy  to  calculate  the  exprc' 
slon  In  the  parentheses  when  the  y-axls  Is  taken  parallel  to  the  cil - 
rectlon  of  1  (cf.  Fig.  10.3.11,c); 


For  a  part  of  the  tube  of  length  L  (L  »  R^)  wo  have  app;  o^! nately 

(10.3.51) 

Convective  hc?.t  exchanre  wlr.h  a  free  molecular  flow.  If  we  ne- 
-cct  radian'  heat  r.rinnfer,  then  the  amount  of  heat  trginsferred  by 
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eonveetlon  in  th«  gM  through  a  unit  area  per  unit  time  is  equal  to 

Q*— «•.  (10.3.52) 

where  E*  Is  the  total  energy  transferred  by  the  molecules.  Under  the 
assumption  of  diffuse  reflection  alone«  E*  Is  determined  for  a  mona* 
tomlc  gas  by  Formula  (10.3*42).  We  can  write 

s 

We  Introduce  for  convenience  the  values  averaged  over  the  body 
aurfac  ’  of  0»  _f _ I—  *  . 


surface  of  Q*, —  ; 


(10. 3*54) 


where  A  Is  the  surface  area  of  the  body. 

Integrating  Eq.  (10.  3. 55)  and  making  use  of  the  formulas  for  Q,  0 
F,  and  T^/T,  we  obtain 


(10.3.55) 


This  quantity  characterizes  the  mean  value  of  the  heat  transfer¬ 
red  convectlvely  through  a  unit  area  of  the  body  surface  per  unit  time. 
Let  us  express  (10.3.55)  In  terms  of  the  Stemton  number  (6.5.7) 


If  we  take  Into  account  that  Re=^  I  Nu— 

»  I*  * 


we  have 


fwt,  r,-r. 


where  a  is  the  heat  transfer  coefficient  and  the  equilibrium  tem¬ 
perature  of  the  body  surface.  In  order  to  determine  the  equilibrium 
temperature  It  is  sufficient  to  put  Q  »  0; 
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e. 


Solving  this  with  respect  to  Tq/T  gives  us  | 

The  equilibrium  wall  temperature  determined  thus  applies  only  to 
bodies  with  Infinitely  large  thermal  conductivity,  for  which  T_  is  con- 
stant  over  the  whole  surface. 

Introducing  Relation  (10. 3.  56)  into  (10. 3.  55),  we  find 


so  that 


St: 


(10. 3. 57) 


Porraula  (10.3*59)  applies  only  to  a  monatomic  gas  with  k  =  5/3. 

If  We  take  the  energy  of  rotational  and  vibrational  motions  of  the 
monatomic  gas  molecules  into  account,  we  find  St-^^lCC+P)  [10.3*2]. 
Rewriting  (10.3*57)  In  the  form 


;Sl. 


we  find  that  the  first  term  Is  a  function  of  the  Mach  number  H  aloni  ; 

N  does  not  ent it  explicitly  but  for  a  given  shape  of  the  body  tho 
quantities  0  and  F  are  functions  of  the  relative  molecular  velocity  w® 
alone,  and  since 


0  and  P  are  functions  of  the  Mach  number  M. 

Thus,  the  calculation  on  the  process  of  convective  heat  exchongc 
In  a  free  molecular  flow  for  a  given  body  can  be  reduced  calculat¬ 
ing  the  quantities  G  and  F  and  determining  the  number  St  from  (10.3*  57)* 
Figures  10.3*12  and  10. 3. 13  show  G  and  F  graphically  as  functions  of 
relative  molecular  velocity  w^  and  the  number  M  for  a  plane  plate. 


I 
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U  0.*  iiSOMtfi  Ifi  Z  3  M  it  i  tOH 
Pig.  10. 3*  12,  Dependence  of  the 
function  0  on  and  M. 

a  sphere  and  a  circular  cylinder  for  the  flow  directions  Indicated  by 
the  arrows.  Figure  10. 3. 1^*  shows  how  St/y  of  convective  heat  exchange 


Oj  SJ  D,*t  3,S0jB  ejs  ifi  ffi  I 


0,1  Hf  0.H  0,50Jt  Dfi  fi  Ifi  I 


«  0  ««• 


t  i  ton 


Pig.  10. 3. 13.  Dependence  of  the  function 


P  on  w  and  M. 


of  a  plate,  a  sphere  and  a  circular  cylinder  in  a  monatomic  gas  flow 
depend  on  w®  and  M. 


-m  - 


fl 


Pig.  10.  3. 1^«  Dependence  of  St  on  w®  and 
M  for  bodies  of  various  shapes. 


It  can  be  seen  from  Pig.  10. 3*  that  the  influence  of  the  shape 
on  St  decreases  as  the  relative  molecular  velocity  w®  (or  M)  decreases. 
On  the  other  hand,  though  for  large  values  of  w®  the  Influence  of  the 
shape  is  obvious  for  sufficiently  large  values  of  this  parameter  (e.  g.  , 
M  >  2),  the  variation  pf  the  number  St  for  a  body  of  arbitrary  shape 
cannot  exceed  the  value  of  0.4  -y  (these  considerations  refer  only  to 
the  case  in  which  the  whole  surface  participates  In  the  heat  exchange). 

Flow  with  slipping.  In  those  cases  of  gas  notion  In  which  the 
mean  free  path  of  the  molecules  is  comparable  to  the  characteristic 
dimension  of  the  problem,  l.e. ,  when  the  continuous  medium  approxlmu- 
tlon  is  no  longer  applicable  but  when  the  distribution  function  of  the 
molecules  cannot  yet  be  considered  as  being  Maxwellian,  the  Invoetiga- 
tlon  becomes  difficult  since  the  distribution  function  Is  unknown.  It 
must-be  obtained  from  the  kinetic  equation  for  a  given  approximation. 

It  is  commonly  known  that  In  aeromechanics  the  heat  flux  is  taken 
'■s  being  proportional  to  the  temperature  gradient  and  the  stress  -  to 
the  velocity  gradient.  Even  If  these  assumptions  are  considered  as  be- 
in::  valid  for  rarefied  gases,  It  Is  nevertheless  necessary  to  take  the 
•.n....ges  In  the  body  conditions  Into  account. 
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In  th*  eontlniou*  Mdtim  approxlnation  ohan  dunenalona  of  tho  op. 
aop  of  tho  neon  free  path  of  tho  noloculoa  apo  dlopogardoO,  oo  oan  ao. 
oumo  that  tho  tonporatore  of  tho  ga.  layop  at  tho  aall  1.  opal  to  tho 


Fie.  10.3.15.  In  a 

flow  with  slipping  on 
a  solid  wall  there 
arises  a  discontinui¬ 
ty  In  the  velocity  w  . 


wall  temperature  and  that  the  velocity  of 
this  layer  Is  equal  to  the  velocity  of  the 
wall.  In  rarefied  gases  this  assumption  can¬ 
not  be  admitted,  since  when  the  mean  free 
path  at  the  Interface  between  solid  and  gee 
la  finite,  there  exists  a  certain  finite  dif¬ 
ference  In  temperatures  and  velocities. 

In  fact,  let  us  consider  the  velocity 
distribution  of  a  gas  at  a  wall  (Plg. 


10.3.15).  Near  the  wall  (at  short  distances 
from  It)  the  distribution  law  w(x)  can  always  be  assumed  to  be  linear 
and  Sw/ax  .  const.  At  the  wall  Itself,  however,  in  a  layer  whose 
thickness  Is  of  the  order  of  the  mean  free  path  1,  tne  shape  of  the 
velocity  distribution  will  be  rather  complex. 


When  determining  the  macroscopic  gas  velocity  w(x)  In  this  layer, 
at  distances  of  the  order  of  1,  we  adopt  certain  conditions.  At  every^ 
site  we  shall  determine  this  velocity  as  the  mean  velocity  of  the  mol¬ 
ecules  and  assume  that  It  Is  the  same  everywhere  as  it  Is  in  the  case 
of  large  gas  volumes  containing  a  sufficient  number  of  molecules. 

At  the  wall  itself  we  shall  have  a  certain  value  of  the  velocity 
fiw  connected  with  the  fact  that  the  gas  at  the  wall  is  not  in  general 
in  thermal  equilibrium  and  the  -nergy  of  the  molecules  may  differ  from 
the  energy  they  would  have  were  the  gas  at  the  same  temperature  as  the 
wall.  The  value  of  aw  can  be  obtained  only  by  determining  the  whole 
course  of  the  w(x)  curve  In  the  layer  of  the  order  of  1.  This  course 
and  the  value  of  aw  are  however  not  e.asentlal  in  order  to  deter*nlne 
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w(x)  everywhere  In  the  gas,  because  it  Is  the  linear  part  of  w(x)  that 

is  of  interest,  1. e. ,  the  shape  of  the  w(x)  curve  at  distance  greater 

than  The  equation  of  this  linear  section  of  the  curve  Is  determined 

by  the  gradient  cw/cx  and  by  the  section  w  which  It  cuts  off  from  the 

8 

ordinate.  This  section  also  determined  what  Is  called  the  slip  veloci¬ 
ty  Wg  at  the  wall;  it  Is  not  a  true  but  an  extrapolated  Jump.  If  cv/bx 
Is  equal  to  zero,  this  Jump  vanishes.  If  the  gradients  cw/c'x  are  not 
too  large,  we  may  therefore  assume  that 

(10.3.59) 

where  C  Is  called  the  slip  coefficient. 

The  niunerlcal  valu.^  of  ^  depends  both  on  the  nature  and  state  of 
the  gas  and  on  the  wall  material.  It  follows  from  the  definition  of  ^ 
that  this  quantity  is  of  the  order  of  the  mean  free  path  of  the  gas 
molecules;  graphically  C  Is  the  section  that  the  linear  part  of  the 
w(x)  curve  cuts  off  from  the  abscissa. 

An  analogous  Jump  Is  performed  by  the  temperature  too: 

,  (10.3.60) 

where  6T  Is  the  difference  between  wall  temperature  and  gas  tempera¬ 
ture. 

If  we  take  ^  and  C.ji  as  given,  e.g. ,  from  experiment,  then  wc  can 
solve  a  series  of  slipstream  problems.  As  an  example  we  give  the  solu¬ 
tion  of  a  problem  cn  a  slipstream  In  a  tube  and  the  results  of  an  ex¬ 
periment. 

Slip  flow  In  a  tube.  Let  us  consider  a  steady  motion  of  an  ele- 
:tntary  cylinder  of  radius  r  cut  out  of  a  medium  with  a  cylindrical 
ounace,  concentric  with  the  tube. 

It  follows  from  the  equilibrium  between  the  pressure  forces  and 
v.ic  frictional  forct'S 


that 


In  the  case  of  slipstream  motion  w  * 
we  have  i 


Wg|r 


— and  therefore 

^  mM 


(10.3.61) 

Rq  and  since 


4m 


1. 


s.  » 


'-v[(tH*i)I2-  (10.3.62) 

The  expression  for  the  flow  of  a  continuous  medium  with  the  bound¬ 
ary  conditions  w^.^  -  0,  as  was  found  from  (2.6.5),  reads 

Thus,  In  the  case  of  a  slipstream  the  velocity  distribution  equa¬ 
tion  acquires  an  additional  term  2C/Rq,  which  Is  proportional  to  the 
slip  coefficient. 

^Determining  the  mass  flow  through  the  tube  cross  section,  0  ■ 
^tgjv2*rdr,  we  obtain  (putting  p  -  p/RT) 

0— (10.3.63) 

For  a  tube  of  length  L,  putting 
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10.4.  MAGNET0GASDYNAMIC3 

In  this  thirties  effects  connected  with  the  compressibility  of 
the  medium  were  considered  in  aeromechanics.  Nowadays  It  has  become 
necessary  to  Introduce  Into  mechanics  conceptions  connected  with  the 
appearance  of  effects  that  are  electromagnetic  In  charactei*. 

Vfhen  the  flow  velocities  are  small,  the  gas  temperatures  are  not 
high  and  no  chemical  or  nuclear  reactions  occur  in  the  flow,  the 
amount  of  charged  particles  in  the  gas  Is  negligibly  small  and  the  gas 
has  virtually  no  electrical  conductivity.  But  supersonic  ar.d  hyper¬ 
sonic  flows  with  Intense  shock  waves  greatly  change  the  character  of 
motion  of  the  gas  molecules;  this  leads  to  a  marked  Ionization  of  the 
gas,  which  thus  becomes  an  electrical  conductor.  Ionization  appears  In 
the  reaction  of  combustion  of  the  gas;  it  takes  place  In  the  high-tem¬ 
perature  boundary  layer  of  missiles  and  satellites  as  they  move  rapid¬ 
ly  through  the  atmosphere,  and  so  on. 

When  a  conductive  gas  (or  liquid)  moves  In  a  magnetic  field,  the 
induced  (or  external)  electric  fields  give  rise  to  currents  In  It  and, 
as  a  result  of  an  Interaction  of  the  latter  with  the  magnetic  field, 
forces  arise  which  may  be  comparable  to  the  aerodynamic  forces.  Ar  ihr 
same  time  these  currents  alter  the  magnetic  field  itself.  An  into: ■ o- 
latlon  exists  between  the  electromagnetic  and  the  gasdynamlc  (hydr.jdy- 
namlc)  effects.  Magnetogas  dynamics  (magnetohydrodynamics)  Is  cnga.yd 
in  the  Investigation  of  the  motion  of  an  electrically  conductlr 
(fluid)  In  magnetic  and  electric  fields. 

Let  us  point  out  that  the  early  woi-k  was  carried  out  on  mai^ncto- 
'.vdrodynamicE  and  led  to  the  development  of  pumps  without  moving  parts 
I’or  pumping  liquid  metals.  The  diagram  of  the  simplest  electromagnetlo 
pump  Is  shown  In  Pig.  10.^1,  1.  Pumps  of  this  type  as  used  In  atomic 

plants  foi‘  pump'.:  ni5  llquld-mctal  coolants  are  described  In  detail 
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for  example  in  the  Collection  of  Papers  of  the  Institute  of  Physics  of 
the  AS  Latv.  SSR  [10.4.1]. 

In  recent  years  the  study  of  problems  of  electroconductlve  medium 
flow  control  with  the  help  of  a  magnetic  field  has  been  developed  with 
the  aim  of  constructing  power  plants  which  make  use  for  example  of  the 
magnetic  acceleration  of  a  plasma  Jet  In  order  to  decelerate  satellites 
on  their  entry  Into  the  atmosphere,  to  reduce  the  heating  of  flying 
vessels  etc.  Great  Importance  Is  attached  to  the  solution  of  the  pro¬ 
blem  of  Isulatlng  a  high -temperature  plasma  (ionized  gas)  from  contact 
with  the  walls  during  thermonuclear  reactions  ("magnetic  bottle"). 

The  following  discussions  refer  to  an  Ionized  gas. 

ITig  electric  field.  By  analogy  with  the  action  of  gravitational 
forces  In  the  field  of  gravity,  the  action  of  an  electric  charge  at  a 
distance  la  explained  with  the  help  of  an  electric  field. 

The  theory  of  the  electric  field  Is  based  on  Coulomb’s  empirical 
law:  two  like  point  charges  e^^,  Cg  repel  each  other,  unlike  charges 
attract  each  other;  If  ?  is  the  distance  between  the  charges  the  force 
of  Interaction  Is 


(10.4. 1) 


Ignoring  the  effect  of  the  charges  on  the  medium,  l.e. ,  consider¬ 
ing  the  effects  In  an  absolute  vacuum,  we  choose  the  unit  of  charge  In 
the  CGS  system  so  that  k  ■  1. 


The  force  acting  on  the  charge  e  =  1  is  called  the  Intensity  (or 
strength)  of  the  electric  field 


(10.4.2) 


The  mechanic  (or  pondermotlve)  force  acting  on  a  charged  body  Is 


determined  by  the  product  of  field  strength  "S  and  body  charge  e: 


F^ei. 


(10.4.3) 
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The  work  done  by  the  forces  of  the  electric  field  alont;  any  path 
depend  only  on  the  positions  of  the  beglnninc  and  the  end  of  the  path. 

I  It  Is  therefore  convenient  to  Introduce  the  conception  of  the  electro- 
niagnetlc  field  potential  into  our  considers tlons,  taking  It  as  the  ne¬ 
gative  work  done  by  the  field  forces  vjhen  a  positive  unit  charge  is 
displaced: 


Pig.  10.4.1.  The  electromagnetic  pump  operates  similarly  to  an  cleo 
tromotor:  the  motive  force  Is  produced  by  a  conductor  carry hig  curr' 
In  a  magnetic  field.  The  action  of  an  external  electric  fl cld ^drl v ^ 
current  through  the  liquid  metal,  which  play^s  the  part  of  the  ccr.'l;; 
tor.  In  a  direction  perpendicular  to  the  magnetic  lines  cf  force: 
fluid  moves  peroendicularly  to  the  current  and  to  the  field  lines 
(left  hand  rule),  l)  Liquid  metal;  2)  electromagnet;  3)  current:  ■') ; 
electrode;  5)  velocity  of  liquid. 


Conductors  and  dielectrics.  Electrical  conductors  are  bodies 
characterized  by  containing  free  charges  such  that  when  there  exists  a 
nonzero  electric  field  strength  f  In  a  conductor,  the  free  charges  in 
’t  move,  l.e. ,  an  elcctrle  current  flows. 

Unlike  metals  and  electrolytes,  nonconductors  (dielectrics)  have 
nc  free  charges  which  can  move  over  large  distances.  Under  the  Influ- 
(  f  an  external  electric  field  the  charges  contained  In  the  elec- 
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trolyte  remain  at  their  sites  and  are  only  somewhat  displaced  from 
their  equilibrium  positions  into  certain  new  equilibrium  positions. 

— ^  Ionized  p;ae.  Conduction  In  a  gas  comes  about  through  the  mo¬ 
tion  of  charged  particles  and  must  therefore  grow  as  the  number  of 
charged  particles  grows;  their  number  Is  determined  by  the  degree  of 
Ionization,  a,  and  decreases  as  the  probability  of  collisions  with 

other  particles,  such  as  neutral  atoms  or  molecules  or  charged  parti¬ 
cles,  Increases. 

At  room  temperature  the  degree,  a,  is  very  close  to  zero  and  the 
air  has  a  very  low  conductivity.  If  a  -  i,  this  means  that  the  gas  la 
completely  Ionized.  A  gas  In  this  state  Is  called  a  plasma,  which  Is 
sometimes  considered  as  the  fourth  state  of  aggregation  of  matter. 

The  degree  of  Ionization  a  may  exceed  unity,  which  Indicates  that 
not  only  the  first,  but  also  the  second  and  third  electrons  have  been 
set  free,  l.e. ,  the  particle  energy  exceeds  not  only  the  first  but 
also  the  second  or  third  Ionization  potential.  Such  a  high  degree  of 
Ionization  Is  encountered  either  at  very  high  temperatures  or  at  very 
low  densities.  If  o  is  much  smaller  than  unity,  when  the  charged  par¬ 
ticles  collide  mainly  with  neutral  molecules,  then  the  conductivity  a 
Is  proportional  to  a  and  T,  l.e., 

(10.4.5) 

since  o  depends  Itself  on  the  temperature  T,  the  dependence  of  a 
on  T  Is  considerably  gr  .‘ater. 

If  o  Is  close  to  unity  then  the  collisions  between  charged  parti¬ 
cles  predominate,  the  conductivity  therefore  does  not  depend  on  a  and 

••^Tyr,  (10.4.6) 

Very  Important  In  practice  Is  the  case  when  It  Is  possible  to 
diminish  the  temperature  dependence  of  o,  which  may  be  achieved  by  ad¬ 
ding  to  the  gas  an  easily  lonlzable  substance  such  as  an  alkali  metal, 
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potassium,  sodium  etc.  The  substance  added  is  completely  lonlced  at  a 


Pig.  10.4.2.  Influence  of  additions 
of  an  easily  lonlzablo  substance 
(potassium)  on  the  electrical  con¬ 
ductivity  of  air.  1)  Air;  2)  nun  Hg; 

3)  electrical  conductivity,  o, 

ohm”^  cm“^. 

much  lower  temperature  than  the  gas;  when  the  temperature  of  the  mix¬ 
ture  Is  raised  f-arther,  the  conductivity  does  not  increase  any  loPiVj 
the  added  substance  is  already  completely  ionized  and  the  Increas' 
ionization  of  the  main  gas  (e.g.  ,  air)  with  increasing  tempcratn ■  :s 
unimportant.  This  can  bo  seen  from  Pig.  10.4.2,  which  shows  the  c.iyjv.c 
of  the  electrical  conductivity  of  air  measured  in  a  shock  tube  fiO, ',.2 
and  of  the  electrical  conductivity  of  air  with  an  addition  of  O.  'i'/  po¬ 
tassium  (wt^)  in  dependence  on  the  temperature  (the  Mach  number  ;■') 

[10.4.3]. 

It  follows  from  Fig.  10.4.2  that  small  additions  of  easily  ieniz- 
able  substances  can  be  used  to  make  the  air  highly  conductive  at  ro- 
j  tlvely  low  temperarures.  Thus,  for  example,  adding  0.1'^  of  potassium 

.  ./-S)  to  air  raises  liu.  -inductivity  of  the  air  at  3000“K  by  a  factor 
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of  10^. 


For  the  purpose  of  comparison  we  give  data  on  the  conductivity  of 

a  few  substances:  copper  6*10^  ohm“^cm“^j  liquid  Na  (lOCC)  1*10^ 

ohm  cm  ;  mercury  1. 08*  10^  ohin'^cm”^;  saturated  aqueous  solution  of 

salt  (as’C)  0*25  ohm"^cm‘^j  pure  water  2-10’^  ohm’^cm'^;  air  at  3000"K 
"3  *1  “1 

10  ohm  cm“  ;  air  with  an  addition  of  0.1^  K  4.0  ohm’^cm’^. 

Otyi's  law.  The  fundamental  empirical  law  of  direct  current  - 
Ohm's  law  -  expresses  the  fact  that  the  amount  of  electricity,  the  cur- 
rent  strength  I,  flowing  per  unit  time  through  the  cross  section  A  of 
a  conductor  of  length  1  and  the  potential  d3  fference  (pg  -  (p^  at  the 
ends  of  the  conductor  are  linked  by  the  relation 

(10.4.7) 

The  specific  conductivity  o  depends  on  the  material  of  the  con¬ 
ductor,  and  the  direction  of  the  current  is  by  convention  taken  as 
coinciding  with  the  direction  in  which  positive  charges  would  move 
under  the  Influei  ;e  of  a  field;  it  is  conventionally  assumed  that  the 
current  flows  from  the  higher  to  the  lower  one.  If  p  is  the  resistivi¬ 
ty  ( P  =  1/<J)  the  resistance  of  a  conductor  is  l/oA. 

This  law  applies  to  a  large  class  of  transfer  effects  in  which 
the  flow  along  a  given  section  of  its  path  is  directly  proportional  to 
the  potential  difference  applied  to  its  ends.  For  an  electric  current 
this  rule  is  known  as  Ohm's  law,  for  a  heat  flow  as  the  Fourier  law 
and  for  momentum  transfer  as  N-  wton's  law  of  viscous  friction. 

The  potential  difference  <p^  -  may  be  expressed  as  a  linear  in¬ 
tegral  of  the  field  strenth  E  taken  from  the  initial  to  the  final 
cross  section  of  the  conductor  section  considered,  namely 

Where  is  the  length  element  of  the  conductor. 
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(10.4. 8) 


The  linear  integral  of  the  loctrlc  field  strength  betweer.  the 

points  1  and  2  is  called  the  voltage  between  these  points 

] 

(10„4.9) 

i 

Noticing  that  the  current  strength  dl  flowing  through  a  filament 
of  cross  section  dA  is  equal  to  dl  =  JdA,  whore  J  is  the  current  den¬ 
sity,  we  obtain  dld^  -  JdV,  dV  being  the  volume  of  an  element  of  the 
filament.  Since  the  filament  axis  coincides  with  the  streamline,  l.e.  , 
I  I  "T#  the  length  element  of  each  current  filament,  the  totality  of 
which  constitutes  the  current  I  through  a  finite  cross  section,  is 
equivalent  to  the  volume  element  "JiV  of  this  current. 

The  current  direction  at  each  point  of  the  conductor  coincides 
with  the  direction  of  the  electric  field  caused  by  the  motion  of  the 
charges,  l.e.,  the  current  density  vector^  must  coincide  in  direction 
with  the  vector  1^,  and  therefore 


(10.4.  10) 
(10.4.  11) 

Joulean  heat.  The  liberation  of  heat  (heating  of  the  conductor; 
is  an  inevitable  result  of  the  passage  of  current  in  the  circuit. 

The  amount  of  heat  Q  liberated  by  the  current  per  unit  time  1.; 
given  according  to  Joule's  law  by 


/V 

•A 


Q=/ji’dh 

For  an  homogeneous  cylindrical  conductor  the  resistance  is  R  = 

=  l/Aa.  In  this  case  the  amount  of  heat  liberated  per  unit  volume  is 

^  Q  IP  n  n 

V  ,AtA  •  '  U0.4. 12) 

The  electrical  induction  vector  (displacement  vector).  This  voc- 
I '  .  D  characterizes  the  excitation  of  the  medium  by  the  charges  it 
w  :taJ.ns.  If  So  Is  the  tol;il  chai'gu  contained  in  a  region  bounded  by 
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the  surface  area  A,  then  the  electric  Induction  vector  ^  satisfies  the 
equation 

|(5n)irA-S«. 

As  Is  shown  by  experiment,  any  variation  with  time  of  the  vector 
TJ  is  accompanied  by  the  appearance  of  current  called  displacement  cur¬ 
rents  in  the  medium.  Their  density  Is  determined  by  the  equation 


7 

Itm  ^  - 


(10. 4. 13) 


Unlike  the  conduction  current,  which  characterizes  the  motion  of 
electric  charges,  the  displacement  current  characterizes  the  displace* 
ment  of  charges  within  the  limits  of  the  intermolecular  space;  at  the 
same  time  the  field  of  the  free  charges  Is  changed  as  well. 

The  vector  of  electrical  induction  coincides  In  direction  with 
the  field  strength  vector 


D^ti.  (10.4.14) 

The  proportionality  factor  e  (a  physical  constant  of  the  material) 
characterizes  the  dielectric  permeability  of  the  medium. 

The  magnetic  field.  Between  conductors  through  which  electric 
currents  flow  there  arise  mechanical  (ponderomotlve)  forces  of  interac¬ 
tion  which  depend  on  the  strengths  of  these  currents  and  the  relative 
position  of  the  conductors.  We  may  thus  Imagine  that  at  all  points  in 
space  around  an  arbitrary  current  there  exists  a  field  of  forces  in¬ 
duced  by  this  current.  Experience  shows  that  this  field  Is  the  same  as 
the  field  of  forces  of  permanent  magnets;  It  Is  therefore  called  the 
magnetic  field  of  the  current.  P^'evlously,  In  order  to  explain  the 
magnetic  effects  the  idea  of  magnetic  charges  interacting  according  to 
Coulomb's  law  was  put  forward  and  it  was  assumed  that  magnetization 
consists  in  a  polarization  of  the  molecules. 


Later  on  a  second  source  of  magnetic  fields  was  found  to  exist, 
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namely  the  electric  currents j  l.e.  ,  the  moving  electric  charges,  where 
the  currents,  like  magnets,  are  themselves  subject  to  ponderomotive 
forces  In  an  external  magnetic  field.  The  suggestion  has  been  made 
(Ampere)  that  the  apparent  existence  of  magnetic  charges  is  In  fact 
caused  by  the  presence  of  current  circuits  in  the  molecules.  The  mod¬ 
ern  Idea  of  the  atom  substantiates  this  hypothesis  and  explains  .the 
magnetic  properties  of  the  bodies  In  terms  of  firstly  the  revolution 
of  the  electrons  about  the  atomic  nucleus  and  secondly  the  self -rota¬ 
tion  (spin)  of  the  electrons.  It  can  be  shown  that  the  magnetic  pro¬ 
perties  of  bodies  are  specified  by  correspondingly  distributed  mole¬ 
cular  electric  currents.  However,  this  descriptive  Idea  of  the  so-cal¬ 
led  "self -rotation”  of  the  electron  does  not  correspond  to  reality  and 
It  was  left  to  quantum  mechanics  to  explain  the  magnetic  properties  of 
the  electron  satisfactorily. 

The  magnetic  field  at  each  point  in  space  may  be  characterized  by 
a  certain  vector  Tt  which  Is  called  the  magnetic  field  strength,  where, 
as  Is  shown  by  experiment,  the  force  dP  acting  In  a  field  of  the 
strength  H  on  a  current  element  of  the  length  dl  through  which  a  cur¬ 
rent  of  Intensity  I  flows.  Is  equal  to 

(10.^.  15) 

This  formula  can  be  considered  as  the  definition  of  the  notion  of 
the  "magnetic  field  strength." 

The  magnetic  field  of  a  current  element  Is  determined  according 
to  the  Blot-Savart  law  (3.3. 1-3)  by 

dH=^{dlx'rj.  (10.  A.  16) 

Here  r  Is  the  distance  from  the  current  element  Idl  exciting  the 
magnetic  field  H  to  the  "point  of  observation"  where  the  strength  H 
'  :  this  field  is  determined.  This  law  Is  analogous  to  that  for  the 
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field  of  a  vortex  line. 

In  order  to  characterize  the  magnetization  by  a  quantity  analo* 
gous  to  the  vector  of  electrical  Induction,  a  vector  of  magnetic  In¬ 
duction,  B,  Is  introduced;  It  is  connected  with  the  magnetic  field 
strength  H  by  the  relation 

(10.4.17) 

where  is  the  magnetic  permeability  of  the  medium  ^  =  1  for  a 
vacuum,  M-g  >  1  for  magnetics  and  lAg  <  1  for  dlamagnetics). 

The  Lorentz  force.  Let  us  consider  the  motion  of  charged  parti¬ 
cles.  In  a  perfect  vacuum.  In  the  presence  of  solely  an  electric  field 
E  the  force 

acts  on  the  particle,  where  Ze  Is  the  particle  charge.  In  this  case 
the  particle  moves  in  the  direction  in  which  the  electric  field 
strength  vector  Is  directed. 

If  a  charged  particle  moves  at  a  velocity  "w  in  vacuum  where  only 
a  magnetic  field  H  Is  present,  then  the  force 

will  act  upon  It. 

When  an  electric  and  a  magnetic  field  act  Jointly  on  the  particle 
the  force  will  be 

F-*(£+;XhS).  (10.4.18) 

which  Is  called  the  Lorentz  force. 

When  H  Is  constant  and  "w  1  H,  this  force  Is  equal  to  ZewH  and 
must  be  balanced  by  the  centrifugal  force  raw®/R,  l.e. , 
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where  m  Is  the  mass  of  the  chnr’goa  particle;  for  an  electron  (Z  =  1, 

m  =  nig) 


R  is  the  radius  of  the  electron's  trajectory. 

If  w  and  H  are  constant  then  R  is  constant  too,  l.o.  ,  the  trajec¬ 
tory  is  a  circle.  Therefore,  In  a  homogeneous  magnetic  field  of 
strength  H  (O,  0,  H)  an  electron  with  the  thermal  velocity  c  will  move 
in  the  xy-plane  along  a  circle  of  radius 

/?=^.  (10.4.19) 

This  radius  is  called  the  Larmor  radius. 

If  a  uniform  electric  field  is  simultaneously  applied  parallel  to 
the  magnetic  field,  then  the  particle  trajectory  will  be  a  helical 
spiral. 

Since  an  electron  and  an  ion  carry  charges  which  are  equal  In 
magnitude  and  the  mass  of  the  electron  is  almost  l840  times  smaller 
than  the  mass  of  the  ion,  the  radius  of  curvature  for  the  electron  is 
correspondingly  much  smaller  than  the  radius  of  curvature  for  the  I'^n. 

This  radius  of  curvature  is  the  most  Important  linear  dlmcnsif'n 
in  magnetogasdynamic  problems.  The  equations  of  magnetogasdynami-; 
based  on  the  assumption  that  the  gas  la  a  continuous  medium,  ar.;  ap¬ 
plicable  only  when  the  radius  of  curvature  of  the  particle  trajectory 
is  much  larger  than  the  mean  free  path  of  the  particle.  Since  iti  -  ra¬ 
dius  of  the  trajectoiy  of  an  electron  is  many  times  smaller  than  that 
of  an  ion,  checks  must  be  made  on  the  radius  of  the  tx*aJectory  an 
electron. 

The  conductivity  of  the  medium  will  be  isotropic  if  tiie  i-ootus  of 
curvature  of  the  trajectories  of  the  electrons  which  constitute  the 
current  in  the  magnetic  field  is  large  compared  with  the  mean  free 
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path  1,  i.e. ,  If 

(io.it.ao) 

For  a  liquid  this  condition  Is  always  satisfied,  but  for  rarefied 
gases  In  strong  magnetic  fields  It  is  not. 

Induction.  If  a  closed  metallic  conductor  L  to  which  no  other 
elctromotlve  forces  are  applied  moves  In  an  external  magnetic  field  H 
at  a  certain  velocity  "v,  then,  denoting  by  if  the  velocity  of  any  of 
^  ie  free"  electrons  relative  to  the  conductor  (so  that  the  total  ve¬ 
locity  of  any  of  the  electron  Is  'v?'  =*v?  +  TT),  „e  obtain  the  Lorentz 
force  acting  on  it  as 

X  ^  (tp  X  i*.«) -f  ^  («  X  ^ -j- e  («  X 

The  second  right-hand  term  Is  perpendicular  to  the  velocity  Ti  of 
the  electron  relative  to  the  conductor  and  therefore  the  force  cor¬ 
responding  to  this  term  will  not  change  the  magnitude  of  this  force  TT 
but  will  only  bend  the  path  of  the  electron  In  the  conductor. 

As  regards  the  first  force  component,  however, 

(10.4.21) 

It  Is  nonzero  only  In  moving  conductors,  and  the  force  P  Is  generally 
speaking  not  perpendicular  to  IT  and  may  therefore  accelerate  (or  de¬ 
celerate)  the  motion  of  the  electrons  relating  to  the  conductor,  I.e., 

It  may  excite  electric  currents.  Thus,  for  example.  In  a  section  of 
the  conductor  L  (Plg.  10.4.4)  the  Lorentz  force  acting  on  the  elec¬ 
trons  will  drive  them  to  the  lof.  with  respect  to  the  conductor.  An 
electric  current  therefore  arises  In  the  conductor.  Since  the  direc¬ 
tion  of  the  current  is  conventionally  assumed  to  be  opposite  to  the 
direction  In  which  the  negative  charges  move,  the  current  Is  found  to  | 

flow  from  the  loft  to  the  right.  This  Is  the  basis  of  the  current  In¬ 
duction  effect  which  arises  when  a  conductor  Is  moved  In  a  magnetic 
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field. 


ThuLi,  ‘Jie  formula  T  ^  OE  applies  to  .’..n- 
duciors  wiilch  ai-e  at  rest  relative  to  tr:  field. 
It  the  conductor  Is  moved  with  the  velocity  w 
(much  smaller'  than  the  velocity  of  lli';ht),  then 

7— (f+^Xl*,//).  (10.4.P2) 


Fig.  10.4.3.  The 
Lorentz  force  P  = 
=e  (TJ  X  u  ^  ac- 

celerates  a  nega¬ 
tively  charged 
particle  according 
to  the  left  hand 
rule. 


This  equation  determines  the  conduction 
current  Induced  by  the  simultaneous  action  ol' 
an  external  electric  field  E  and  the  .clectido 
field  induced  in  the  conductor-  as  It  riiove.c  li; 
the  magnetic  field.  Cempar-ing  (10.4.18)  and 


(10.4.22)  with  (10.  4.2)  and  (10.4.4)  the  sum  E  +  w  x  u  H  may  be  con-- 
sidered  as  playing  the  part  of  an  '’effective"  electric  field  streg'-.d, 
If  the  medliun  moves,  then  the  current  contains  not  only  the  ccui- 
duction  current  determined  by  (10.4.22),  but  also  a  convective  ccir.^ 
nent  which  is  connected  with  the  dloplaccment  of  chari-evS  together 
the  substance  of  the  medium: 


7"^f..*£'f9(f-rH,a'X^).  (10.': 

where  is  the  free  chargr;  density 

If  the  conductivity  of  the  medium  l.s  lai'gi,  onougji  the  corr,''.-  "1 

current  in  (10.4.23)  can  be  noclocted. 

The  displacement  current.  If  Uie  fr-;.-qur;pcy  of  a  period-' '  • 
alternating  field  E  —  Eq  sin  ujt  Is  given,  tlic  displacement  cum  u 
(10.4.13)  is  detorral:i(-d  by  the  expi-ess  J  on 

JcM  —  -  ‘-“Ce  mt. 

The  displacement  cur-rent  may  therefore;  bo  negloctc-i  'wiu.-.i  the  d<ii 


Is  valid: 


If  the  conduction  current  Is  sustained  only  by  an  electric  field 
Induced  by  the  motion  In  a  homogeneous  magnetic  field, 
the  role  of  the  frequency  od  Is  plsiyed  In  this  case  by  w/L  (since  w  • 
L/t)  where  w  and  L  are  the  characteristic  velocity  and  the  character* 
Istlc  linear  dimension  of  the  flow.  Condition  (10.4.24)  assumes  the 
form 

(10.4.25) 


Lena's  rule.  The  force  (10.4.21)  an  electron  experiences  In  the 
magnetic  field  H  when  it  moves  together  with  the  conductor  at  the  ve- 
■'oclty'w  is  equal  to  the  force  acting  on  an  electron  In  an  electric 
field  of  strength  B',  If 

(10.4.26) 

Under  the  Influence  of  the  field  E',  and  also,  accordingly,  under 
the  influence  of  a  field  H  equivalent  to  E',  a  current  must  arise  In  a 
closed  contour  L,  the  Intensity  I  of  which  Is  obtained  from  Eq. 
(10.4.6): 


(10.4.27) 


where  l/oA  is  the  resistance  of  the  contour  L  and  E.  .  Is  the  indue - 
—  ^  ind 

tion  of  the  vector  E'  along  the  contour  L,  The  latter  quantity  Is 
termed  the  Induced  electromotive  force;  according  to  (10.4.26)  It  Is 
equal  to 

(wX  -  f  v-^dix  ^Ji) .  ( 10. 4. 28) 


This  equation  expresses  the  well  known  law  of  current  Induction 
in  moving  conductors.  If  we  Introduce  the  magnetic  flux  <!>  Into  our 


discussion,  then  =  — d<t)/dt,  1.  ?.,  the  Induced  electromotive  force 

arising  In  the  conductor  Is  equal  to  the  rate  of  change  of  the  flux  of 
the  magnetic  vector  through  a  surface  bounded  by  the  contour  of  this 
conductor.  The  minus  sign  In  this  equation  Indicated  that  if  the  mag¬ 
netic  flux  Increases  In  magnitude,  the  direction  of  the  induced  elec¬ 
tromotive  force  in  this  contour  coincides  with 


the  direction  of  flow  in  a  left-handed  system 
and  vice  versa. 

Electric  volume  force.  The  term  electric 


volume  forces  is  understood  to  mean  the  volume 


Pig.  10.  i*.  4.  The 
electric  volume 
force  T  Is  deter¬ 
mined  by  the  vec¬ 
tor  product  of 
current  density  "J 
and  magr^tic  in¬ 
duction  B  =  UgH. 


forces  arising  in  a  conducting  medium  under  the 
action  of  an  electromagnetic  field. 

Taking  into  account  that  I(^  =  "JdV  we  can 
rewrite  Expression  (10.4.15)  for  a  medium  with 
magnetic  permeability  as 


rfF=(7xi*,w)<fl'. 


(10.4.29) 


The  strength  of  the  electric  (pondormotlve)  volume  force  (per 
unit  volume)  is  then  equal  to 


(10.4.30) 

These  three  vectors  form  a  right-handed  system  (Plg.  10.4.4). 

When  the  conductor  Is  moved  the  electric  volume  forces  perft.r;i 
negative  work,  l.e. ,  they  oppose  the  motion  In  accordance  with  Lens's 
rule;  induction  currents  arising  In  a  conductor  as  it  moves  In  a  con¬ 
stant  magnetic  field  are  so  directed  that  the  electric  volume  foices 
exerted  by  these  currents  act  so  as  to  oppose  the  motion  of  the  con¬ 
ductor. 

In  the  general  case  the  electric  volume  force  Includes  the  force 


d  le  to  the  magnetic  field  acting  on  the  charges  associated  with  a  unit 
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volume  of  the  medium: 


It  Is,  however,  possible  to  show  that  is  of  the  order  of 

magnitude  of  w  as  compared  with  >  but  In  magnetogasdy- 

namlcs  the  macroscopic  velocities  of  the  media  are  always  much  smaller 

than  the  velocity  of  light  and  therefore  the  terms  of  the  or- 

2  2 

der  of  w  /Cgyg^.^  can  be  omitted.  This  means  that  In  magnetogasdyneimlc 
probljms  the  whole  energy  of  the  field  is  magnetic  energy. 

The  Maxwell  equations.  The  Maxwell  equations  link  the  four  para- 
..Ltero  that  characterize  the  state  of  the  electromagnetic  field:  the 
electric  field  strength  vector  E,  the  displacement  vector  D,  the  mag¬ 
netic  field  strength  vector  H  and  the  magnetic  Induction  vector  B: 


fof£. 

4ft 


;  divfisO; 


^•=.-dlv7. 


(10. 4.30) 


where  Is  the  density  of  the  free  electrons.  By  virtue  of  the  equa- 
tlcns  D-f£,  and  when  the  displacement  current  Is  Ignored,  this 

system  can  be  reduced  to  the  two  .Maxwell  equations* 

(10.4.31) 

rol£=-|.,^  (10.4.32) 


and  Ohm's  law 


7- «(£-V,ix//).  (10.4.33) 

These  equations  are  written  in  the  absolute  piactlcal  rationalized 
MKSA  system  (m,  kg,  sec,  a)  In  which,  for  vacuum,  ohm. sec/m 

and  since 

•7==^m«=310»  m/sec 
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for  a  vacuum 


i 

9' 10* 


sec/ohm-m 


The  electromagnetic  field  energy  Is  determined  by  an  equation 
which  is  obtained  from  the  Maxwell  equations  and  which  has  the  form 

iV=^t.';dA-^rEdv.  (10.4.34) 

In  this  equation  It  Is  taken  Into  account  that  the  chance  In  to¬ 
tal  elec tromaene tic  enercy  In  the  volume  V  Is  equal  to  the  flux  of  the 
Poyntlng  vector  S  =  P  x  H  throuch  a  surface  A  boundlnc  the  volume  V, 
and  to  the  Joulean  heat  arlslnc  Inside  the  volume. 

Poyntlng 's  flux  vector  Is  proportional  to  the  fourth  powei’  of  the 
a-c  frequency  oj,  and  for  the  frequencies  encountered  In  gaEdynamlco  it 
Is  very  small  compared  with  the  ’oulean  heat.  The  change  J.n  electro¬ 
magnetic  field  energy  in  magnetogasdynamlc  problems  can  therefore  be 
due  only  to  the  electrical  resistance  of  the  medium,  and  the  Joulean 
heat  obtained  must  enter  the  energy  equation  of  the  gas  flow.  The 
Joulean  heat  per  unit  volume  may  be  written  in  the  form 


JL 


(10.4. 


If  the  properties  of  the  medium  differ  from  the  properties  of 
empty  space,  the  Integrand  of  the  left-hand  side  of  t.he  electromagrn,  l Lc 
energy  equation  assumes  the  foi-m  ^  . 

.  8t 

The  equations  of  motion.  The  appearance  of  two  new  effects  !:■  a 
fluid  In  which  a  current  flows,  namely  the  appearance  of  the  electric 
volume  force  'fp  =  UgJ  x  H  and  the  llbei’atlon  of  the  Joulean  heat  J^/a, 
Influences  the  form  of  the  momentum  equation  (the  force  Tp/p  mu.at  be 
aided  to  the  body  force)  and  of  the  energy  equation  (the  Joulean  heat 
must  be  added  to  the  heat  supplied).  The  motion  Is  described  by  the 


^+divf»-a. 


(10. 4.36) 


V  -  -y  (7x y  W- •) : 

(10.4. 37) 

(10. 4. 38) 

(10.4.39) 

(10.4.40) 

(10. 4.41) 

Moreover  we  shall  assume  that  the  equation  of  state  of  a  perfect 
gas  remains  valid: 

(10.4.42) 

Here  Q-|iD-L>Jir  denotes  the  total  heat  apart  from  the  Joulean 
heat  received  by  a  fluid  element,  i.e. ,  it  Includes  the  thermal  con¬ 
ductivity  and  viscous  dissipation.  For  simplicity  the  viscosity  here 
is  taken  as  being  constant,  through  it  should  be  remembered  that  it 
depends  on  T. 

It  follows  from  Eq.  (10.4.38),  which  expresses  the  first  law  of 
thermodynamics,  that  the  heat  supplied  to  or  removed  from  a  moving  me¬ 
dium  becomes  apparent  in  a  change  of  internal  energy  and  in  the  me¬ 
chanic  work  performed,  and  that  there  are  no  other  forms  of  energy 
conversion  besides  the  Joulean  heat  mentioned  above.  In  more  complex 
cases,  e.g. ,  if  the  magnetic  permeability  is  a  function  of  the  tempe¬ 
rature  or  of  the  field  strength  then,  according  to  the  first  law  of 
thermodynamics,  the  energy  Eq.  (10.4.35)  must  be  written  in  another, 
more  expanded  form. 

We  separate  explicitly  the  work  of  the  forces  by  scalar  multipli¬ 
cation  of  the  momentiim  equation  by  the  velocity  ^  and  addition  of  it 
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to  the  enei’cy  Eq.  (10.4.38),  arl  wrlLe  the  cnorcy  equation  co  that 
the  terms  which  characterize  the  unsteadiness  arc  separated i 

it  *  Tir 

+  (10.4.43) 

Here  is  the  stagnation  enthalpy.  This 

form  is  convenient  for  steady-state  problems  since  the  first  three 
terms  of  the  left-hand  side  vanish  and  all  that  remains  on  the  left  is 


the  rate  of  change  of  the  stagnation  enthalpy  of  the  fluid  particle. 
This  rate  of  change  consists  of  t'.-;o  magnetoaerodynamlc  terms  -  the 
mechanical  work  done  by  the  electric  volume  force,  and  the  Joulean 
heat.  Their  interrelation  determines  the  character  of  variation  of  the 
motion  parameters. 

Similarity  criteria  in  magnotogasdvnamics.  Let  us  eliminate  and 
E  from  Eqs.  (10. 5. 36)  -  (10.4.41).  For  this  purpose  we  substitute  the 
expression  for  7  fr’om  (10.4.39)  into  Eq.  (10.4.37): 

^  l-c’  fa’-r  i  y 

-iJ-(/7xroi«).  ’  (10.4.44) 

and  the  expressions  for  E  from  (10.4.41)  and  for  7  from  (10.4.39) 

Eq.  (10.4.40): 


^ =rol(w  X  //)  —  —  rot  rot  rot  (w  X  w)  -  --  ( v  div  //—  A/?) . 

Making  use  of  the  condition  dlv  H  =  0,  we  obtain  the  so-callf<i 
Induction  equation: 

■^  =  rot(wX//)+.,A«.  (10.4.43) 

'.4.ere  v«“l/|ieO  is  whal  is  called  the  "magnetic  viscosity";  it  is  In- 
croUuced  analogously  to  the  viscosity  coefficient  v,  so  that  the  term 
characterizes  the  dissipation  of  electromagnetic  energy  to 
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Joulean  heat. 


Let  us  put  the  first  term  of  the  right-hand  side  of  Eq.  (10.4.45), 
Which  characterizes  the  cncrcy  consumed  In  mlntalnlng  the  current.  In 

the  moving  medium,  dual  to  the  second,  which  characterizes  the  energy 
dissipation: 

•Hit  ml' 

(10.4.46) 

The  physical  meaning  of  this  quantity  Is  analogous  to  the  physi¬ 
cal  meanings  of  the  common  Reynolds  number  and  the  structure  of  the 
f  :-mula  coincides  with  the  structure  Re  =  wL/v.  The  dimensionless  com¬ 
bination  (10.4.46)  was  therefore  the  magnetic  Reynolds  number. 

(10.4.47) 

For  Re^jj  »  1  the  electrical  resistance  of  the  medium  and  the 
Joulean  losses  connected  with  it  can  be  neglected  In  the  same  way  as 
the  viscosity  Is  "neglected"  In  normal  hydromechanics  at  large  Re  num¬ 
bers.  In  cosmic  gasdynamlcs  Re^  .  10^  and  higher,  because  of  the  food 
conductivity  of  the  Ionized  gas  and  the  huge  dimensions  of  the  objects 
considered  [10.4.2].  In  many  problems  where  the  common  Re  numbers  are 
large,  it  Is  sufficient  to  restrict  oneself  to  considering  an  Invlscld 
fluid  with  Infinite  conductivity. 

Undur  terrestrial  conditions  such  Re^  values  are  not  reached;  .. 

g.  y  in  experiments  with  mercury  and  liquid  sodium  Re  ;=  10 '^-10° 

in  * 

The  magnetic  number  Re^^^  may  be  interpreted  [10.4.2]  as  the  ratio 
betv.een  the  Induced  and  applies  magnetic  field.  The  Induced  field  can 
be  determined  from  the  Maxwell  equation 

curl  H  ■  J 

Repeating  considerations  analogous  to  those  made  on  calculating 
the  field  of  velocities  under  the  action  of  a  given  vortex  distribu¬ 
tion  ^  =  curl  i:,  we  find  that  the  induced  field  will  be  proportional 
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to  UtOwHL; 


Let  us  estimate  the  possible  values  of  the  Re^j^  number  in  magneto- 
gasdynamics.  If  we  take  p  =  1.0  ohm“^cm"^  and  L  =  1  cm,  then 

Re. = = 10“*® 

(the  coefficient  10  ^  is  Introduced  for  conformity  of  the  measuring 
units).  Even  if  we  put  w  =  10^  m/sec,  Re^j^  assumes  an  order  of  10”^.  To 
estimate  the  order  of  magnitude  of  the  last  term  of  Eq.  (lO.  h.44), 
which  characterizes  the  electric  volume  force,  we  write  it  as  a  ratio 
to  the  dynamic  head  u  H^/pw^.  The  quantity  H  (ii^/p)  has  the  dimension 
of  a  velocity  and  is  called  the  velocity  of  Alven  waves. 

(10.4.48) 

In  order  to  explain  the  physical  meaning  of  this  velocity  we  con¬ 
sider  [10.4.7]  a  medium  of  infinite  conductivity,  a-*  *,  l.e.  ,  =  0. 

Equation  (10.4.45)  can  be  written  in  the  form 


^-fot(wx^)=0. 

and  the  continuity  Eq.  (10.4.36)  in  the  form 

Combining  them  we  obtain 


(10.4. 49) 


jrf/w)  1  H  dt  I  - 


(10.4.  50) 


where  (H*v)  "w  Is  the  gradient  of  the  velocity  vector  "w  with  respect  to 
the  vector  H. 

If  (H'V)  "v?  =  0,  l.e.,  if  the  velocity  does  not  vary  along  the 
magnetic  lines  of  force  H,and  since  it  does  not  do  so  for  one  dimen¬ 
sional  and  cylindrical -symmetrical  flows,  then  in  these  flows  the 
quantity 
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y  =*  or 

is  conserved. 


(10.4.51) 


This  may  be  looked  upon  as  a  condition  cf  "froezeablllty"  of  the 
magnetic  field  in  the  fluid. 

In  fact  the  change  with  time  cf  the  vector  H  flux  through  the 
surface  A  bounded  by  the  contour  L  moving  along  with  the  gas  will  be 

The  first  limit  of  the  right-hand  side  hill  be  .  in  or¬ 

der  to  calculate  the  second  limit  we  consider  the  volume  6V  circum¬ 
scribed  by  the  contour  L  as  It  moves  In  the  fluid  during  the  time  6t; 
Its  end  faces  will  be  and  A^^^^  and  the  lateral  surface  A^^j^  has 
the  generatrix  : 

according  to  Ostrogradskly 's  formula 

^.T  /f  rfX-f  J  H  dA+  J 

and  when  the  direction  of  the  normalTf?  is  taken  Into  account 


In  the  first  Integral  the  right-hand  side  Is  and  for 

It  Jv-wir-  the  second  Integral  can  be  transformed  In  the 

following  way  if  it  Is  taken  Into  account  that  on  the  lateral  surface 


^  ^  ^  j*  ^  rol  (ff  y.w)  dX 
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In  a  medium  of  Infinite  conductivity,  as  can  be  seen  from  (10. 8), 
—-ntiffxi)  vanishes.  According  to  Eq.  (10.4.30)  dlv  H  =  0  and 

therefore  l.c.  ,  the  flux  of  the  vector  H  through  a  surface 

moving  together  with  the  gas  remains  unchanged. 

The  lines  of  force  are  as  If  "fro¬ 
zen"  In  the  medium.  Substanilal  points. 
Initially  situated  on  any  one  of  the 
magnetic  lines  of  force  remain  fixed  on 
It  during  the  motion.  This  condition  may 
be  explained  physically  by  the  fact  that 
on  intersecting  a  contour  of  partlcl('s 
of  a  medium  with  infinite  conductivity, 
the  magnetic  lines  of  force  Induce  vety 
large  (infinitely  largo)  currents  and 
the  associated  electric  volume  forces 
which  arise  will,  accoi'dlng  to  Lenz’s 
laile,  either  decelerate  the  motion.  • 
the  particles  of  the  contour  or  o.nlr.'.ln 
the  magnetic  lines  of  force.  The  nah- 
stance  of  the  gas  In  the  transvci'S'’ 
field  of  motion  thus  carries  its  magnetic  lines  of  force  along  with  11, 
l.e.  ,  they  behave  as  If  th-^y  were  "glued"  or  "frozen"  Into  the  sub¬ 
stance  of  the  gas. 

Alfven  Introduced  the  analogy  between  the  magnetic  linos  of  fox'co 
and  elastic  filaments,  assuming  that  the  bending  of  magn-'-tlc  liner,  of 
'■  n-.e  during  the  motion  of  the  particles  of  a  fluid  as  0 -► 


Pig.  10.  4.  5-  In  the  pres¬ 
ence  of  a  magnetic  field, 
the  disturbances  Induced 
In  mercury  5  on  the  bot¬ 
tom  of  the  vessel  2  by 
vibrations  of  a  ribbed 
plate  4  are  Immediately 
transferred  to  the  sur¬ 
face  by  magnetogasdynamlc 
disturbances.  1)  Light 
ray;  2'  magnetic  field. 


oo  trans- 


versely  to  the  magnetic  field  Is  accompanied  by  the  appearance  of 
'quasielastic"  forces  which  tend  to  straighten  the  lines  offeree  again. 

The  vibrations  are  thus  occurring  in  a  direction  perpendicular  to 
the  undisturbed  magnetic  field  and  a  sufficiently  small  "hump"  will  be 
displaced  along  the  line  of  force  with  the  velocity  H  (hg/p)  These 
vibrations  remind  us  of  elastic  waves  along  a  filament.  A  conductive 
medium  In  a  magnetic  field  acquires  a  characteristic  elasticity  with 
respect  to  the  shear  of  the  adjacent  layers. 

The  cxlsuence  of  the  Alfven  waves  can  be  demonstrated  well  ex- 
pei  men  al.,-.  By  way  of  example  one  of  the  experiments  made  by  Lund- 
qulSi^  and  [Lehnert]  may  be  mentioned.  A  cylindrical  vessel  2  (Pig. 
10.4.5)  filled  with  mercury  5.  On  the  bottom  of  the  vessel  a  ribbed 
plate  4  which  can  be  set  in  rotation,  is  mounted.  When  the  plate  per¬ 
forms  periodic  vibrations  then,  owing  to  the  Internal  friction,  the 
mercury  also  starts  rotating.  However,  in  view  of  the  smallness  of  the 
frictional  forces,  it  takes  rather  long  time  to  set  ihe  surface  layer 
of  the  mercury  in  rotation.  When  a  magnetic  field  is  present,  however, 
the  disturbances  are  immediately  transferred  to  the  surface  by  means 
of  the  magnetogasdynamlc  waves. 

If  the  conductivity  of  the  medium  is  finite,  the  behavior  of  the 
magnetic  lines  of  force  can  be  imagined,  starting  from  the  limiting 
case  of  "froezablllty."  The  magnetic  lines  of  force  are  in  this  case 
entrained  by  the  medium  to  some  degree,  but  there  arises  an  effect  of 
relative  slipping"  of  field  and  medium.  The  magnetic  lines  of  force 
behave  as  if  they  were  going  "diffuse"  in  the  medium.  The  induction 
Eq.  (IO..4.45)  in  a  coordinate  system  fixed  to  the  moving  system  is 
therefore  analogous  to  the  diffusion  equation. 

It  can  be  shown  [10.4.7]  that  the  propagation  rate  of  disturb¬ 
ances  in  a  conducting  medium  in  a  magnetic  field  exceeds  the  sonic 
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speed. 


Let  us  consider  a  one- tji mens lonal  flow  In  a  transverse  mai^net  i 
field.  In  this  case  the  equat’en  cf  motion  may  be  v^rltten  in  the  fol¬ 
lowing  form: 


.  t  M  f  ^  J  IJ  A 

^+®77+7'Sr+7"l7=®-  (*) 

In  the  case  of  a  steady  flow  of  an  incompressible  fluid  this 
equation  can  be  Integrated  immediately: 


Integral  obtained  is  analogous  to  Bernoulli *s  equation^  th^' 
quantity  M-gH  /2  can  be  termed  the  "magnetic  pressure." 

^®m  ^  for  a  perfectly  conducting  medium,  o  — *),thei 


*  t» 


We  can  rewrite  Eq.  (»)  in  the  following  form: 

For  a  barotropic  gas  we  have 


Then  we  obtain 


*  u 

\dt  '  dx/^  dx 


It  is  in  this  form  that  the  equation  of  motion  is  consldei'c.ci 
classical  gasdynamics,  the  only  dlffei'ence  being  that  in  the  sorond 
term  of  the  equation  p(p)  is  replaced  by  Pg(p).  It  is  therefore  possi¬ 
ble  to  treat  this  equation  formally  with  the  method  of  llnearlratlon 
In  acoustic  approximation.  We  then  obtain  (considering  also  .he  con¬ 
tinuity  equation)  dm'  ,ldp,\  df  . 

‘^•7r+('5r/,7r=®- 


Tills  system,  as  we  know,  leads  to  a  wave  equation,  e.g, ,  for  p* 

^  w»  4  aj<* 

The  velocity  at  which  the  disturbances  are  propagated  In  the  con 
ducting  medium  In  the  magnetic  field  Is  given  by 


k«M{ 


where  Sq  Is  the  sonic  velocity  and  the  velocity  of  the  Alfven  waves 
We  call  the  dimensionless  ratio  of  gas  flow  velocity 


Al— (10.4.52) 

to  the  velocity  of  the  Alfven  waves  the  Alfven  number. 

If  Vl/hl  «  1,  then  Gjjj  =  a^;  if  however  M/A1_  »  1,  then  the  dis¬ 
turbances  will  be  propagated  virtually  with  the  velocity  c^. 

Lot  us  estimate  the  terms  which  originate  from  the  magnetogasdy- 
namlc  effects  In  the  momentum  Eq.  (10.4. 37).  By  considerations  analo¬ 
gous  to  (2.5)  we  obtain  dimensionless  ratios  which  will  prove  to  be 
similarity  criteria. 

Thus,  comparing  the  electric  volume  force  per  unit  mass  with  the 
convective  term  of  the  equation  of  motion  gives  us  the  criterion 


_  We, 
AP  ’ 


(10. 4. 53) 


Comparison  with  the  viscosity  force  per  unit  mass  Is  analogous  to 
multiplying  this  criterion  by  Re;  this  gives  us 


The  dimensionless 
number 


combination  ffy 


(10. 4. 54) 
Is  called  the  Hartmann 


|/  (10.4.55) 

The  physical  meaning  of  this  criterion  leads  to  the  following.  If 
the  velocity  of  the  Alfven  waves  is  large  enough,  then  In  the  case  of 
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Pig.  10.4.6.  Dependence  of  criti¬ 
cal  number  Rej^  on  the  Hartmann 

number  (Ha)  in  a  longitudinal,  1, 
and  a  transverse  macnotlc  field, 

2. 


a  flow  in  a  longitudinal  macnetlc  field  the  longitudinal  disturbances 
are  the  most  "dangerous"  [10.4.6].  These  disturbances  may  lead  to  In¬ 
stabilities  at  small  Reynolds  numbers.  In  fact,  experiments  with  a 

plane  parallel  flow  In  a  longitudinal  magnetic  field  at  Re  «  1  chow- 

m 

ed  that  the  critical  number  Roj^  at  which  the  flow  becomes  unsteady 
Increases  monotonically  with  the  dimensionless  parameter  Ha^/Re  (curve 
1  in  Pig,  10.4.6).  In  this  case  of  a  transverse  magnetic  field  the 
stabilisation  effect  is  still  stronger  (Curve  2  In  Fig.  10.4.6),  since 
not  only  the  increase  of  the  Hartmann  number  but  also  the  increase  'n 
magnetic  field  strength  dlstor-ts  the  velocity  distribution  (this  w’ll 
be  shown  In  what  follov.s),  so  that  the  effective  Reynolds  number  Is. 
greatly  decreased. 

In  the  case  of  an  unsteady  motion,  the  forces  then  arising  can  be 
estimated  by  loltlplylng  (10.4.53)  by  Sh  =  wt/L.  Let  us  sot  up  the  si¬ 
milarity  condition  for  this  case: 


Re.  _ 

AV  tw.t  ’ 


(10.4.  56) 


These  criteria  can  also  be  obtained  from  the  energy  Eq.  (10.4.30). 
Flew  of  an  electrically  'onductlng  gas  In  a  transverse  magnetic 
•'  1  o Id .  Wien  there  Is  no  electric  field,  l.e.  ,  when  E-0  and 
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we  find  that  the  sum  of  the  first  two  terms  of  the  right-hand  side  of 
Eq.  (10.4.43)  la  zero: 

(10.4.57) 

In  this  case  the  energy  equation  coincides  with  the  energy  equa¬ 
tion  of  classical  gasdynamlcs.  Thus,  when  E  »  0,  the  only  effect  due  to 

magnetogasdynamlcs  Is  the  dynamic  Influence  of  the  electric  volume 
force. 


Let  us  consider  the  steady  flow  in  a 
channel  of  constant  cross  section  of  an 
electrically  conducting  gas  In  a  trans¬ 
verse  magnetic  field.  To  obtain  a  closed 
current  In  the  gas  we  assume  that  the 
channel  has  an  annular  cross  section  and 


Pig.  10.4.7.  In  order  to 
close  the  electric  cur¬ 
rent  In  a  gas  It  is  con¬ 
venient  to  bound  the  flow 
In  an  annular  channel 
with  radial  magnetic 
field. 


that  the  magnetic  field  Is  radially  di¬ 
rected  (Pig.  10.4.7).  If  the  width  of  the 
ring  is  small  compared  with  the  diameter, 
the  channel  can  be  considered  as  being 


plane  and  the  field  as  being  homogeneous. 
The  flow  may  then  bo  considered  one-dlmenslonal.  Such  a  flow  Is  shown 
schematically  In  Pig.  10.4.8.  The  current  arising  In  the  gas  because 
of  Its  motion  In  the  magnetic  field  creates  Its  own  magnetic  field  (h) 
which  Interferes  with  the  external  field  (H).  If  we  assume  that  h  «  H 
the  disturbance  of  the  field  by  the  current  may  be  neglected. 

Por  the  case  of  adiabatic  gas  riow  with  friction  the  system  of 
equations  then  has  the  form 


m 


dm 

di 


( 10. 4.  58) 


const; 
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(10.4. 59) 

( 10. 4. 60) 


P  pRT. 


(10.4.61) 
(10. -..62) 


Here  D  «=  26  is  the  hydraulic  radius  (6  being  the  channel  width)  and 

I 

coefficient  of  frictional  drag. 

In  this  statement  (for  the  solution  It  Is  assumed  that  O  *=  const) 
the  problem  does  not  differ  from  the  problem  of  classical  gasdynamlcs 
on  a  flow  with  friction. 


where 


*  + 1  \  ••  Vo 


(10.4.63) 


As  has  been  shown  before,  the  first  term  In  the  parentheses  of 
the  left-hand  side  of  Eq.  (10.4.63)  Is  the  similarity  criterion  (10.4. 
53)  RCj^/Al^,  and  the  ratio  of  the  two  terms  of  the  left-hand  side  l.s 
the  similarity  criterion  (10.4.54)  Ha^.  Comparing  (10.4.63)  with 
(4.4.48),  we  see  that  the  qualitative  Influence  of  the  magnetic  flold 
on  the  flow  is  analogous  to  the  Influence  of  friction;  a  subsonic  I'lc.w 
is  accelerated  and  a  supersonic  flow  is  decelerated. 

In  many  problems  both  terms  of  the  left-hand  side  of  Eq.  (lO.^^i  r.j) 
can  be  equivalent.  Assuming  that  o  =  i.o  ohm"^cm~^,  H  =  10^  gaus^ 

=  10 v-sec/cm^,  p  =  10"^  Jeg-sec^/cm^,  w  .=  10^  cm/sec,  D  =  10  cm  and 

.  -4 

C  =  10  we  obtain 


10.2 


=  2. 


If  reducing  the  density  or  the  velocity  or  raising  the  clor-t-ical 
conductivity  or  the  magnetic  field  strength  makes  the  abov  ■  relation 
become  much  smaller  than  unity,  then  the  Influence  of  the  surface 
friction  can  be  neglected.  The  magnetic  field  exerts  an  Influence  on 
the  coefficient  of  friction,  too.  In  a  hypersonic  flow  In  a  magnetic 
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field,  the  surface  friction 


V^77i77^777f/77^, 


Pic*  10.4.8.  In  a 
plane  channel  the 
C23  flo>;s  along 
tl.  ••-a.-'ls  and  the 
li  ■  ..'.^erse  magnetic 

Id  H  acts  along 
-1  r-axis. 


the  Mach  number 


may  be  reduced  by  an  order  of  magnitude, 
and  the  total  drag  is  determined  by  the  magnet¬ 
ic  pressure  even  in  relatively  weak  fields 
[10.4.81. 

In  the  case  of  an  Isothermal  flow,  the  en¬ 
ergy  Eq.  (10.4.59)  Is  replaced  by  the  condition 
that  the  thermodynamic  flow  temperature  is  con¬ 
stant  (in  this  case  the  stagnation  temperature 
varies  owing  to  the  heat  exchange  with  the  ex¬ 
ternal  medium).  It  is  therefore  convenient  to 
M  as  the  argument.  The  solution  has  the  form 


\  M,  ,  I  /  I  IV 

When  friction  is  neglected,  the  solution  can  be  written  In  the  fol¬ 
lowing  form: 


for  an  adiabatic  flow 


for  an  Isothemal  flow 

j,  _,m 


( 


with 


»•••  D  fV  I  M.  •  *  \;M}  M!/J’ 


Figure  10.4.9  shows  the  critical  length  of  a  channel  as  dependent 
on  the  initial  velocity  for  k  =  .••..4.  In  the  range  of  supersonic  flows 
the  function  has  a  maximum  at  M*  «  I.65  which  differs  considerably 
from  the  situation  for  a  usual  flow  with  friction.  A  supersonic  flow 

with  M*  =  2.3  can  te  decelerated  over  a  given  length  only  ten  times  as 
slowly  as  a  supersonic  flow  with  M*  «  I.65. 
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Magnetohydrodynamics  of  a  two-dimensional  flow  [10.  2].  Let  us 

consider  the  steady  flow  of  a  viscous  incompressible  electi’lcally  con¬ 
ducting  fluid  In  a  channel  formed  by  Infinite  plane  parallel  walls  z  = 
*=  +  b/2  in  the  presence  of  a  homogeneous  transverse  magnetic  field 
(cf.  Fig.  10.4.8).  If  the  velocl ty  Is  assumed  to  vary  In  the  z-dlrec- 
tlon  only,  the  pressure  must  vary  In  the  x-dlrectlon  so  that  the  pres¬ 
sure  gradient  remains  constant  (dp/dx  =  const  =  -P).  It  follows  from 


Pig,  10.4,9*  Dependence 
of  the  critical  length  on 
the  inlet  velocity. 


to  the  z-axis  shows  that 
axis  only  (Fig.  10.4.10). 


the  equation  dlv  H  =  0  that 

//.= const  =  //,.  (10.4.64) 

Analogously,  for  a  current  wo  have 
^Iv  "if  =  0,  1.  e.  ,  =  const.  The  bound¬ 

ary  condition  is  furnished  by  the  wall 
Insulation,  and  therefore  =  0,  The 
momentum  equation  then  assumes  the  form 

(10.4.63) 

The  momentum  equation  with  respect 
0,  l.e.  ,  "7  has  a  component  along  the  y- 


Plg.  10.4. 10.  The 
current  has  a 
component  In  the 
^  direction  only. 


Prom  Ohm's  law  (for  E  =  O)  it  follows  thi 
Substituting  the  value  of  J  in  (10.4.63)  we 

y 

obtain  the  equation 

I*  -  pls/ZetP  +  P=0, 

whose  solution,  satisfying  the  boundary  condition 
®’L_  +  »  =0.  has  the  form 


Cb  1 

1 

■ 

“(1 

). 
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(10.4.66) 


Fig.  10.4.11.  As 
the  magnetic  field 
strength  increases 
the  values  of  the 
velocity  in  the 
core  of  the  flow 
divp  ’.nd  the  velo- 
rlr  '  distribution 
ttens 

t.!-.  .1.  .  Moreover, 


If  a  -  0  then  Formula  (10.4.66)  yields  the  fami¬ 
liar  parabolic  profile  of  a  Poiseullle  flow. 

The  quantity  Is  the  Hartmann 

(10.4.55).  An  Increase  In  this  quantity,  which 
may  take  place  particularly  at  the  expense  of  an 
Increase  in  leads  to  a  flattening  of  the  pro¬ 
file:  the  central  part  becomes  smoother,  the 
curvature  of  the  profile  near  the  walls  In¬ 
creases,  a  sharp  drop  in  velocity  occurring  In  a 
very  thin  layer  (Fig.  10.4.11).  Therefore,  as  Ha 
increases*  the  part  played  by  the  viscosity  dl- 
for  a  given  magnitude  of  the  gradient  the  velocity 


In  the  central  flow  drops  as  Hq  increases,  which  leads  to  a  decrease 
in  the  Re  number. 

Acceleration  of  a  flow  in  a  channel  by  magnetic  and  electric 
flel^  [10.4.2]  and  [10.4.9].  Let  us  consider  a  one -dimensional  steady 
flow  a]  mg  the  x-axis  of  an  electrically  conducting  gas  In  crossed 
elec  ric  and  magnetic  fields  that  are  applied  transversely  to  the 
chJ  tinel  (Pig.  10.4.12).  The  system  of  equations  has  the  form 


I 


const; 


P-^fRT. 
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Generally  speaking,  If  A(x)  ,  E(x)  and  H(x)  are  given  these,  equa¬ 
tions  cannot  be  Integrated.  But  It  Is  possible  to  calculate  the  deriv¬ 
atives  dw/dx  and  dM/dx: 


dm 

^  1 

f  m  dA 

.  *-i  £ 

4m 

“  M»- 

1  [  ^ 
14-*"' 

P  \ 

k  Hf,n 

tfM 

2 

f  M 

fw  ^  W 

4x 

[a  dx 

ap  * 

»-l  £ 

1  +*M» 

(10. 4.67) 


(10.4.68) 

\  m  ijm- /J 

Vfhen  no  inagnetogaadynamlc  effects  arise,  the  well-known  formulas 
for  Isentroplc  flow  in  a  channel  are  obtained. 

Let  us  write 


*  — 1  E  ^  *— 1  1+*M»  £  _  B 

k  “  k  2+(*-l).AP 

These  quantities  are  characteristic  velocities.  The  ratio  E/Hu^ 
may  be  regarded  as  the  velocity  at  which  the  Induced  electric  field 
wHM,g  becomes  equal  to  the  field  applied  from  outside.  It  can  be  seen 
from  the  formulas  that  at  velocities  smaller  than  the  electric  vol¬ 
ume  force  acts  in  the  direction  of  the  acceleration  of  the  flow,  and 
at  velocities  larger  than  w^  in  the  direction  of  deceleration. 

It  is  therefore  possible  to  obtain  an  acceleration  of  a  superson¬ 
ic  flow  even  in  a  channel  of  constant  cross  section.  For  thl.s  it 
necessary  for  the  velocity  w  to  satisfy  the  Inequality  w^  >  w  >  w. 
that  it  is  reached  also  under  the  condition  >  w  >  Wg.  This  ofi'ect 
is  opposite  to  the  effect  of  heat  on  the  supersonic  flow.  If  supplying 
heat  to  a  supersonic  flov;  in  a  channel  ol  constant  cross  section 
causes  the  flow  to  decelerate,  then  supplying  electromagnetic  enc  .”gy 
.aueed  the  flow  to  accelerate. 

p 

The  presence  of  the  factor  (li  -  l)  proves  that  a  discontinuity  oc¬ 
curs  when  M  =  1.  It  is  therefore  practically  impossible  to  pass 
’■  .;gh  sonic  veloc;  y;  07, -n  rcacliing  it  is  possible  only  at  the  end 
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of  the  channel.  If,  however.  In  Eqs.  (10.4.67)  and  (10.4.68)  numerator 
and  denonlnatoi-  become  zero  at  the  sane  time,  continuous  acceleration 
or  deceleration  becomes  possible. 

Bour:da!‘;>  lavei'  control.  If  an  electric  volume  force  occui’S  In 
the  boundary  ]aj,er,  this  will  considei-ably  influence  the  velocity  dls- 
lU’lbutlon.  If  the  electric  volume  foi'co  is  directed  along  the  fric¬ 
tional  forces,  l.e. ,  in  opposite  to  the  velocity,  then  it  causes  the 
''.'ll  natige  in  th;e  character  of  Lhe  velocity  distribution  as  a  nega- 
tl”-  pressure  gi'-adlent  on  the  pi’ofile  near  the  point  of  separation 
•'  -  velocity  distribution  beside  the  wall  becomes  more  and  more 

j  slope  at  the  wall  may  appi*oach  to  zero  and  even 

10.  4.  If  the  e.m.  f.  vector  is  directed  along 

the  vclcclty,  ihe  velocity  distribution  is  steeper  (cf.  Fig.  10.4.13, 
b).  Thus,  by  (.hanging  the  slope  of  the  velocity  distribution,  the  fric¬ 
tional  drag  c.-ir  bo  ividuccd  and  also  the  amount  of  heat  transferred 
from  ti/e  bocr,  .urface  can  be  controlled  since  the  heat  i:u.nsfer  Is 
llkowlse  oonr.  icted  v.lth  the  temperatures  distribution  at  the  walls. 

Control  of  critical  hcatinp..  In  modern  technology  there  is  an 
Important  series  of  problems  connected  with  the  deceleration  of  arti¬ 
ficial  satellites  or  rocket-di'i ven  flying  vessels  on  their  re-entry 
from  ccsiTilc  space  into  the  atmosphere.  If  the  deceleration  energy  is 
llberauid  in  the  form  of  heat  on  the  vessel  surface,  the  surface'  is 
hcaLfd,  since  the  withdrawal  of  the  heat  from  it  is  hampered  and  It 
therefore  assumes  a  temperature  close  to  the  stagnation  temperature. 

The  problem  would  be  solved  to  a  )nslderable  extent  if  some  means 
could  be  found  of  concentrating  the  deceleration  energy  and  delivering 
into  the  flying  vessel  where  it  could  be  easily  dissipated  (e.g. ,  by 
transferring  It  to  a  liquid  v.hlch  evaporates  easily). 

It  has.  L_en  suggested  [10.4.2]  that  the  effect  of  ionization  of 
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wave 


the  air  In  the  high-speed  couno..  ^  layer  and  behind  the  shock 

should  ho  used  for  this  purpose, 
opposite  par’ts  of  the  surface  of  the 
^  vessel's  nose  (Fig.  10.1^.l4)  are  macio 

conducting  material  and  the  remain¬ 
der  of  the  surface  of  a  dielectric, 
and  the  parts  mentioned  first,  the 
electrodes,  are  connected  via  coll.: 


y777^77777?77?777! 


Pig.  10. 13.  Application  of 
electric  volume  forces  for 
boundary  layer  control. 


lying  inside  the  vessel,  then  applying  a  transverse  magnetic  field  to 
tne  gas  flow  about  the  body  gives  rise  to  an  electric  current,  as  l.s 
shown  in  Fig.  10.4.11;.  The  Initial  magnetic  field  may  be  secured  at 
the  expense  of  the  residual  magnetism  (should  a  coll  be  necessary, 
however,  the  electromagnet  can  bo  fed  also  from  an  outside  source). 

The  magnetic  field  will  be  amplified  at  the  expense  of  the  current 
flowing  In  the  circuit  (gas-electrode  —  coll  of  electromagnet  —  eloctrocic-- 
gas)  and  in  turn  it  will  amplify  the  current  in  the  circuit.  This  will 
continue  until  saturation  is  reached  in  the  core  of  the  electromagiu.-. 

In  this  case  the  kinetic  energy  is  converted  Into  electrical  ..i!- 
ergy  which  is  dissipated  in  the  windings  of  the  electromagnet,  frui;: 
which  it  can  be  removed  in  the  form  of  heat  by  a  liquid  that  evapo 
rates  easily.  The  force  of  drag  will  be  applied  not  to  the  skin 
vessel  but  to  the  electromagnet.  Thus,  this  method  makes  it  por.. 
to  relieve  the  skin  of  the  vessel  of  a  largo  part  of  the  dynamic  a  d 
thermal  load.a. 

Flow  of  a  pcifeC'^ly  conduct  Irii*  gas  aboiit  a  body  from  the  1  or 

r  vihich  a  marjvillc  field  is  cxciied.  [10.4.13]  and  [10.4.14],  : -t  us 
cuns-dci?  a  conductln^^  riowin[^  cibcuL  a.  body  with  large  rn-ignet.lc 
iieynolds  number  (Re  »  1). 

In  the  space  are,...';  the  body  t.nvce  exists  a  magnetic  field  ex- 
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cited  by  the  currents  in  the  body  (or  "frozen"  In  the  body).  When  Re 


10.4.14.  Schematic  diagram  on  the  use  of 
a  magnetogas  dynamic  effect.  In  order  to  de¬ 
celerate  a  flying  vessel  entering  dense  layers 
<.f  the  atmosphere. 


Is  sufMcleru.iy  large,  we  obtain  from  the  Induction  equation 


rot  (wx^)“0, 

and  since  H  =  0  at  infinity,  H  =  0  everywhere  in  the  flow,  too.  By 
virtue  of  .the  continuity  of  the  normal  component  of  ‘  '  magnetic  field 

strength  vector  at  the  boundary  to  the  body,  =  H*  n  =  0  ("n  Is  the 
unit  vector  of  the  outer  normal).  If  we  denote  by  the  subscript  "1" 

Uie  parameters  at  the  boundary  to  the  body  and  by  the  subscript  "2" 
those  at  the  boundary  to  the  flow,  then  tne  boundary  conditions  can  be 
written  in  the  following  fonn; 

//,=o.  //.,=o,  //.,=a 

//,/0,  and  since  //„=0.  we  have//„j!-0. 

The  surface  of  the  body  is  therefore  a  tangential  discontinuity 
surface  of  the  magnetic  field.  ’Screening"  of  the  magnetic  field  re¬ 
sults  from  the  surface  currents. 

When  the  Re^^j  number  is  not  very  large,  the  discontinuity  surface 
evolves  to  a  finite  region  across  whlc:;  the  tangential  component  of 
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Pj*.  10. 4. 15.  The  re- 
gjflc  next  to  th.-.o  bed:, 
arross  which  •  '  .no  par-- 
aefcers  charac^r  _':'lzin- 
»gnettc  ."''  lold 
dBnre  rapid!,  -  ,  is 
cail^  the  mar.  --na  tic 
bnaidary  layon; . 


the  “tic  fiold  varies  rapidly  (Fli:. 

15).  This  reclcn  Is  called  the  rgrnc - 
tic  boundary  layer . 

The  width  of  this  region  is  determined 
as  in  classical  gasdynamlcs  by  the  pi*esonce 
of  energy  dissipation,  in  the  given  case  by 
the  presence  of  magnetic  energy  losses  to 
Joulean  heat. 

The  thickness  of  the  magnetic  boundary 
:*/5r  Is  thickness  of  the  gasdynamlc  boundary  layer 

The  eQ.ua.  _ca  of  aotioja  of  the  magnetic  boundary  layer  is  written 
ic  tie-  follow.;; lag  fom: 

Ftom  the  second  equation  wo  find  that  across  the  magnetic  field 

(10.4.69) 

The  gascli^Tiiamlc  pressure  across  the  magnetic  boundary  layer  may 
tiersfore  chrx;..;;ge  by  aany  times,  a  very  different  situation  from  that 
eseoentered  it'",  the  /^sdynaralc  boundary  layer*. 

7rom  thJr..i  condition  It  is  possible  to  di’aw  a  very  important  v.  '■ 


7  +  1*,-^— const. 


2  U 


cSiBlon:  whcrr.i  JSmi  >p_,  then  in  coruiectlon  with  the  fact  that  a 


n^rivo  prc;u>-uro  Ir.  a  gas  is  Impossible,  by  virtue  of  (10.4.68)  the 
fitw  will  be^-  "■’press*:!  awpy"  from  the  body  by  the  magnetic  field  wlic  re- 
upen  voids  (.'"iV.  avitles'’)  in  whlclr  p  -  0  will  be  formed.  Figure  10.4.16 
siCKi  the  bouax  rdarles  of  such  a  cavity  i'oi*mod  Itr  a  flow  streaming  about 
a  —iojre  which,  is  ma^-netlsc- J  by  means  of  two  poles.  The  boundary  is  a 
alonr:  which  'i  retrlc  cur:*-*nl.s  flow  which  arc  subject  In  a  mag- 
'ield  h.  the  a.  r’  uj  forc(..t  that  bring  about  the  "pressing 
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away."  In  order  to  determine  the  shape  of 
the  cavity,  the  equations  describing  the  tag- 
netlc  field  Inside  the  cavity  must  be  solved: 

curl  H  =  0  and  dlv  H  =  0, 
w  ch  the  boundary  conditions 


Fig.  lnd--r 

t  ■  condition  — > 

•j 

.  .1-w  will  be 
’■rr.,.-.cu  a.'.t.:-"  ■'•oa 

the  "'  ly  :  •'  ,  he  xar'  - 
ne'ilc  field  wh;..  !:-" 
upon  "cavities"  in¬ 
side  which  p  =  0  will 
be  produced.  In  this 
case  the  stream  does 
not  flow  about  the 
body  but  about  the 
surface  of  these 
"cavltl''s"  (a). 


Outside  the  surface  A  there  Is  no  mag¬ 
netic  liold,  and  a.ll  the  relations  of  classi¬ 
cal  gasdynandcc  apply.  We  assume  for  slmpll- 
ci  L.y  that  »  1  and  then,  obviously,  the 
pressui-c*  at  the  surface  A  can  be  calculated 
with  Newton's  formula; 


cos*  («•»), 


where  Pq  is  the  stagnation  pressure  behind 
til ,  shock  wave. 

The  "cavities"  formed  around  the  "macnetlzed"  body  In  the  flow  of 
a  ccnductlng  gas  at  »  1  may  be  used  to  reduce  the  aerodynamic 
forces  and  thermal  Incuiatlon  at  the  body  surface  (the  electromagnetic 
lorces  will  act  lii  th^  niarru;tlc  I'l  .1  j  -uujcec  In  the  body). 
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Appendix  I 

DENOTATIONS  OF  THE  FUNDAMENTAL  QUANTITIES 
area  [m  ];  thermal  equivalent  of  mechanical  work  [1/427  kcal/ 

kg-m] 

magnetic  Induction  [kg/a-sec^,  kg/a-m,  v-sec/m^] 

closed  contour  of  Integration;  constant  In  Sutherland's  formula 

[  K];  coefficients  of  forces,  C^,  of  moment,  C^,  of  pressure' 

V 

dissipation  function  [kgm/sec,  kgm^/soc^];  D,  displacement  cur¬ 
rent  [a]; 

energy  [kgm];  electric  field  strength  [kg/a-sec,  kgm/a-sec^] 

electrical  voltage  [kgm/a-soc,  kgm^/a-sec^,  v] 

force  [kg,  kgm/sec^],  chiefly  volume  force 

weight  [kg];  elastic  modulus  of  the  second  kind  [kg/m^] 

molecular  weight  [grams/mole] 

height  [m];  magnetic  field  strength  [a/m] 

enthalpy  [kgm];  current  [a,  Coulomb/scc) 

mechanical  equivalent  of  heat  [427  kgm/kcal] 

compression  modulus  [kg/m^];  K  =  (k  -  l)/(k  +  l);  impulse  pA  •  mw 

[kg]; 

work  [kgm];  ~  work  on  the  section  1-2;  body  contour 

mass  [kg,  k,--sec  /n];  moment  of  forces  [kgm];  dipole  moment  ir‘^/ 

sec  ] 

Mayevskly  (Macn)  runber 

.'cree  along  the  ;o  the  chord  of  a  wing  [kg];  number  of 
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molecules  per  unit  volume  [1/m^];  number  of  turbine  blades 
origin  of  coordinates 

force  [kg],  chiefly  surface  force 

heat  [kgin  =  1/427  kcal];  -  heat  supplied  to  section  1-2 
gas  constant,  per  unit  macs  [kgrn/kg-‘’K,  m^/sec^-^K];  resultant  of 
forces  fkg];  drag  [kg];  radius  [m] 

R  universal  gas  constant  [pR  =  848  kgm/kmole-°K] 
enbr.py  [kcm/'K,  l/427/kcal/“K] 

temperature;  T  “K  -  In  degrees  Kelvin  (abs.),  T  “C  in  degrees 
■''ntlgrade;  force  along  the  choi'd  of  a  wing  [kg] 

I'-’rce  p  cr  ■  tal  [kgm] 
volume  [m-^] 
drag  [kg] 
lift  [kg] 

sonic  velocity  [m/sec] 

W-Uth  .  :  channel  [n];  pi-ofile  chord  [m];  b^.  poslti.n  of  maximum 
bend  of  the  chamber  line  of  a  profile  [m];  b^  position  of  maximum 
thickness  of  a  profile  [m] 

specific  heat  per  unit  mass  [kgm/ltg-deg,  1/427  kcal/kg-deg];  ab¬ 
solute  parUcle  velocity  In  a  turbine  [m/sec];  electromagnet- 
Ic  constant  (equal  to  the  velocity  of  light  in  empty  space,  3*10® 
m/sec) 

maximum  thickness  of  profile  [m];  diameter  [m] 
electric  charge  [k  =  a  sec] 

stress  vector  of  volume  f  es  [kg/kg,  m^/sec];  maximum  bend  of 
profile  [m];  relative  inlet  of  air  Intake 
acceleration  of  terrestrial  gravity  [m^/sec] 
height  of  roughness  pj'otubcranoes  [m] 

enthalpy  per  unit  mass  [kgra/kg];  unit  vector  of  x-axls 
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mass  flow  density  per  sec.  .1  [kc/m^-soc,  kc-sec/m^j;  density  of 
electric  current  [a/irr)j  unit  vector  of  y-axis;  7-  unit  vector 
of  y-axis 

specific  heat  .'’atio  (atomic  number)  k  =  c  /c 

p  V 

unit  vector  of  s-axis 
length  [m] 

mass  flowing  per  unit  time  [kg/sec,  kg -sec/m] 
unit  vector  of  outer  normal 

p 

pressure  [kg/m  ] 

heat  flux  density  [kgm/m^-sec,  1/427  kcal/m^-sec] 
radius  vector  [m];  r^^  degree  of  reactivity 

entropy  per  unit  mass  [kgm/kG-°K,  1/42?  kcal/kg-^K];  curvilinear 

coordinate 

time  (sec) 

tangent  unit  vector 

transport  velocity  [m/sec];  induced  velocity  [m/sec] 

specific  volume,  v  =  l/p  volume  of  unit  mass  [m^/kz,  m^/kg-sec^'. 

velocity  (m/sec) 

axis  of  coordinates  (abscissa) 

axis  of  coordinates  (ordinate) 

axis  of  coordinates;  complex  numbei'  z  =  x  +  ly 

p 

circulation  [m  /sec] 

Laplace  operator  (J-v-v  =  VT 

angle  (radian  =  2k/360°];  angle  of  curvatui'o  of  profile,  0^0^ 

+  e^;  (e^) -angle  of  direction  of  leading  (trailing)  edge  of 

profile 

aspect  ratio,  A  =  1^/A^^. 
velocity  potential  [m^/sc'-] 
stream  functloi.  see) 


7 

6 


e 

p 


xy 


<p 

X 


(rad.  ^  2V360»)  angle  of  attack;  angle  of  divergence  of  a  chan¬ 
nel,  Oq  zero  lift  angle  of  profile;  geometrical  angle; 
aerodynamic  angle  of  attack,  a  =  a  +  a  ^ 

Mach  angle 

specific  weight  [kg/m^] 

increment;  elrn  chnractorlcl„e  a  email  quantity;  boundary  layer 

thickness  [m);  6.  displacement  thickness,  6*.  impulse  loss  thick- 
ness;  energy  loss  thickness 

dielectric  constant 
Oi-^g  coefficient 

■'ngle  [rae.  J  \ 

-  .  .f...  V  .) 

-•  coox'flolcnt  [kgm/m-sec-deg,  l/427'kcal/m- 

3cc-deg] 

coefficient  of  viscosity  [kg-sec/m^];  angle  between  direction  of 
Ity  c-nd  d-reccion^of  diagonal  shock;  magnetic  permeability 

,.LS-osity  [m  /sec];  static  pressure  recovoi-y  coefficient; 
Vq  total  pressure  recovery  coefficient 
displacement  on  shear 

density  kg-sec^/m^];  density  of  free  electrons 

Pg  resist  Va ty  [ohm-m,  kg-m^/a-sec ] 

normal  component  of  s cross  of  surface  forces  (kg/m^;  conductivity 
[l/ohm,  a/b,  a^soc/kem];  recovery  coefficient 
tangential  component  of  stress  of  surface  forcea  rkg/n,®] 

•n  a  surface  area  normal  to  the  x-axls  In  the  direction  of  the 
y-axls 

disturbance  velocity  potential  [m^/soc];  electrical  petentlal 
[v  =  kgm  /a-sec^];  mass  flow  coefficient  of  air  Intake 
oerlmoter  [m];  complex  potential,  $  +  if  [m^/sec] 

•atream  func'  Lon  of  disturbance  [.•'.^/jec] 
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angular  velocity  of  rotafrr.  [rad/sec];  angle  of  wedge, 

[rad.  ] 

tilde  ("little  serpent")  sign  of  averaging 
vector 

If  c  =  a  +  lb  then  c  -  a  -  lb. 


cone 
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Appendix  2 

FORMULAS  OP  VECTOR  ANALYSIS 


I.  Definitions 


Hf  dA 

grad  ?  =  llm  — ; 

ir-^  IK 

^ii'adA 

divu“Ilm  — - : 

it-o  IK 

j  n  X^^A 

tola—  llm  - - 

IK 


II.  Integral  Formulas 


l)  Due  to  Stokes 


f  a  «// = J  /« •  rol  II  dA 


2)  Due  to  Ostroprradskl v-r.aiiss 


^grad^  i/V;  n  adA—^iM\ adVi 
\aXudA  =  ^  TotadV 

A  V 


III.  Cartesian  System  of  Coordinates 
Introducing  the  nabla  operator 


we  obtain 


gr3d?  =  V9=T-^  +7 +»-?- . 

OX  df  dM 

div?=^7=-^+-^+-?s-. 

dx  ^  dy  ^  * 
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rota: 


(.a  — 

7  / 

J _ 

k 

J 

“■( 

da, 

da, 

ftx  a> 

d* 

dy 

dx 

1 

a,  fl. 

0, 

ftj,  \ 

A.kl 

ddf 

1  a* 

ftjr  i 

dx 

»y  )■ 

The  fonnula  of  Ostrogradskly-Gauss 

j5(.  .  .)rf>4=|V(  . 


IV.  The  Laplace  Operator 


djfl  djpJ  di« 


V.  Cylindrical  Coordinates  (r,  i>,  z) 


'  1  da. 

\4-e 

/  da, 

da,  \ 

i  r  ft} 

dM 

[  dM  ~ 

‘  dr  J 

Atts 

=  1. 

^(r 

iLN  + 

1  dSy 

“T 

r 

dr  \ 

der 

f*  fti»5 

VI.  Second  Order  Differential  Operatlonr, 


rot  grad  7 —0,  dlyrola=0 

rot  rot  a  —  grad  dlv  a— ^’a 
grad  (<?-»  =  9  grad  ® +9  grad  if- 

div  <fa  7  div  a  4-  a  grad  ^ 
rot  4a rot  a  -^gnA  fXa 
div  (a  X  b)  —  b-xota  —  a-iolb 
grad  a  -  ft  =  (t  •  V  )"  +  (<*■  V)  *  -{-  *  X  rot  0  +  o  X  rot  ft 
Va*:^(a  •  V)a+oXrolc 

rot  (a  X  t)  (ft  -  V)a-  (a- V)6-J-a  div  ft  — ft -div  a. 
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Appendix  3 

PHYSICAL  CHARACTERISTICS  OP  SPACE  NEAR  TJ£E  EARTH 
Molecular  weight  of  air  28.966  g/mole.  Gas  constant  per  gram-mole 
R  -  .31^  10  org/mole.  Absolute  gas  constant  R^^^  =  8.31*10^  m^/sec^ - 

d---°K.  Temperature  at  sea  level  Tj,^q  =  288.16  “K;  pressure  p  - 
=  -:.3?''.27  kg/m^j  density  =  0.12/^92  kg-scc^/m^  Viscosity  coef- 

fic..  ..;.n  =  1.8286- 10“^  kg-sec^/m^.  Sonic  speed  a  =  3^10.43  m/sec. 

C.'.lrg  to  -h,.  uisscclation  of  the  molecules  of  the  various  gases 
constituting  the  atmosphere  and  of  the  dlffuslonal  separation  of  mole¬ 
cules  of  different  mass  In  the  Earth's  gravitational  field  the  compo- 
sltlon  of  the  atmo, sphere  begins  to  change  at  altitudes  above  90  km. 

The  main  caus  -  of  the  change  in  molecular  weight  at  an  altitude  of  90 
to  180  km  is  the  dissociation  of  oxygen,  and  at  a  height  of  more  than 

180  km  the  dissociation  of  the  nitrogen  molecules  and  the  dlffuslonal 
separation  of  the  gases. 

When  the  nitrogen  Is  completely  dissociated,  the  molecular  weight 
is  14.7  h/mole. 

The  change  In  viscosity  with  altitude  may  be  determined  according 
to  Sacherland's  formula  with  C  =  120  »K.  l^.e  accel- 

eration  due  to  the  Earth's  gravity  varies  with  the  altitude  H  according 
to  the  relation  ,v.hei-  R  is  the- Earth's  radius,  equal  to 

about  16.360  km  and  Sq  =  9-807  m/sec  for  middle  latitudes. 

In  cosmic  space  at  a  distance  of  i  a.  e.  *  from  the  Sun  there  exist 
solid  particles  which  are  large  compared  with  atomic  or  molecular  di¬ 
mensions  (meteor.  ,  meteoiltc:,,  dust),  atomic  and  molecular  particles 
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cosmic  rays,  electrons,  oloctri'...  r'.remas),  and  also  olectromacnotlc 

radiation  of  the  sun  and  rlarc. 


Composition  of  the  Ain  (  for  Altitudes  from  0 
to  90  km) 
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KpKoioM  (Kr)  10 
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1)  Gas;  2)  wtjSj  3)  molecular  4)  nltroj^en;  5)  oxygenj  6)  ai’^on; 

7)  carbon  dioxide;  8)  neon;  9)  helium;  lO)  krypton;  11)  hydrogen;  If:) 
xenon;  13)  ozone;  14)  radon. 

Meteorites  are  relatively  coarse  solid  bodies  moving  around  th' 
sun  on  almost  circular  orbits.  On  the  avei’age  the  terrestrial  atmoc 
phere  Is  entered  by  one  In  15  meteorites  of  a  mean  mass  of  100  k;- 
the  volume  of  one  meteorite  being  1.  5* 10^  km^.  The  density  of  ston* 
meteorites  amounts  to  3-^^  that  of  iron  meteorites  to  8.  Since  the 
former  are  the  more  frequent  ones,  the  moan  mass  amounts  to  4;  their 
mean  velocity  relative  to  the  Earth  is  20  km/sec. 

The  term  meteors  Is  understood  to  mean  solid  particles  of  a  mass 

4  -4 

from  10  to  10  g  moving  on  highly  elongated  orbits.  The  r.^eors  fall 
upon  the  Earth  In  cho  form  of  dust  and  fine  particles.  The  mean  m-r'Cs 
o.  these  particles  Is  10"^  g.  In  the  course  of  25  hours  the  Earth  cap- 
l  res  a  total  of  2*1^'^*^  t"  ’tccr3  ’/ith  a  total  mass  of  1- lo”^  to  2- lo"^  g. 
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The  volume  containing  one  meteor  is  equal  to  2*10^  km^,  the  mean  velo¬ 
city  relative  to  the  Earth  is  40  km/sec.  The  flux  of  meteorites  Is 
fairly  constant.  In  the  centci’  of  a  compact  meteor  shower  the  flux  may 
grow  by  a  facto:  of  between  10^  and  10^. 

The  particles  of  Interplanetary  dust  have  diameters  from  a  few 
microns  to  200-300  n.  The  mean  diameter  of  the  particles  Is  20  p.,  the 
density  U  and  the  mass  10  ^  g.  In  2^  hours  the  Earth  captures  10^  g  of 

liitori  anetary  dust.  The  volume  containing  one  particle  amounts  to 
7  3 

7*10  m  .  The  particle  velocity  relative  to  the  Earth  Is  30  km/sec. 

Tho  o  jit,  flux  is  fairly  constant. 

trjraai-y  c  .•luic  rays  consist  of  rapidly  moving  atomic  nuclei  of 
veij  high  energy  whlc!:  penetrate  tho  whole  stellar  system;  the  volume 
containing  one  pai'tlcle  amou:.ts  to  7*10^  m^.  The  flux  of  cosmic  rays 
with  energies  of  more  than  10^  ev  is  1  particle  per  cm^  per  second 
(referred  to  a  iiemlspherc).  The  composition  of  cosmic  rays  with  ener¬ 
gies  between  10'  and  10  ^  ev  is  the  following j  protons  j-i-/',  cx»partl- 
cles  (He  nuclei)  8^,  nuclei  with  an  atomic  number  of  3-5,  0.  IjJ,  nu¬ 
clei  with  an  atomic  number  of  6-9,  0.h%,  and  nuclei  with  an  atomic 
number  of  more  than  9,  0.2^.  The  mean  particle  energy  is  7.10^  ev  (or 
10’^  erg).  Particles  with  energies  of  10^®  and  10^^  ev  have  been 
discovered.  When  the  cosmic  particle  density  was  calculated,  they  were 
assumed  to  move  at  a  velocity  equal  to  that  of  light  and  the  cosmic 
radiation  was  taken  to  be  isotropic.  The  contribution  of  the  sun  to 
the  total  of  cosmic  radiation  Is  small,  except  during  periods  of  large 
eruptions  or  other  disturbances. 

The  sun  is  surrounded  by  a  cloud  of  electrons.  At  a  distance  of 

1  a.  e.  from  the  sun  the  upper  density  limit  of  the  cloud  amounts  to 
3  3 

10-’  electrons  per  cm-*,  and  the  mean  velocity  to  30  km/sec. 

The  electroi.  flux  enijrgjs  from  tiie  Jlsturbcd  regions  of  the  sun. 
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The  typical  flux  of  10*^  ^lectrc  rer  crn^  per  second  has  a  vlorl ty  of 
1000  km/sec  between  Earth  and  sun.  These  fluxes  clvc  rise  to  th-  aurer 
borealis  and  the  magnetic  storni.s  in  the  Earth's  atmosphere. 

The  flux  of  primary  cosmic  rays  varies  within  the  limits  of  a  few 
per  cent.  The  electron  and  hoavj'  particle  fluxos  from  the  sun  vary 
within  wide  limits. 

The  Earth  receives  radiation  In  the  range  of  wavelengths  from 

-8 

10’  cm  (7-rays)  to  radiowaves  of  several  kilometers,  mainly  from  the 
sun.  The  total  radiation  Is  somewhat  less  than  2  cal/cm^-cm,  while  the 
mean  value  of  the  solar  constant  Is  1.38*10^®  erg/n'-sec.  A  large  part 
of  the  energy  emitted  belongs  to  the  visible  part  of  the  solar  spec¬ 
trum.  The  stellar  radiation  Is  far  weaker  than  the  solar  radiation  and 
-8 

amounts  to  10’  of  the  energy  of  solar  radiation. 

The  solar  radiation  as  a  whole  does  not  vary  considerably  but  the 

radiation  of  short  (lO’^  cm)  and  long  (10^  cm)  waves  may  increase  by  a 
2  3 

factor  of  10  -lO-*  during  solar  eruptions.  The  stellar  radiation  is 
cons tant. 


1  Model  of  Atmosphere 
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(Cunt Id) 
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book 


:^^For  altitudes  of  40  to  80  kjn  the  data  are  taken  from  Burgess' 

To  the  Limits  of  Space".  1957;  for  altitudes  above  80  km 
mainly  from  an  article  by  Kallir,.  ...i  "A  Preliminary  Model  Atmosphre 
Based  on  Rocket  and  Satelll  te  Data.  "  Jour,  of  Geophys.  Res. ,  June  1954, 


1)  Model  of  atmosphere;  2)  altitude  H,  km;  3) 
.2  /  4 


pressure  p,  kg/m*^;  4) 

density  p,  kg -sec  /m  ;  5)  temperature  T,°K;  6)  ratio;  7)  probable  mol- 
ocular  weight  pG,  g/molc;  8)  mean  free  path. 
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Appendix  4 

GASDYNAMIC  FUNCTIONS 
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1,6423 

3.7S58 

0,1923  1.0037 

1.7321 

1.0778 

0.1762'o.9472 

1.8273 

4.4020 

0. 161  l|o, 8561 

1,9290 

1  4,76!: 

0,14670.8210 

2,0380 

j  5,1735 

0,1333  0.7524 

2.1S5S 

j  5,6353 

O.l.Xtt  0.6813 

2,2831 

'  6.1723 

o.io's'o.eoss 

2,4227 

6.7934 

0.097l|0,5349 

2,5766 

7,5713 

0.0564 '0. 4617 

2,7481 

S..3'i-5 

0.0:63|o.3S99 

2,9414 

9.461 

0.06680,3203 

3,1622 

10.794 

0,0576'o.:556 

3.419Q 

0, 01:0  0.1956 

3,7246 

ju.772 

0.0;0s'o.l420 

4,0961 

17,919  i 
j  1 

0.0331  0.09CO 

4,5674 

i  22.712  1 

1  1 

0.0;58  0.0585 

5.1958 

130.153 

0.018.'|o,0302 

6,1033 

•36.593 

o.or22o,oi:' 

■t 

91,703 

0.0059,0.0022]  10,957 

- 

0  1  0  1 

— 

r(M') 


jr(M*)| 


M 


C.CiCO 

o.oso 

O.IGO 

0,2J0 

0.323 

0.W2 

0.454 

0.5G7 

0,651 

0.736 

0.824 

0.912 

1,003 

1.096 

1.192 

1.290 

1,391 

1.195 


I.COOO 
0.5972 
0.9391 
0.975 
0.957 
0,934 
0,906 
0.677 
0.844 
O.MO 
0.774 
0.738 
0,^01 
0.654 
0,C:.’8 
0,593 
0,559  I 
0.526 


1,000 

1,001 

1,006 

1,012 


0,0000 

0,0460 

0.0933 

0,140 


1.022  0,187 
1.034  0.234 
1.049  0,281 
1.064  0.329 
1.081  0.377 
1,100  0,425 
1.125  0.474 
1.138  0,523 
1.1S9  0,573 
1.178  0,624 


1,195 

1,213 

1,227 


0.675 

0.726 

0.779 
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0,90 

0.894 

1  0.616 

0,689 

0,959 

1.603 

0,491 

1,247 

0,888 

0,95 

0,883 

0,581 

0.659 

0.997 

1,716 

0.464 

1,254 

0,443 

1.00 

0.870 

0.546 

0.628 

1.000 

1.832 

0.435 

1,256 

1.000 

1.05 

0,856 

0.510 

0,596 

0.997 

1,954 

0,407 

1.253 

1.058 

1. 10 

0.843 

0,475 

0.564 

0,9SS 

2.08 

0,381 

1,246 

1.118 

I.IS 

0,828 

0.440 

0.532 

0.975 

2.21 

0,357 

1,236 

1.178 

1.30 

0,813 

0.406 

0.500 

0,956 

2,35 

0.333 

1,220 

1.242 

1.85 

0,796 

0.372 

0,468 

0.932 

2,50 

0,311 

1,199 

1,306 

1.30 

0.760 

0.340 

0,436 

0,903 

2.66 

0,290 

1,173 

1,373 

1.35 

0.762 

0,309 

0.405 

0.871 

2,82 

0,270 

1.143 

1,442 

l.« 

0,741 

0.278 

0.374 

0.834 

3.C0 

0.251 

1,107 

1.513 

1.45 

0.72G 

0,249 

0.344 

0.T94 

3,18 

0.234 

1,067 

1,587 

1.50 

0,707 

0,222 

0,314 

0.751 

3.38 

0,218 

1,021 

1.664 

1.55 

0.687 

0,196 

0,286 

0,706 

3,60 

0.202 

0,973 

1,744 

I.CO 

O.CGG 

0.172 

0,258 

0.658 

3,83 

0,187 

0,918 

1.828 

l.w 

0,645 

0,150 

0.232 

0.610 

4.08 

0.1*3 

0,864 

1,916 

1.70 

0,623 

0,i29 

0,207 

0,560 

4.35 

0.160 

0,805 

2.008 

1.75 

0,601 

0.111 

0.183 

o.sto 

4.64 

0,14S 

0.743 

2.105 

1.80 

0,578 

0,093 

0,160 

0.460 

4,97 

0.130 

0.678 

2.208 

1.85 

0,554 

0,077 

0,139 

0,411 

5.32 

0,125 

0.615 

2,318 

1.90 

0.529 

0,063 

0.120 

0.363 

5.72 

0,115 

0.553 

2,436 

1.95 

0,504 

0,051 

0.103 

0,317 

6.16 

0.105 

0,490 

2,561 

9.00 

0.478 

0,041 

0.086 

0.27J 

6.66 

0.0976 

0,430 

2.697 

3.05 

0,453 

0,032 

0,071 

0,232 

7.23 

0.0SC9 

0.369 

2.843 

3.10 

0,425 

0,024 

0.058 

0,193 

7.6S 

0,0786 

0,314 

3,003 

3,15 

0.397 

0,013 

0.<M6 

0.153 

8.63 

0.0706 

0.259 

3,181 

3.30 

0,369 

0.013 

0.036 

0.126 

■9.ro 

0.0632 

0.210 

3.377 

3,35 

0.340 

0.009 

0,027 

0.093 

10.55 

0,0561 

0,164 

3.593 

3,30 

0.310 

0.006 

0,025 

0.073 

11.81 

0.0493 

0,157 

3.851 

3.35 

0,280 

0,004 

0.014 

0,054 

13. 3S 

0.0129 

0,091 

4,140 

3,40 

0,249 

0,002 

0.010 

0.037 

15,36 

0,0368 

0,068 

4,485 

3.45 

0,217 

0,0013 

O.OOO 

0.024  j 

17,97 

0,0310 

0.042 

4,9<M 

3.50 

0,185 

0.0007 

0.00^1 

0.014  ! 

21.5 

0.0255 

0.029 

5.420 

3.55 

0,152 

0.0003 

0,002 

0.CC5  ! 

26.7 

0,0203 

0.015 

6,098 

3.60 

0,116 

0,0001 

9.001 

O.OC3  1 

35.0 

0,0152 

0,008 

7.058 

3.65 

0,084 

0.0000 

0.000 

0.001 

M).l 

0.0105 

0.000 

8,527 

3.70 

0.049 

0.0000 
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0,0002 

87.1 

0.0059 
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12,08 

3.75 

0,014 

0.0000 

0.000 

0.0000  j 

317.5 

0.0002 
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a)  /(M-)  -  M*  +  ;  /.  (M*)  =  In  M'*  + 
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0 
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on 
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0.10 
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1.01:0 
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1 

1 
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1 
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O.M 

5.2000 

21.7811 

1.20 

2.0333 

1,0590 

2.20 

2,6545 

1,7831 

0.25 

4.2500 

13.2274 

1.25 

2.0500 

1.0853 

2.25 

2.6944 

i.im 

0.30 

3.6333 

8.7031 

1.30 

2.0692 

1.1164 

2.:4) 

2.7348 

1,8548 

0.35 

3.2071 

6.0630 

1.35 

2.0907 

1.14S9 

2.35 

2.7755 

1.8900 

0.40 

2.9000 

4.4174 

1.4i 

2,1143 

1.1831 

2.40 

2.8167 

1.9245 

0.45 
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3.34:4 
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2.1397 

1.2187 

2.45 

2,8582 

I. 9588 

0.50 

2.5003 

2.6137 
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2.1952 

1.2927 
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O.GO 
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1.7561 
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2,9846 

2,0589 

O.CS 

2.1SS5 

1.5057 

1.65 

2.2561 

1,3689 

2.65 

3,0274 

2.0915 
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1.3274 

1,70 

2.2Sb2 

1,4110 

2.70 

3.0704 

2,1247 

0.75 

2.0S33 

1,2024 
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2.3214 

I.44CS 

2,75 

3,1136 

2,1554 

o.so 

2, CKO 

1.1162 

1,60 

2.3556 

1.4512 

2.60 

3,1571 

2.1868 

0.65 

2.0265 

i.oroi 

1,85 

2.3935 

1,52:6 

2.S5 

3,2009 

2.2178 

0.90 

2.o;ii 

i.or.9 

1.90 

2,4.63 

1.K07 

2.90 

3.2448 

2.2483 

c.o: 

1 

2.0026 
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TABLE  OP  PARAMETERS  FOR  NORMAL  SHOCK 
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Ml 

M, 

Ai 

El. 5. 

•n  a 

Q 

>  e  — 

fn 

Pi 

l,C0 

I.IOO 

1,000 

1,000 

1.000 

1.000 

1,893 

1.02 

0.980 

1.047 

1,033 

1.013 

1.000 

1,938 

1.05 

0,953 

1.120 

1,084 

1.031 

1.000 

2,008 

i.to 

0,912 

1.245 

1,169 

1.065 

0.999 

2,133 

I.IS 

0.875 

1.376 

1,255 

1.097 

0.997 

2.2C6 

1.20 

0.842 

1.513 

1.342 

1.128 

0.993 

2,407 

1.25 

0,813 

1.656 

1.429 

1.159 

0.987 

2.557 

1.30 

0,766 

1,605 

1.516 

1.191 

0,979 

2,713 

1.35 

0,762 

1.960 

1.603 

1.223 

0.970 

2,878 

1.40 

0,740 

2.120 

1,690 

1.255 

0,958 

3.049 

l.« 

0.719 

2.286 

1,776 

1.287 

0.945 

3,228 

1.50  ■ 

0,701 

2.458 

1.862 

1.320 

0.930 

3,413 

l.SS 

0,684 

2,636 

1,947 

1,354 

0.913 

3.606 

1.60 

0.668 

2.820 

2.032 

1.388 

0.S95 

3,805 

1.6S 

0.654 

3,010 

2.115 

1.423 

0,876 

4.011 

l.» 

0,641 

3.205 

2.193 

1.458 

0.65C 

4,224 

1.75 

0,628 

3.406 

2.279 

1.495 

0,835 

4.443 

1.80 

0,616 

3,613 

2,359 

1.532 

0.613 

4,669 

1,85 

0,606 

3.82C 

2,433 

1.569 

0,790 

4.902 

1.90 

0,596 

4,0)5 

2.516 

1,608 

0,767 

5.142 

1,95 

0.596 

4.270 

2.592 

1.647 

0.744 

5.388 

2.00 

0,577 

4.500 

2.667 

1.687 

0,721 

5.641 

2,05 

0.569 

4.736 

2.740 

1.729 

0.697 

5.900 

2,10 

0.5CI 

4.978 

2,812 

1.770 

0.674 

6.165 

2,15 

0,554 

5,220 

2.682 

1,813 

0.651 

6,438 

2,20 

0,547 

S.4S0 

2.951 

1.857 

0.C28 

6,716 

2.25 

0,541 

5.740 

3,019 

1.901 

0,605 

7,002 

2.30 

0.534 

6,005 

3.0S3 

1.917 

0.593 

7,294 

2.35 

o.sr- 

6.270 

3.149  ' 

1.903 

0.561 

7.592 

2,40 

0,5. 

6.553 

3.212  j 

2.040 

0.540 

7,897 

.  2.45 

0,51a  . 

6.S  if. 

3.273 

2.099 

o.SlO 

8,208 

2,50 

0.513 

7.125 

3.333 

2.137 

0.490 

8.526 

2.55 

0.503 

7,420 

3,392 

2,187 

0,479 

B.B50 

2.60 

0,504 

7. ’20 

3,449 

2  ?^S 

0,460 

9.181 

2,65 

0.500 

3.505  ; 

2.200 

0.141 

9.519 

2.70 

0.4?6 

1,33S 

3.3'.9  ' 

2,3)3 

0.424 

9.852 

2.75 

0.4'\' 

3, 6;  6  ■ 

3.612  1 

2.397 

0.406 

10.212 

2.80 

0.43. 

8.«'0  j 

3.663  ' 

2,451 

0.369 

10.569 

2,85 

0.4i-5 

0.310  ! 

3,714  1 

2.507 

0.373 

10.933 

2.90 

0.461 

0.'54,5  j 

3,7aJ  I 

2.563 

0.358 

11.302 

0.478 

0.966 

3.811 

3,00 

0.47S 

10.333 

3.657 

3.S0 

0.451 

14.125 

4.261 

1,00 

0.435 

18.500 

4.571 

4.S0 

0,424 

33.453 

4,812 

5,00 

0.415 

29.000 

5.000 

6.00 

0.401 

41.833 

5.268 

'.00 

0.397 

57.000 

5.411 

$.00 

0,393 

74.500 

5.565 

9.00 

0.390 

94.333 

5.651 

10,00 

0.38$ 

1 16.500 

5.7H 

a> 

0.378 

oo 

6.000 
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2.631 

0.343 

11.079 

2.679 

0.328 

12.061 

3.315 

0,213 

16.243 

4.017 

0.139 

31.066 

4.875 

0.092 

36.539 

5,800 

0.062 

32,664 

7.9II 

0.030 

46,615 

]  10.40 

0.015 

63,552 

1  13.337 

0,008 

82.865 

:  16.C93 

0.005 

104.753 

1  20.383 

0,003 

129,317 

1  <• 

0 

m 
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PARAMETERS  07  PRANDTL -MEYER  PLOW 
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H 

■ 

m 

M* 

11 

B 

ij. 

Po 

II. 

to  . 

1000 

1 

90*00' 

O^OO* 

0"00' 

1,000 

1.000 

1  0,833 

0.528 

0,634 

1,000 

72*06' 

0*30' 

18*24' 

1,051 

1,042 

0,819 

0,497 

0,607 

1,049 

999 

67*28' 

1*00' 

23'»32' 

1,083 

1,067 

0,810 

0,479 

0,591 

1,087 

147 

998 

62*00' 

2*00' 

30*00' 

1,133 

1,107 

0.796 

0,450 

0,565 

997 

58*06' 

3*00' 

34*54' 

1,178 

1,142 

0.783 

0,424 

0.542 

1,205 

996 

55*08' 

4*00' 

38*52' 

1,219 

1,172 

0,771 

0.402 

0,522 

1,262 

1,312 

1,372 

1,437 

1,498 

1.559 

1,626 

1,772 

1,923 

995 

52*42' 

5* 

42*18' 

1,257 

1.20U 

0,760 

0,383 

0,504 

99» 

50*36' 

6“ 

45*24' 

1,294 

1,227 

0.749 

0,364 

0,497 

993 

48*42' 

7 

48*18' 

1,331 

1,253 

0,738 

0,346 

0,468 

993 

47''0O' 

0’ 

51*00' 

1,367 

1,277 

0,728 

0,330 

0,452 

991 

45*32' 

9* 

53“28' 

1,401 

1,300 

0.718 

0,314 

0,437 

990 

44*10' 

10“ 

55*50' 

1,435 

1,323 

0,708 

0,299 

0,422 

988 

41*40' 

12“ 

60*20' 

1,504 

1,367 

0.688 

0.271 

0,393 

986 

39*35' 

14“ 

64" 25' 

1,569 

1,408 

0.670 

0,246 

0,367 

984 

37*30 

irr 

68*24'  j 

1,639 

1.448 

0,650 

0,222 

0,341 

2,094 

982 

35*54' 

18* 

72'06' 

1,705 

1,486 

0,632 

0,201 

0.318 

2,291 

980 

34*18' 

20* 

75*42' 

1,775 

1,523  . 

0,613 

0,181 

0.295 

2,500 

978 

32*48' 

22* 

79*12' 

1,846 

1,559 

0,595 

0.162 

0.273 

2,738 

976 

31*30' 

24’ 

82*30' 

1.914 

1,594 

0,.576 

0,146 

0,253 

2,993 

974 

30*12' 

20’ 

85*48' 

•1,988 

1.628 

0,558 

.O.l.TO 

0,233 

3,319 

972 

29*00' 

28* 

89”00' 

2,063 

1,660 

0,541 

0,116 

0.215 

3,647 

970 

968 

966 

964  ■  I 

28*00' 

26*55' 

':5*57' 

25*00' 

30* 

32’ 

34* 

36“ 

92*00' 

95*05' 

98*03' 

01*00' 

2.130 

2.?'^9 

2.285 

2..360 

1.691 

1.722 

1.752 
1,782  i 

0,523 

0,506 

0,488 
0,471  j 

0,1040 

0,0920 

0,0814 

0,0717 

0,198 

0,182 

0,167 

0.152 

4.046 

4,436 

4,955 

5,521 

'flf.T 
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*«62 

24»03' 

38* 

103*57' 

2.4m’ 

1,810 

0,454 

0,0630 

0.139 

6.166 

960 

23*  ir 

40* 

106*48' 

2.539 

1.838 

0.437 

0,0552 

0,128 

8,919 

K8 

22*24' 

42* 

109*36' 

2.624 

1.865 

0,420 

0,0481 

0,114 

7,798 

9S6 

21*36' 

44* 

112*21' 

2,717 

t,891 

0,404 

0,0419 

0,104 

1,710 

20*48' 

40* 

4 

115*12' 

2,816 

1,918 

0,387 

0,0360 

0,093 

9,954 

9S2 

20*06' 

48* 

117*64' 

2,910 

1,943 

0.371 

0,0310 

0,084 

11,20 

950 

19*24' 

50*  • 

120*36' 

3,010 

1,967 

0.355 

0,0267 

0,075 

12,94 

948 

W'42' 

52*. 

123*18' 

3,119 

1,990 

0,340 

0,0229 

0,067 

14,72  . 

946 

18*00' 

54" 

126*00' 

3,236 

2,014 

0,324 

0,0194 

0,060 

16,90 

944 

17*24' 

56* 

128*36' 

3,344 

2,036 

0,309 

0.0164 

0,053 

19,49 

942 

16*45' 

58* 

131*15' 

3,470 

2,058 

0,294 

0,0138 

0,047 

22,49 

940 

16*00' 

60* 

133*54' 

3. 606 

2.080 

0,279 

0,0115 

0,041 

26,30 

038 

15*30' 

62“ 

136*30' 

3,742 

2.100 

0,265 

0,954. 10-! 

0,036 

30,55 

936 

14*57' 

04* 

139*03' 

3,876 

2.121 

0,250 

0,784-10-7 

0,031 

36,-10 

934 

14*24' 

66* 

141*30' 

4,021 

2.140 

0,237 
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Appendix  8  [see  page  840 ] 

l)  Pressure  ratio;  2)  shock  angle;  3)  compression  shock;  4)  Initial 
Mach  number  (in  front  of  the  compression  shock) ,  M^;  5)  angle  of  de 
flection;  6)  final  Mach  number  M  (behind  the  compression  shock),  M2 
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VKlOCITliS  AMD  TRUR  POn^OTAIB  ON  A  OZRCXX 

TAWrtTWITVniAT  -m.\  _ _ 

-  *•  -  '”3'  W^WS  THROOOH  A  LATTICE  Of 

PNIT  CIHCI£S  Aa  A  FUNCTION  OF  8  .  »  +  y  (ef.  g  ^ 
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AUXCUARy  TABLES  AND  ORAPHS  FOR 

CHAPLYDIN  PROFILE  FAMILIES 


TABLE  1 


Values  of  the  Angles  Corresponding  to  the 

Trailing  Edge  of  the  Profile  (z  »  O)  and  of 
the  Velocity  Potentials  of  a  Circulation-free 
Flow  <p  (■Oq)  About  a  Circle  In  a  Lattice 
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TAEIt  S 


th^Thli^  ,1„  Determining  the  Camber  T  and 

ro/th;'^Ullr%^L°e“rf  ''^/i  stagger  Angle 


v.a  i.v  1 ,0  I  /.w  g,5 


'•0  I  1.5  J.O  j  0.5  1.0  1.5  2.0  0.5  I  1.0  j  1,5  I  2,0  j  0,5  1.0  1.5  2.0  j  0.5  j  ),0  1 .5 


I - — - j - j — ^ — - — — -  I  ■'. — -L _ ^ _ L _ I _ L  J _  :  I 

1.000  o.oooVoooo.wo  0.000  0,000  0.000  jo.ooo  0.000  0.000  o.<wo.ooojo,ooo[o.ooojo,oool.ooo[o,o()okcooL^  0,000 
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TABLE  5 

Density  q  =  2,./l  of  a  Lattice  of  Circles  In  Dependence  on  the  Parame¬ 
ters  r,  d,  b/l  of  a  Lattice  of  Profiles.  Values  of  j 
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Velocity  Component:;  on  a  Circle  In  a 
to  the  Tr\'.'  !  >  I/-  Etl»;c  ol‘  Pro  1’ IK- 


Kttt.it.-c  at  a  Point  Co'"r-copondlnK 
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/alues  of  tho  Paramotor  r* - _ 
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Cii'aph  oi  the  valucc  of  dc^/da  li,  dependence  on  the  lattice  density  and 
the  stacger  angle. 


Nqmoeran  for  Calculatlni-  Two  Parametrlo  Lattices  of  a  Pamlly  of 
Chaplvnln  Profiles  ~  - - — 


Contlnuin-ng  the  •  ra^ght  line  1  which  ccfinects  the  points  with 


given  values  of  d  and  b/l,  we  find  point  on  the  "mute"  scale  of  J 


(coinciding  with  7p)j  which  in  tui-n  is  connected  by  the  straight  line 


2  with  the  point  of  a  given  value  of  f  until  l.hc  Intersection  with  the 
"mute"  scale  (coinciding  with  d)  at  the  point  J^.  The  ccntlnuatlon 
of  the  straight  line  3,  connecting  the  given  value  of  the  geometrical 


stagger  7^  with  the  point  J^,  ylelcJs  a  point  on  the  scali  H  which  de¬ 


termines  the  number  M*. 


The  straight  line  1  connects  the  igiven  values  of  7  and  T  which 

P 

determine  the  "mute"  point  J^;  the  straight  line  2  connects  the  "mute;" 
point  with  the  given  d,  thus  de termini ng  the  "mute"  point  tiie 
straight  line  3  connects  th.;  ;mP  e  point  with  a  given  b/l  and  dei'  r- 
mlnes  the  mule  point  J^,  The  st:'alght  line  4,  connecting  the  g.l  vc;n 
point  7p  with  the  mute  point  J^,  yields  N*.  Connecting  now  iho  points 
M  and  N  by  a  straight  line  on  the  -scale,  we  can  read  off  the  -aluc 
of  cXq  and  then  find  the  aerodynamic  stagger  7  =  7-0, 


1.  Int-Kratlng  according  to  Table  4  of  Appendix  10,  we  find 
Tq,  ^  and  from  the  nomogram  a,:  {..o.osj  n.-  imns.  „-o,7o  o.-llr.  t  ,  ,.„-g..3s- 

P.  4'oi  cj  «  0.  fO  and  J  =  3^,“  wo  find  from  the  table  of  Appendix  9 
th.  [)t  ..  r,,  ,.,h!  (p»  and  cp*  for  all  selected  angluo  1),  and  from  Tables  2 
an.l  t  :■  Aip.-ndlx  lu  the  ...nc  t  an  t;i  l.fiU  anvl  .  13“48'. 

n  .luggo.it  ...1  mat  the  angler,  c  ahould  be  taken  at  Intervals  of 
'■'‘''■■■'P  '"'O'  an.l  that  the  angular  Intervals  -an  be  raised 
'■  'b"  re::i,al,gi.,-  ,f  the  |,r.,fUe. 

■■  F'  tmnla  (...b.  •,)  oat,  b..  used  t.,  calculate  Hr-  profile  e-oordl- 


!  1-  if  Al  le;„ll  X 


'•I'nUfK-  t\,f  v*-j.  u  V  ’■ 

rail  0  t  <  y  .0  ' . 


2.  Prom  Table  4  of  Appendix  1'  v.e  find  the  values  of  the  veloci¬ 
ties  ^20^  ^30  ^he  sta^^natlon  point  =  i1q)* 

3.  Using  Formula  (9.4.8)  •.•.•,■  calculate  the  value  of  the  velocity 

at  the  surface  of  a  lattice  of  circles  for  the  aei-odynamlc  an¬ 
gle  of  attack  +  a_  =  6°20'  +  10“  =  16“20'. 

a  p  U 

4.  Prom  Formulas  (9.4.14)  we  calculate  the  quantities  dx/di>  and 
dy/dO,  then 

5.  The  velocity  w(o)  at  the  pi-oflle  surface  Is  found  from  Expres¬ 
sion  (9*4. 13). 

6.  The  dimensionless  pressure  coefficient  Is  determined  from  the 
Bernoulli  equation  p  =  1-w  (o). 

7.  The  pressure  distribution  curve  Is  constructed  on  the  profile 
chord,  the  distance  from  the  traillnc  ed.-o  of  the  projection  of  the 
profile  points  onto  the  chord  being  determined  by  the  formula  1.  = 

JV 

where  x  and  2  local  coordinates  of  the 

profile. 

The  sequence  of  the  calculations  is  secti  from  the  table  giver,  c.-i 
the  foregoing  page. 

Manu¬ 
script  [Footnotes] 

Page 

No. 

720  Cf.  e.g. ,  textbook  of  A.N.  Tikhonov  and  A. A.  Samarskiy 

"Equations  of  Mathematical  Physics,"  GTTI ,  1993. 

751  0.  Gred,  On  Die  kinerlc  theory  of  rarefied  gases,  Collection 

"Mechanics"  No.  4-5,  ll„  1952. 

794  The  error  made  Is  here  of  the  or-der  of  w^/c^  where  c  is  tiio 

velocity  of  light. 

'C,  c 

826  a.u.  denotes  Dr-  ^isti'O' omlcal  unlt''=  1.49' 10  km,  which  is 

approxlma’  -  ^  en  io  the  distance  Earth-Sun. 
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insicnlflcant  to  know  the  quantl- 
tleo  M  and  N,  .hrjy  appear  In  the  result  of  the  solution  of 

pendenefof  Uq  on  analytical  de- 
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DISTRIBUTION  LIST 


OEPARIMENT  OF  DEFENSE 

Nr.  Copies 

MAJOR  AIR  C0^C1ANDS 

Nr.  Copies 

SAC  (DISC) 

1 

DM 

20 

AFSC 

SCFDD 

1 

IDBDP 

2 

TDBTL 

5 

TDGS 

1 

TDEPA 

1 

HEADQUARTERS  USAF 

AEDC  (AEY) 

1 

AFFTC  (FTF) 

1 

AFWL  (WLF) 

1 

ABL  (ARB) 

1 

ASD  (A3FA) 

2 

BSD  (bSF) 

1 

ESD  (ESY) 

1 

SSD  (SSFAR) 

2 

OTHER  AGENCIES 

AEC 

2 

ARMY  (FSTC) 

3 

ATO 

2 

CIA 

1 

OIA 

A 

MAFEC 

1 

NASA  (ATSS-T) 

1 

NAVY 

3 

NSA 

6 

OAR 

1 

OTS 

2 

PWS 

1 

PCE  (Steensen) 

1 

RAND 

1 

AFCRL  (CRXLR) 

1 

SPECTRUM 

1 

FAA  (SS-10) 

1 
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